
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Friday, 9119-1
More on completeness .

X
Recall : IM is the unique complete, orderedfield.

Completeness means : if #SSIR is

bounded above /respectively below) then
supS(respectively , infS] exists . & omitted)Sprod
As a consequence, IN is unbounded in IR . This

Thm
.
3
.
3
.
9
.

is the Archive dean property of IRI

Example of an ordered field without
the Archimedean property:

Let # = Erational functions over IR3
= Ep(x1/q(x) : p(/ ,q(x) are polynomials with
real coefficients and no common factors

except 19, and g(x)#03 .

Define +,, X, on # as usual, and
define T on I by
# rix) ifq(x) g(x)

is 70 for X large enough .
Then# is an ordered field, containing IN
(think of nt IN as n/9(#) ·

FACT : It does not satisfy the Archimedean
property :
The polynomial * is * HnEIN
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Other
consequences of the Archimedean

property
:

Theoram 3
. 3 . 10 . TFAE (the following are

equivalent) to Thm . 3 . 3 . 9 :

(a) Hz /R
,
- nG IN : n>Z .

(b) HX >O and H y t IR
,
]nE/N : nX >Y

(a) HX >0
,
JnEIN : @sYnsX

.

Proof We'll show only Thm . 3 . 3 .9 =y (a) and
(b) = Ja) . For the rest, DIY Ido it yourself) .

(i) By contrapositive :
assume JZIR : Ans /N,

n zo . Then zo is an upper
bound for IN.

So Thm . 3 . 3 .9 is false.
Therefore, Thm . 3 . 3 . 9 =Y (a) .

(ii) Assume (b) is true , Let y = 1 . Then given-
XO

,
Jnt /N : nx >9 . Also $30 /Exercise

3 (f), Sec. 3 . 2 . ) So nx > 130 . Multiply by
Yu :

>n > 0 . (by Axiom 04
, p .

14).
So (b) =Y (2) · El

Theorem 3
.
3
.33 (the "density" of Q in IR)

.

# x,ySIR and X < Y, then JqtQ :

Xq Yo

Proof
.
We consider only >0 . The other

cases are similar·
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Assume * y GIR and @ < XYa By Thm .
3. 3

. 10(2), InEIN : Yny-X . Multiply by
n and rearrange toget nx + 1 my .

Now by Thm . 3 . 3 . 1012), 7 mEN : m > nX .
Any such m must be >O

, since
n>0 and

X >O .

Let mo be the smallest such m : mo exists

by theWell-ordering property /Axiom 3 . 3 .1 ./
Since mo is minimal, we have mo-15nX ,
so mo ? nX+1. In sum,

nx < mo = nx+1 ny ·

Divide by n :
x > myn y-

So gemo/n works
.

The cases X10 and X =0 are similar ·

So X,yGIR and Xy =T-q &@ : XqY·


