
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Wednesday , 9118: I

The real numbers and completeness . (Seco 3 . 3 . /
11

The real numbers IR are the unique complete
&ordered field .

"This means IR satisfies:

(i) various field axioms describing behavior of
+, , X,: Hex+, p . 1131,

(ii) various order axioms describing behavior
of <

,
4
,
< , , (text, plit),

(iii) the completeness axiom, to be explained
below.

DefinitionS. Let SSIR.
(c) If JmEIR with mPS HSES, we call

m an upper
bound for S and say S is

bounded above -

(b) Define lower bound and bounded below

by replacing mis with mes in (a).

(2) If an upper
bound m of S belongs

to S
, we

wall i the maximum of S,
written m = max S

.

(d) The minimum of S, written mins,
is defined analogously .

Example 1. Let

5 = 10, 97, T
= 23- : ne /N3

,
U = 0

, V = 11 .



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

②

Then :
· 2,,

- Toto
,
O are lower bounds for S.

· S has no minim
· 1 = max S
· T has no maximum
· 2 = min T
· 3
,
7
, 10

1043
are upper

bounds for To
· U is bounded above/below by any
mEIR · max W and min U are
undefined

.

· I is not bounded above or below .

Definition &
.
et SSIR be nonempty .

(a) IfS is bounded above and m

is the smallest upper bound
for S

,
we write

m = supS (the supremome of S)

(b) Similarly, the infemum infS , if it
exists

, is the largest lower bound for S -

Example 2 .
For S

,
T
, U, / as in Example,

· inf S = 0
, sup S

: max S= 5,
· inf T= minT = 2

, sup T
= 3

S

· inf V and sup 1 are undefined.

We can now state

The Completeness Axiom for IR .
very nonempty SGIR that has a (finite

~ pper
bound has a ffinitel least upper bound .



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

3A
consequence

:

Theorem (the Archimedean property of IRI :
The subset IN of IR is unbounded above 11

.
e.

IN has no upper bound·

Proof (by contradiction) .
Assume IN is bounded above . Then by the

completeness axiom . -XCIR such that X = sup IN.
Since X is the least upper bound, X-1 is not an

upper bound. So Int /N : n >X - 1 . But than
X n + , so and since n + 1 /N, X is notcn

perbodorContradationothecana


