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Proposition. Let S and 1" be nonempty subsets of R. Suppose o < 7 for all
ceSteT. Thensup S <infT.

Proof. Given nonempty sets S, T C R, suppose 0 < T forallo € S,7 €T

We note first that, sincec < 7Vo € S, 7 € T', we see that .S is bounded above,
by any element of T'. Moreover, since 7 > o V7 € T, 0 € S, we see that T' is
bounded below, by any element of S. So sup S and inf 1" exist.

Now let € > 0. Since inf T"is the greatest lower bound for I', and since inf T'+¢
is greater than inf T', we see that inf 17"+ € is not a lower bound for T'. So there
exists some 7 € T" with

T <infT +e. €

Further, by assumption, we have 7 > o for every ¢ € S, so 7 is an upper
bound for S, and is therefore greater than or equal to the least upper bound
for S—that is,

T >supS. (k)

Combining () with (#x) gives
supS < 7 <intT + ¢,

for arbitrary € > 0. But if sup.S < infT'+ ¢ for all € > 0, then sup S < int T,
(see Theorem 3.2.8 in the text), and we're done. (]



