
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Monday , 9122 - ⑪

Completeness, continued .

Recall : IR is complete) if SSIR is non-
empty and bounded above , resp. below Ithen sup S , resp .

Inf S
, exists)=

↑R has the Archimedean property (INSIR
is not bounded above) =) Thm . 3 . 3 . 10
I various properties of "" on IR) =Y
& is dense in 1M)Hx,Y <R with XY
-gtQ :

xqy 1
.

What about irrational numbers ?

First of all
, they exist

:

Theorem 3
. 3 . 12 .

f pEI is prime, then ] <IR
: x7&

and X2=
p .

SRemark : we write X = VP . /

Sketch of proof .(DIY : fill in the details .)

Let S = EreIR : r >0 and r&< p3 . Then
S is nonempty (15) and bounded above
(by p) , so by completeness , x = supS
exists.

Claim : X2= pr
To
proce

this
, we prove Xp and X> p

are fase . Then by the trichotomy law
(Axiom 01

, p .
114)
,
it follows that x=p .

We prove x&<p is false by contradiction
:
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suppose xp . Then O, so by
Thm

.
3 . 3 . 10/2b, Jnt IN :

#
Now do some algebra to conclude that
( + Yn)2 < p , contradict ing the assumption
X = supS . So X <

p is false .

Similarly, we show that Xp is false . So
X -

p .
So up exists .

Next
, we show

:

Thm. 3 . 3 . % ·

- pEIN is prime, then UpKQ .

Proof (by contradiation) .
Let pEIN be

prime; assume Up
=/n where

m
, neW and min are coprime (their only

common factor in IN is 1) . Squaring both
sides gives p

= mon 2 or
I

nip = m! (*)

So plm? But me andm have the same

crimes as factors
,
so plm . Say mipk, whereI

ke1 · Then (*)gives n2p = p>: divide
by p to get ne = pK3, so pin?, so plu .

So plm and pln, contradicting the fact
that min are coprime .

So up * · I
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Finally, we have :

Theoreus 3 . 3 . 15 .
The irrationals arc dense in IR :gran
X
, Y EIR with Xsy 5 an irrational
WEIR with

X > nosya

Proof
.

Assume X
,YEIR with Xy By Thm.

3.3
.
13
, Jrge Q :

Ye <>/ :

Multiply by :

X
> Eq"Yo

One shows that
, since o

is rational
, Eq is

not
,
and we're done .



Proposition. Let S and T be nonempty subsets of R. Suppose σ ≤ τ for all
σ ∈ S, τ ∈ T . Then sup S ≤ inf T .

Proof. Given nonempty sets S, T ⊆ R, suppose σ ≤ τ for all σ ∈ S, τ ∈ T .
We note first that, since σ ≤ τ ∀σ ∈ S, τ ∈ T , we see that S is bounded above,
by any element of T . Moreover, since τ ≥ σ ∀τ ∈ T, σ ∈ S, we see that T is
bounded below, by any element of S. So sup S and inf T exist.
Now let ε > 0. Since inf T is the greatest lower bound for T , and since inf T +ε
is greater than inf T , we see that inf T + ε is not a lower bound for T . So there
exists some τ ∈ T with

τ < inf T + ε. (∗)

Further, by assumption, we have τ ≥ σ for every σ ∈ S, so τ is an upper
bound for S, and is therefore greater than or equal to the least upper bound
for S—that is,

τ ≥ sup S. (∗∗)

Combining (∗) with (∗∗) gives
sup S ≤ τ < inf T + ε,

for arbitrary ε > 0. But if sup S < inf T + ε for all ε > 0, then sup S ≤ inf T ,
(see Theorem 3.2.8 in the text), and we’re done.


