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Midterm 2

Linear Algebra
MATH 2130
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1 10
2 10
3 10
4 10
5 10
6 10
7 10
8 10
Total: 80

This exam is closed book.

PRACTICE EXAM
SOLUTIONS

You may use only paper and pencil.

You may not use any other resources whatsoever.

You will be graded on the clarity of your exposition.



1. (10 points) e Let K € {Q,R,C}, and suppose that (V;,+1,-1) and (V,, +2,2) are K-vector spaces.
Recall that there is set V; x V,, called the product of V5 and V,, whose elements consist of the ordered

pairs (v1,v7) such thatv; € V4 and v, € V,.

Define a map of sets

+I(V1XV2)X(V1XV2)*>V1XV2
(v1,02) + (01,03) = (01 +1 1,02 +203)

and a map of sets

':KX(V1XV2)—>V1><V2
A (v1,02) = (A 101,42 02).

Show that the triple (V1,41,1) X (Va, 42, 2) := (V4 X Vo, +, ) is a K-vector space. We call this the product

of the vector spaces (V1,+1,+1) and (Va, 42, -2).

SOLUTION

Solution. For brevity, set V.= V; x V,. We must check that (V, +, -) satisfies the conditions of being a
K-vector space.
1. (Group laws)

(a) (Additive identity) I claim there exists an element &' € V such thatforallv € V, v+ & = v.
Indeed, set 0 = (04, 0), where 0; € Vj is the additive identity for (Vy,+1,1) and 0, € V; is

the additive identity for (V,, +2, -2). Then for any v = (v1,v;) € V = V, x V,, we have

v+ 0 = (v1,02) + (01, 02)

= (v1 +1 01,02 +2 02) Def. of + in (V,+, )
= (v1,v2) (1)(a) for (Vq, +1,-1) and (V, +2, -2)
=v.

(b) (Additive inverse) I claim that for each v € V there exists an element —v € V such that
v+ (—v)=0.

Indeed, given v = (v1,v2) € V = Vi x V,, set —v = (—vy, —v3), where —v; € Vj is the

Page 1 of 19



additive inverse of v1, and —v, € V; is the additive inverse of v,. Then

v+ (=0) = (01,02) + (—01, —02)

= (Ul +1 (*01),‘02 +7 (*Uz)) Def. of + in (V,+,~)
= (ﬁlr 6)2) (1)(b) for (Vlr +1/'1) and (VZ/ +2, '2)
=0.

(c) (Associativity of addition) I claim that for all u,v,w € V,

(u+o)+w=u+(v+w).

Indeed, given u = (uy,uz),v = (v1,v2), w = (w1, wp) € V =V; x V, we have

(u+0v)+w= ((u,uz) + (v1,02)) + (wy, wy)
= (11 +1 01, tp +2 v2) + (wy, w2) Def. of +in (V,+,-)
= ((u1 +101) +1 w1, (42 +202) +2w2) Def. of + in (V,+, )

= (ug +1 (v1 F1w1), Uz +2 (V2 +2w2))  (1)(c) for (V1,+1,-1) and (Va, 42, 2)

= (ul,uz)+(01 +1 w1,02 +2 ZUz) Def. of + in (V,+,~)
= (uy,uz) + ((v1,02) + (w1, wy)) Def. of +in (V,+,-)
=u+ (v+w).

2. (Abelian property)

(@) (Commutativity of addition) For all u,v € V,

Uut+tv=uv+u.

Indeed, given u = (uy,u),v = (v1,v2) € V = Vj x V,, we have

u+v= (u1,uz) + (01,02)

= (ug +101,u2 +2v2) Def. of + in (V,+, ")
= (v1 41 u1, 03+ Up) (2)@) for (V4,+1,1) and (Va, +2, 2)
= (v1,02) + (uq, u2) Def. of +in (V,+,)
=0+ u.
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3. (Module conditions)

(a) Iclaim thatforall A € Kand allu,v € V,

A(u40v)=(A-u)+ (A o).

