
Homework # 7

1. Let X1, . . . , Xn be iid standard normal random variables. Set X = (X1, . . . , Xn)
T.

(a) Prove that UX has the same distribution as X for any deterministic n × n orthogonal
matrix U .

(b) Show that
X√

X2
1 + · · ·+X2

n

is uniformly distributed on the unit sphere in Rn.
2. Let X1, . . . , Xn be iid standard normal random variables, and set Zn = max1≤i≤nXi.

(i) Show that the function (x1, . . . , xn) 7→ max1≤i≤n xi is 1-Lipschitz to deduce that, for any
λ > 0,

P (|Zn − EZn| ≥ λ) ≤ Ce−cλ
2

,

where C, c > 0 are absolute constants.

(ii) Show that EZn ≤
√
2 log n for all n ≥ 2.

(iii) Use the parts above to deduce that, for all λ > 0,

P
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2

,

where C, c > 0 are absolute constants.

3. Let X1, . . . , Xn be iid standard normal random variables. Set

Sn =

n∑
k=1

akXk

for some a1, . . . , an ∈ R. Show that if ‖a‖2 = a21 + · · ·+ a2n 6= 0, then, for every ε > 0,

P (|Sn| ≤ ε) ≤
ε

‖a‖
.

4. A graph G is connected when, for any two vertices x and y of G, there exists a sequence of
vertices x0, x1, . . . , xk such that x0 = x, xk = y, and xi ∼ xi+1 for 0 ≤ i ≤ k − 1. Show that
the random walk on G is irreducible if and only if G is connected.
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