Math 2300: Calculus II Taylor Polynomials

1. Recall the idea of linear approximation, which we will use to approximate the numbers el
and e. Let f(z) = e®. We want to find a linear function L(z) = Cy + Ciz whose value and
whose derivative at © = 0 matches f(z) at x = 0.

(a) Fill in the table below:

flz) = @F fO)=\ | Lx)=Co+Ciz | L(0) = (,
fllx) = X ffO=1\ [ @)= ¢ L'0)= ¢

(b) Now we want to match the values and derivatives of f(z) and L(z), in other words:

e f(0)=L(0),s0 Co = i
o f/(0)=L'0),s0C1=__ | Lf\ X
(¢) Thus L(z) = I+ X f ‘( 2

A L{x) = (£

(d) Graph e® and L(x)

==l

(e) Use L(z) to estimate ! and e. Compare them to the estimates your calculator gives
you and comment on the accuracy. Explain from the graph why the error is so much
larger for estimating the value of e.
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Note: At home you can repeat this process using an arbitrary f(z) to find that the
general formulas for a linear approximation centered at z = 0 is

L(z) = f(0) + f(0)z
This is the equation of the tangent line, and is called the 1st degree Taylor Polynomial
for f(z) centered at x = 0.
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2. Now we’ll repeat the ideas of the previous problem, but using a quadratic approximation
instead of a linear approximation. Let f(z) = e*. We want to find a quadratic function
Q(z) = Cy + Crz + Coz? whose value and whose derivative and whose second derivative at
x = 0 matches f(x) at z = 0.

(a) Fill in the table below:

flz)= oF f(0)= 1 Q(z)= Co4 ¢x + ¢ox? Q)= Cs
fllz) = o~ f0)= i Q)= ¢, 3 2c,X Q0)= ¢,
ffa)= ex [ 0= |Q"@) =2, Q"(0)=12¢,

(b) Now we want to match the values and derivatives of f(z) and Q(z), in other words:
e f(0)=Q(0),s0Co=_1
« PO =QO)s0Ci=_1
« f"(0)=Q"(0),s0C, =

(c) Thus Q(z) = |4 x4 X

2

(d) A graph of e is shown below. Graph Q(z) on the same coordinate plane.

(e) Use Q(z) to estimate e*! and e. Compare them to the estimates your calculator gives
you and comment on the accuracy. Explain from the graph above and the graph from
the previous problem why the errors are reduced.
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Note: lgﬁt'eho@g y%bl calg 1‘ep§1t this process using an arbitrary f(z) to find that the
general formulas for a quadratic approximation centered at x = 0 is

1!
0
Q) = £0) + £ + L1002
Notice that this is the linear approximation with an additional term added. It is called

the 2nd degree Taylor Polynomial for f(z) centered at z = 0.
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3. Now we’ll repeat the ideas of the previous problem, but using a cubic approximation. Let
f(z) = e*. We want to find a cubic function T'(z) = Cy+ Crz + Cox? + C3z® whose value and
whose derivative and whose second derivative and whose third derivative at = 0 matches
f(z) at x = 0.

(a) Fill in the table below:

fe)= o [JO =1 [T
F@= er |FOQ= T
i

(@)= (s+Cxt oK w (“(3 TO)= Co + o! ¢
@)= e +2¢3% 4 3(3)(’ T'0)= €y & ! ¢

f'lz)= o~ 0=\ "@)= acs 3 X T"0) =2 20 G
f/”(l,’) = ¥ f”/(O) = 1 T”l(:l?) = Gk T”/(O) =(C3| =3 ¢y

(b) Now we want to match the values and derivatives of f(x) and T'(z), in other words:
 f(0)=T(0),50 Co=__|

o f/(0)=T"(0),s0 (= |

e f/(0)=T"(0),s0 ¢, = %

- f///(o) — TW(O), 0 €4 = t J 5
(¢) Thus T'(z) = = |+ X+ "/; v ’SZ;

(d) A graph of e” is shown below. Graph T'(z) on the same coordinate plane.
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(e) Use T'(z) to estimate e! and e. Compare them to the estimates your calculator gives
you and comment on the accuracy. Compare the accuracy to that of the previous two

probl'ems. , (o)’ (O 3 .-
Q“':'r(.ﬁ: |+0 0 + —5 4 “3)‘ = |~105‘6
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Note: The general formula for a cubic approximation centered at z = 0 is given below.
Notice that the first three terms are the same as the quadratic approximation.
11 0 " O
T(@) = £(0) + £1(0)a + L3002 4 L0,
This is called the 3rd degree Taylor Polynomial for f(z) centered at z = 0.
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4. Fill in the table below, for f(z) = e*. Note that f(™)(z) means the nth derivative of f(x).

n | ™) | FM™(0) f<"n>[(0) f";"(O) Z"
0] ¥ ! |

' e” ( ' !

’ ” | + %71

’ "™ | ¢ A
e T TS
"lex || o .5
e | | w | %

5. Add the terms in the last column to get the 6th degree Taylor Polynomial for f(z) = e*
centered at x = 0.

3 Yy g 4
e x> X
E(ﬂ: ‘4—?(*(“'5‘,*%* lﬁ—* < +'(o{

6. Use the Taylor Polynomial from Problem 5 to estimate e.
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7. Write down the general formula for the nth degree Taylor polynomial for f(x), centered at
z=0. P #M ( 0\

?(ﬂ:: 2"‘;—“ Xn

n=g¢

-
X s
el = Z-wx

8. Give an explanation of where the factorials come from.
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