Indeed, given A € Kand u = (uy,u),v = (v1,v2) € V. =Vj x V,, we have

A (u40) = A ((ug,up) + (v1,02))
=A-(uy +1 01, U2 +02) Def. of + in (V,+,-)
= (A1 (ug +1901),A 2 (U2 +202)) Def. of - in (V, +,-)

=Aqu+Aq0,A2up+A20) (B)@)for (V4,+1,-1) and (Va, 42, 2)

=(Aqu,Aquy)+ (Aq01,A202) Def. of +in (V,+,")
=A-(ug,u1)+A-(v1,02) Def. of - in (V,+,)
=(A-u)+(A-0)

(b) Iclaim thatforall A,y € K,and allv € V,

A+u)-v=(A0)+(u-0)

Indeed, given A, i € Kand v = (v1,v;) € V = Vj X V,, we have

Atu)-v=(A+n) (01,02
= ((A4p) 101, (A+p)202) Def. of - in (V,+, )

= ()\ 101+ M v1,A 2 Uy + U2 2)2) (3)(b) for (Vl, -+1, '1) and (Vz, +92, '2)

=(A101,A20) + (H101, 2 02) Def. of + in (V,+, ")
= A (v1,02) + - (v1,02) Def. of - in (V,+, ")
=(A-v)+ (p-0).

(c) Forall A,y € K,and allv € V,
(Ap)-v=A-(u-0).
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Indeed, given A, i € Kand v = (v1,v3) € V = V; X V;,, we have

(Ap)-o = (Ap) - (01,02)

= ((Ap) 101, (Ap) 202) Def. of - in (V,+, )
= A1 (gao1), A2 (p202)) (3)(c) for (V1,+1,1) and (V2, +2, 2)
= A (h101,1202) Def. of - in (V, +, )
= A (u- (01,02)) Def. of - in (V, +,-)
=A-(p-0).

(d) Iclaim thatforallv €V,

Indeed, given v = (v1,v;) € V = V; X V,, we have

1'021'(01,02)

= (1191,120) Def. of - in (V,+, ")
= (v1,02) (3)(d) for (Vq, +1,-1) and (V, +2,2)
= 0.
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2. (10 points) e Find the determinant of each of the following matrices.

4 -1 1
@A=] -1 -2 0
0 10
010 00
1 0 e —4 8 37°
&) B — 000 10 0
051 02 10
000 30 1
000 -1 2 0
SOLUTION

Solution to (a). We have| detA = —1 | The fastest way to see this may be to expand off of the third

column; however, to use the standard method, we have

detA = (4)[(=2)(0) = (0)(1)] = (=D[(=1)(0) = (0)(0)] + M [(=1)(1) = (=2)(0)] = ~1.

Solution to (b). We have| detB = -2

We use row operations:

010 00 m 1 0 e —4 8 37°
1 0 e —4 8 37° 010 00
000 10 0:(71)2051 0 2 10*
051 02 10* 000 10 0
000 30 1 000 30 1
000 -12 0 000 -12 0
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0 e —4
1 0 O
01 0
00 1
00 3
0 0 -1
0 e —4
1 0 O
01 0
00 1
00 O
00 O
0 e —4
1 0 O
01 0
00 1
00 O
00 O
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3. (10 points) e Let V = R[x] be the real vector space of real polynomial functions. Let

D:V—=V

p(x) = p'(x)

be the derivative map; i.e., D(p(x)) = p’(x) for all polynomials p(x) € V. Let

E: V-V

X
p() = [ p(t) e
be the integration map that sends a polynomial p(x) € V to the polynomial q(x) € V given by the rule
X
g(x) = / p(t) dt. It is a fact (which you can use without proof) that D and E are linear maps.
0
(a) Show that D is surjective, but not injective.

(b) Show that E is injective, but not surjective.

SOLUTION

Solution to (a). We will show first that (ED)(p) = p — p(0), and (DE)(p) = p (we will only use the

latter). We have

JO
= p(x) — p(0)
((DE)(p))(x) = (D(E(p)))(x)
d
= L e ()
= [ ptoyar
= p(x).

Now we will apply this to show (a). Since DE : V — V is the identity, and in particular is surjective,
we must have that D is surjective (more directly, we can prove the surjectivity of D by observing that

every polynomial has an anti-derivative that is a polynomial). On the other hand, D is not injective,
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since D(p) = 0 for every constant polynomial p. O

Solution to (b). Since DE : V. — V is the identity, and in particular is injective, we must have that E is
injective (more directly, we can prove the injectivity of E by observing that every polynomial has an
anti-derivative that is a polynomial of degree at least 1, and arguing from there). On the other hand,
E is not surjective, since, for instance, there is no polynomial p such that fox p(t)dt = 1 for all x (for

instance plug in x = 0 and we get fOO p(t)dt =0 # 1). O
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4. (10 points) e Suppose we have a two state Markov chain with stochastic matrix

