Practice Final

The following is a list of problems I consider final-worthy. This list of problems should serve as a
good place to start studying, and it should not be considered a comprehensive list of problems from
the sections we’ve covered. YOU are responsible for studying all the sections to be covered on the
final.

1. Let K C R counsist of 0 and the numbers 1/n, for n = 1,2,.... Prove that K is compact
directly from the definition.

2. Suppose that f : [a,b] — [a,b] is continuous. Prove that f has a fixed point. That is, prove
that there exists ¢ € [a, b] such that f(c) =

3. Let s,, = vV/n? +n —n. Calculate lim s,,.

4. Let o > 0. Define 57 = \/a and
Sn+1 = \/ o+ vV Sn

for n € N. Does (s,) converge? If so, what is the limit?

5. Let C' > 0 and let I be an interval. A function f: I — R is called C-Lipschitz continuous
on Iif [f(x) — f(y)| < Clz —y| for all z,y € I. A function f : I — R is called Lipschitz
continuous on [ if there exists C' > 0 such f is C-Lipschitz continuous on I.

(a) Show that every Lipschitz continuous function on I is uniformly continuous on I.
(b) Show that sin(x) is Lipschitz continuous on R.
(¢) Give an example of a Lipschitz continuous function on R which is not differentiable on R.
6. Suppose a and ¢ are real numbers, ¢ > 0, and f is defined on [—1, 1] by
@ sin(|x| ™€ if
f(x):{ 0 e if;igj
Prove the following:
(a) f is continuous if and only if @ > 0.
(b) f'(0) exists if and only if a > 1.
(¢) f’is bounded if and only if a > 1+ c.
(d) f’ is continuous if and only if a > 1+ ¢.
(e) f"(0) exists if and only if @ > 2+ c.

7. Prove the mean value theorem for integrals: If f is continuous on [a,b], then there exists

€ (a,b) such that
1 b
S R

8. Prove the inequality:

z <Iln(1+2z) <zforalxz>-1.
142z
9. For z,y € R, define

dl(-r7 y) = (.’17 - y)2

da(z,y) = ]z -yl

d3($,y) |‘1:2 y2|

dy(r,y) = |z — 2y
|z —yl

ds(x,

Determine, for each of these, whether it is a metric or not.



10. Let f: R — R satisfy |f(z) — f(y)| < (z — y)? for all z,y € R. Show that f is constant.
b x

11. Suppose f is continuos on [a,b], f(x) > 0 for all x € [a,b], and fab f(x)dx = 0. Prove that
f(z) =0 for all x € [a,b].

12. Evaluate lim,_o(1/z) [ V9 + 2dt.
(Bonus) A real-valued function f defined in (a,b) is said to be convex if

fOz+ (1 =Ny) < Af(2)+ (1= A)f(y)

whenever x,y € (a,b) and A € (0,1). Prove that every convex function is continuous.



