
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Wednesday, 9/24-D
The topology oIRof open and closed sets

"

Definitions 3
.
% . 1-3 .% . 3 and 3.%.6

A Let &70 and XeIR . Then :

The neighborhood Inbhd) N(X ,El of X is defined by
N(x
,z) = Eye(R : (x -y((23 = (x2, X+e) .

B) Let S&IR .
11 We say

XEIR is an interior point of S if
=> a nbhd N(X

,
2) with N/X

,
2) &S ·

2)If every
nahd N ofXIR intersects both S

and IRIS
,
then x is a boundary point of S .

3) We write into for the set of interior points
of S

,
andIdS for the set of boundary points of S.

C) If bdS &S, we say S is closed. If bdS

-IRIS
,
we say S is open .

Examples : interior points (each has a nbhd NSS)
↓ ↓ ↓

a) S= 0
,
1] / 101 19110111

O

boundary points (anyubhd intersects bothS and IRS

[0
,
1] is closed

,
as bdS = 50

,
13 S



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

②

b) T= (0
,
1) ( I

O I

bdT = 50,335 IRIT , so T is open.

2) U = [0
,
1) is neither open nor closed.

(
O I

Similarly , [a ,b] is closed, (a ,bl open, and [a ,b)
and (a

,
b) neither

,
for -aLa1b . 1-o ,al and

1b
,
) are open;

(c
,a] and [b,b) are closed.

% and IR are open and closed (why ?INote that, ingenera ,
(i) intS &S ;
(ii) every XES is

either in ints or bas
(but not both) ;

(iii) bdS = bd/IMS)·

Theorem 3%. 7 .
(a) The set S is open

iff S-ints&
(b) The set S is closed iff IRIS is open.

Proof .
(a) S is open

<Y bdS SIRIS #Y (by note (ii)
above) every XES is in intSXSS intS
=Y (by note (i) above) S= intS .

(b) S is closed <> bdS < S/=Y (by note (iii)
above) bd/IRIS) = SEXIRIS is open . I



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

③

Theorem 3 .4 . 10

(a) The union of any
collection of open

sets is open.
(b) The intersection of any finite collection of open

sets is open.
(c)(d) (a) and (b) remain true if we interchange
"Union" with "intersection", and "open"with
"closed

,

"

throughout.

Proof.
(a) Let Ch=USC , where A is some indexingt

set
,
and each St is open . Let xU

: then XSp for
some particular PEA . Since Sy is open , JE70 :I
N(x

,2) = Sy . But SpSU, so N(X,2) SU. So
U is open .

(b) Let = S,1San--nSn , where each Sj (1-gn)
-

is open . If Xe&, then XCS
: for eachy , so, sinceJ

each Sj is open, 72.0 : NIX,[j) Sj . Let E be
J

the minimum of E, E21 ..., En: then NIX, El = N(X,Ej)
& Sj for eachj , so NIX,2)< . So I is opena

(c)(d) Proof smitted; think "complements .
"

I

Example.
Find the interior and boundary of each of these sets,
and whether the set is open/closed/neither.

(i) U = 12
, 3) 03430(5

,
201 (i) V= ( , ++
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Solution.
(i) int U = (- 2 , 3) v (5, x) (ii) int V=
bdu = 2 =2,3,4 ,53 bdV = IN

V is neither open
V is

open
nor closed