01 0.5
09 05
0.2
Given the probability vector v = , find lim P"v.
08 n—o0

SOLUTION

5/14
Solution. The solutionis| lim P"v = /

n—00 9/14

Indeed, since P is a stochastic matrix with positive entries, given any probability vector v, we have

ILm P"v is the unique probability vector that is an eigenvector with eigenvalue 1. So to obtain the
n—oo

solution, we first find an eigenvector with eigenvalue 1. For this, we are trying to find the kernel of

10 01 05 09 —05
1.1-P= - =

01 09 05 -0.9 0.5

We put the matrix in reduced row echelon form:

1 =5/9
0 0
and then we modify the matrix:
1 =5/9
0 -1
-5/9 5
This tells us that , or more conveniently, , gives a basis for the A = 1 eigenspace. The
-1 9
5/14
corresponding probability vector is . O
9/14
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5. (10 points) e Consider the following real matrix

(a) Find the characteristic polynomial p (t) of A.
(b) Find the eigenvalues of A.
(c) Find a basis for each eigenspace of A in R>.

(d) Is A diagonalizable? If so, find a matrix S € M3y 3(R) so that S~1AS is diagonal. If not, explain.

SOLUTION

Solution to (a). We have

t—2 1 -1

pa(t) 0 t—3 1

-2 -1 t-3
= (t=2)[(t=3)* = (1)(=1)] = (V[0 — ()(=2)] + (-1)[0 — (t = 3)(~2)]

= (t=2)[t? — 6t +10] —2+ (t —3)(-2)
N————’
—2t+6

= (£ —6t" +10t — 21> + 12t — 20) — 2 + (6 — 2t)

=13 — 8t 420t — 16.

In other words, the solution is:

pa(t) = t3 —8t2 420t — 16.
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As a quick partial check of the solution, observe that

tr(A) =8
2 -1 1 2 -1 1

detA=|0 3 —1|=|0 3 —1|=2(6+2)=16.
2 1 3 0 2 2

confirming the computation of the coefficients of +* and t°, since we know that

pa(t) =2 —tr(A) +at + (—1)> det(A)

for some real number « € R.

Solution to (b). One can easily check that

pa(2)=2>-8-22420-2—-16=8—32+40— 16 = 48 — 48 = 0.

Thus (t — 2) is a factor of p4(t), so that we have

pa(t) = (t—=2)(f — 6t +8) = (t—2)(t —2)(t — 4).

Thus the eigenvalues are

Solution to (c). To find a basis for the A = 2 eigenspace E;, we compute

0 1 -1
Ep :=ker(2] — A) = ker 0 -1 1

-2 -1 -1
2 1 1 21 1 2 0 2
=ker| 0 1 -1 |=ker| 0 1 -1 |=ker| 0 1 -1
0 -1 1 00 O 00 O
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=ker| 0 1 -1

0 0 0
We add rows, and get the matrix
1 0 1
01 -1
0 0
Thus we have
1

Er=<¢a| —1 e €R

2 1 -1 2 1 -1 2 0 =2
E4 = ker 0 1 1 |=ker| 01 1 |=ker| 0 1 1
-2 -1 1 00 0 00 0
1 0 -1
=ker[ 0 1 1
0 0 0
This gives us the matrix
1 0 -1
0 1 1
0 0
Thus we have
-1
Es=<qu 1 a €R

Thus the solution to the problem is:

1 -1

The eigenspaces for A are E; and E4, and we have that | —1 | isabasis for E; and 1 | isabasis

for E4.
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O

Note that we can easily double check that the given basis elements are eigenvectors with the stated

eigenvalues.
2 -1 1
0 3 -1
2 1 3
2 -1 1
0o 3 -1
2 1 3

1 241-1
1 | = —3+1
—1 2-1-3
~1 —2-1-1
1| = 341
~1 —2+41-3

—4

Solution to (d). | No. | A is not diagonalizable since we showed in part (c) that there does not exists a

basis of R? consisting of eigenvectors for A.
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6. (10 points) e Consider the following matrix:

0102 —-120
-1 0 2 1 11
0020 -220

B =
0001 4 3
0 00 2 86
0 003 -3 0

(a) What is the sum of the roots of the characteristic polynomial of B?
(b) What is the product of the roots of the characteristic polynomial of B?

(c) Are all of the roots of the characteristic polynomial of B real?

