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• The exam is closed book. You may not use any resources whatsoever, other than paper, pencil, and

pen, to complete this exam.
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• You must explain your answers, and you will be graded on the clarity of your solutions.
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1. (20 points) • Let x1 =
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, and x4 =



1

2

0

0


.

Use the Gram–Schmidt process to find an orthonormal basis for the vector subspace of R4 spanned by the vectors

x1, x2, x3, and x4.
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2. (20 points) • For the vectors x1, x2, x3, and x4 of the previous problem, find the vector in the span of

those vectors that is closest to the vector v =



1

1

1

1


.
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3. (20 points) • Find the equation y = β0 + β1x of the line that best fits the given data points, as a least squares

model:  x

y

 :

 −1
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 0
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

Total for Question 3: 20
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4. • Consider the following real matrix

A =


3 −1 1

−1 5 −1

1 −1 3


(a) (5 points) Find the characteristic polynomial pA(t) of A.
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(b) (5 points) Find the eigenvalues of A.

(c) (5 points) Find a basis for each eigenspace of A in R3.
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(d) (5 points) Is A diagonalizable? If so, find a matrix S ∈ M3×3(R) so that S−1 AS is diagonal. If not,

explain.

Total for Question 4: 20
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5. • Consider the 2-dimensional discrete dynamical system

xk+1 = Axk

where

A =

 1.7 0.3

1.2 0.8


(a) (5 points) Is the origin an attractor, repeller, or saddle point?

(b) (5 points) Find the directions of greatest attraction or repulsion.

Total for Question 5: 10
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6. • TRUE or FALSE. For this problem, and this problem only, you do not need to justify your answer.

(a) (2 points) TRUE or FALSE (circle one). If x, y ∈ Rn, then |x.y| ≤ ‖x‖‖y‖.

(b) (2 points) TRUE or FALSE (circle one). Two vectors in Rn are orthogonal if their dot product is zero.

(c) (2 points) TRUE or FALSE (circle one). If A ∈ Mm×n(R) and b ∈ Rm, then a least squares solution to

the equation Ax = b is a vector x̂ ∈ Rn such that AT Ax̂ = ATb.

(d) (2 points) TRUE or FALSE (circle one). If A is any real matrix, then the matrix AT A has non-negative

eigenvalues.

(e) (2 points) TRUE or FALSE (circle one). Given symmetric matrices A and B of the same size, i.e., A =

AT and B = BT , then AB is a symmetric matrix, i.e., AB = (AB)T .

Total for Question 6: 10
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