Daily Quiz

* Go to Socrative.com and complete the quiz.
* Room Name: HONG5824

* Use your full name.
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6.6 Moment and Center of Mass

* Have you tried balancing a frisbee on your fingertips?
* Where would you put your finger?

* The center of mass 1s where the object would be balanced
horizontally.

e It is also where the net torque from gravity would be O.

9/28/2018 Math 2300-014, Fall 2018, Jun Hong Page 2



6.6 Moment and Center of Mass 7 “ " % ;
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e Consider a seesaw as pictured. m, M,

e If two people are sitting on the opposite ends of the balanced seesaw each

with mass m, and ms respectively, who has more mass? o -

e Archimedes discovered that in order for the seesaw to be balanced, the
moments need to be the same in magnitude:

My = M

mldl = mgdg.
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6.6 Moments and Centers of Mass

* Now suppose the two ends of the seesaw
have x-coordinates x; and x,.

* Let’s compute the x-coordinate of the
fulcrum, the center of mass x.

m\O\l = W\?_dq_

m (K= %)= m, (XX )
MI-;Z - m'x\z MZ)<'L—— W\Z_;z
YV\S(— + W\z-—?z = ™M X + M, X,

\N\\\(| +V\'\LX2
ml—l— VV\?_

X =
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6.6 Moment and Center of Mass
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e The numbers mix; and moxo are called the moments of the masses my
and meo with respect to a coordinate system.

e Note that z; and x5 can be negative. This means that moments can be
positive or negative depending on your choice of coordinate system.

https://phet.colorado.edu/en/simulation/balancing-act
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6.6 Moment and Center of Mass

If we have a system of many particles with masses mi, mo,--- , m, located
at the points x1,x2, - ,x, on the z-axis, then it can be shown similarly that
the center of mass is located at

AT —+ M5 -+ ¢ 1T Sum of the moments

f — p—
mi1+ms+ -+ my Sum of the masses
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6.6 Moment and Center of Mass (2-dim)

The center of mass is located at (Z,7). Let m be the total mass,
m=mi+mg+- -+ Mp.

moment of the system about the y-axis moment of the system about the x-axis
My:m1$1+m2£€2+"'+mnxn Mm=m1y1+m2y2+"'+mnyn
S My,  miz1+moxo+ -+ My _ My  maypr +moy2 + -+ mpYn
m W, -1 & - -~ Y m my +me + - - My
VA
X1
: X3 —— ——
V3| :yl
| -
0 | y2 X
A2 ﬂ
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6.6 Moment and Center of Mass (2-dim)

Find the moments and center of mass of the system of objects that have
masses 3,4, and 8 at the points (—1,1),(2,—1), and (3, 2).

YA

éentér p'f mlag _
\Z — M‘J . MlX\’\'MLKz_‘\’ W\3 X3 . —3 + X + Lq’ _ ’Z_f( / 8
" MMyt g 3+ 4+9 [ -
O sl [ T=
3 = My _ WMy Ay timy; _ 2 -4 46 |5
" M+ Mo+ mg 2ttty IS
My= 21 29
L The center o mous 1 \ocalfcol oc\’ (T?/ |
MX = \S
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Suppose that a region of uniform density p is bounded by a function y = f(z).
How can we compute the center of mass of this region?

Suppose we take a rectangle of small width on the region &#. Intuitively, the
center of mass of a rectangle is in the middle of the rectangle with coordinates
(x, f(x)/2). Now we can pretend that the entire mass of the rectangle is located
at (x, f(x)/2) and compute our moments with respect to the y and the z axis.

Firstly, the area of the rectangle is f(x)dr and so the mass of the rectangle

is pf(x)dzx. dx
: Ny = W)
Y
W)
o $00/2)

R
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Let M, denote the moment of the small rectangle about the y-axis and M,
denote the moment of the small rectangle about the xz-axis. Then

M, = mass - distance to the y-axis = pf(x)dz - =
M, = mass - distance to the x-axis = pf(x)dx - f(z)/2

" _y=fw)
A/CX)‘FMVZ)
R
0| a )l< b ;
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We have computed the moments of an arbitrary slice of rectangle on the
region %. Then the total moment of % about the y-axis is obtained by adding
up slices’” moments. YA = _
p y=fx)

My:/./\/ly:p/abxf(x) dx

Similarly, the moment of % about the z-axis is

Mm=me=p/:%[f(ﬂi)]2dm . Mol

0] a

Now let’s compute the mass of the region &#. Since the region has a uniform
density, the mass of & is equal to the area of & times the density p.

b
m=pA = p] J )i,
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Formulas

Moment about the y-axis: Moment about the z-axis:

b
My = p/b zf(z)dz M, = p/a %[f(a:)]2da:

The center of mass of a region & is located at (¥,%) and

T:%:pfja:f(az)d _f ZIZf:U)dIE_/ rf(z
mo o [) f@)de [ f(x)da

1
M, pfa §[f($)d£c]2 f; 5[ 2daj
M, ) 1 o
YT m T fwde " 1) / (2)d
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6.6 Moment and Center of Mass (2-dim) | ,—-»

EXAMPLE 7 Find the center of mass of a semicircular plate of radius r. (0 4;-)
Aven is "imrl, 1 7
: . . . 2L
Swe he Ebmx\.m of " deﬂ i )(Q-l"j _ \(’Ll _ _

+he, \-:,‘) ho\\l"'_ Dl;_ e Qe Can be oplned fiom e fDSH'\VQ. £ quat oot
whan SUMNB Y.

Top by = (V™
BvH"NV\ h‘&H\‘.’ ‘j =~ \l YQ" X*
Semicwvde 15 )Wf Na\ & 7(‘L7\)=j= \I\fz--K2
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6.6 Moment and Center of Mass (2-dim)

EXAMPLE 7 Find the center of mass of a semicircular plate of radius r.

5\/\3 HL(, frvn\a, 6

:-LS "« Fendx = T S X —#obk -

’L

0

\}‘S'\V\ e SV Haonce, S )(\I T Ax = 0. Thig m‘*“e§ \V“l’\l\l“'\\ff fense
i g \l/ oo -H% o cd in question ¥ SYMmEtHC acynss fhe

Au= - 17«6\»4 Y=axs
Dlsevve ’H\fx\- A, e \k—-\aDW\U\S

o both O se w=v"-Y =0
N‘fl \k"(if(’\")z' . Sve an
m\ejm\ o o M\QV\/«\ ot No \H\A\'\"
140 the aune \n‘;vﬂw\ i< 0.

X=0.
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6.6 Moment and Center of Mass (2-dim) | ,—yo,

EXAMPLE 7 Fmd the center of mass of a semicircular plate of radius r. (0 4;-)
NATIRT _ _ ¥ 37
To oM pat g )’g J—\er} dx = “'Y %S P dy ¢ ”T

’L _Y - . >
,Af[\fx x :J’[(\r'%L( Vﬁ_\;ﬁ)} : 0 ; Y
:/\"_i‘r: by
wY 3 2
So Y= W
31Y

Conter of wass = (v’(ﬂ\: (0,%’%
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6.6 Moment and Center of Mass (2-dim)

Find the center of mass of a region bounded by y = z(x —2)? and the z-axis.
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6.6 Moment and Center of Mass (2-dim)

Find the center of mass of a region bounded by y = z(x —2)? and the z-axis.
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