SOLUTION

Solution to (a). (a) The sum of the roots of the characteristic polynomial of B is equal to the trace of B.
So we have

trB=0+0+2+1+8+0=11

So the sum of the rootsis| 11 |. O

Solution to (b). The product of the roots of the characteristic polynomial of B is equal to the determinant

of B. Since B is block-upper-triangular, we could compute the determinant that way; but the fourth and

fifth rows are linearly dependent, so the determinant is 0. Thus the product of the rootsis| 0 | O

Solution to (c). | No, [not all of the roots of the characteristic polynomial are real. We have

= (Z+1p(t)

o o o o
o o o o
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where p(t) is the determinant of the lower right block in the matrix above. Thus +i are roots of pp(t).

O
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7. (10 points) e Consider the two dimensional discrete dynamical system

where

Xi+1 = AXg

1.7 03
1.2 08

(a) Is the origin an attractor, repeller, or saddle point?

(b) Find the directions of greatest attraction or repulsion.

SOLUTION

Solution to (a). The origin is a

saddle point.

To see this, we compute that the characteristic polynomial is

t—17 —-03 ) )
pa(t) = det = (- —25t+1.36) — (.36) =t —2.5t+1
-12 t-038
1
=(t—2)(t—=
(t-2)(t—3)
Thus the eigenvalues are A = %,2. Since 0 < % < land 1 < 2, we see that the origin is a saddle
point. O
. 1
Solution to (b). We have that the line spanned by is the direction of greatest attraction,
—4
and the line spanned by is the direction of greatest repulsion.

To deduce this, we find the eigenspaces. We start with the A = %—eigenspace, Eq /5, which is the kernel

of%I—A:

1 —-12
A
—-1.2

-0.3 12 3 1 1/4 1 1/4
—-0.3 0 0 0 0 0 -1
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1
Thus is a basis for the %-eigenspace Ei).

—4

We now compute the A = 2-eigenspace, Ep, which is the kernel of 21 — A:

03 —-0.3 1 -1 1 -1
2 - A= > >
-12 12 0 0 0 -1
1
Thus is a basis for the 2-eigenspace Ej.
1
1
In conclusion, the line spanned by is the direction of greatest attraction, and the line spanned
—4
1
by is the direction of greatest repulsion. O
1
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8. (10 points) e TRUE or FALSE:

(a) Suppose A and B are invertible n x n matrices, and that AB = BA. Then A"!B~! = B~1A~1.

TRUE: (AB) ' =B '!A"'and (BA)"! = A~1B~ L.

(b) Let f : V — V be alinear map of a vector space to itself. If f is surjective, then f is an isomorphism.

FALSE: We have seen examples where this fails. If V were assumed to be finite dimensional,

however, then this statement would be true.

(c) Suppose that P is an n x n matrix with positive entries, such that the column sums are equal to 1.

Then limy,_,o P" exists.

TRUE: We have seen this in class. (This is also Lay, Section 4.9, p.261, Theorem 18.)

(d) Suppose that T : V — V'’ is a linear map of finite dimensional vector spaces. Then dim V' =
dimker(T) + dim Im(T).
FALSE: Take V = R and V' = 0. (The Rank-Nullity Theorem states that dim V = dimker(T) +
dimIm(T).)

(e) If an n x n matrix has n distinct eigenvalues, then it has # linearly independent eigenvectors.

TRUE: We have seen this in class. (This is also Lay, Section 5.3, p.286, Theorem 6, combined with
p-284 Theorem 5.)

(f) If v is an eigenvector for an n x n matrix A with eigenvalue A, and r # 0 is a real number, then rv

is an eigenvector for A with eigenvalue A.

TRUE: A(rv) = rAv = rAv = A(ro).
(g) Suppose that M is an 1 x n matrix and MY = 0 for some integer N > 1. Then M is diagonalizable.

01
FALSE: The matrix M = satisfies M? = 0, but M is not diagonalizable. (Note more
00

generally that if M = S~1DS for a diagonal matrix D, then 0 = M" = S~!D"S if and only if D = 0

(and hence M = 0), since S and S~ ! induce isomorphisms.)
(h) For an n x n matrix A, if det(cof A) = 0, then det A = 0.
TRUE: We know that A(cof A)T = (det A)I, sothat0 = (det A)(det(cof A)) = (det A)(det((cof A)T)) =

(det A)™.

(i) If V is a real vector space, and W, W’ C V are real vector subspaces of V, then W N W' is a real

vector subspace of V.

TRUE: We have seen this is class.
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(j) The row space of a matrix is the same as the row space of the reduced row echelon form of the

matrix.

TRUE: We saw this in class.
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