Daily Quiz

* Go to Socrative.com and complete the quiz.
* Room Name: HONG5824

* Use your full name.
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Taylor’s Inequality

Suppose T (z) is a Taylor polynomial centered at a for the function f. Let
d be a constant and | f*+1D(z)| < M for values of x satisfying |« —a| < d. Then

for those values of x, the error Ry(x) of the Taylor polynomial Ty (x) satisfies
the inequality

M
(k + 1)]

‘:U—a,‘k_H < M

B (2)] < = (k+ 1)

dk+1

In other words, the error from T} (x) is bounded by some constants;

M

k+1
Tk

Ry ()] <
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Deciphering Taylor’s Inequality:
1. |x — a| < d looks very similar to the inequality |x — a| < R (R is the
radius of convergence.)

2. a is the center of the Taylor polynomial, and it is the center of the
intervals.

3. d is the radius of approximation, which is the distance from the center
to the boundary of the interval of approximation. In order for the
approximation to make sense, d must be less than R:

d < R.

4. M is computed by maximizing |f**1) (z)| in the interval of approxima-
tion [a — d,a 4+ d]. (Usually maximizing an increasing, decreasing, or an
oscillating function. Techniques like the Closed Interval Method can be
used.)
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Controlling the Error

There are three moving parts to Taylor’s Inequality:
1. k, the degree of the Taylor polynomial
2. d, the radius of approximation.

3. M, the maximum bound for the (k 4 1)-th derivative of f(x) inside the
interval of approximation.

The last moving part M is dependent on both k and d since the maximum
of the (k + 1)-th derivative is taken over the interval [a — d, a + d].

The error gets smaller (|R;| — 0) as one either
1. Increases the degree k of the Taylor polynomial (k — oo) or

2. Reduces the size of the interval of approximation (d — 0).
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Desmos Examples to Play With

Taylor Polynomials of degree k& and the radius of approximation d:

https://www.desmos.com/calculator/bdhuwxcgm?

Graphs of the Taylor polynomials and the errors for various functions:

https://www.cengage.com/math/discipline_content/stewartccc
4/2008/14_cengage_tec/publish/deployments/concepts_4e/4c
3 _tool.html#
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Four ways to use Taylor’s Inequality - #1

1. Showing that a Taylor series converges to its function f.
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Prove that f(x) = e* is equal to its Maclaurin series T'(x).

R0 measwves how diffeent X is fom Ty, Use Taylor s Tneguality + show fhat
B o fred vdias d, R00O30 s koroo. Observe thet THO is (antored af 4z
Ty boy's Tneguality

k n
R0 & (‘Z:).,AH hare ¢ )(x)‘SM B |X-a| ¢4.
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£y =e® g on inCyeasing finchion @ it i
maximized on Hw \rin’—w\oS‘l’ X—Value -H\z' iy\*‘-e_\“\/dl X=d.
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p o dk""\
k] S Ck1) !

and toking He limit ac k ges To 00 on bt
side s of 'Hne, ine.z)b\a.\ﬂ"/ )
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| . A k41 k+1)
lim R 60| ¢ Im e 4 _ A
K- oo k=00 Ck+0! koo (k+1)!
He.hte \im
k- 0o

Thoefre o gﬂ_ﬁmd vyadius o‘, li IK (70|=0
ko' Tk

= ¢t 0=0 (sme fachrials
dorinate exponentials)

\KKO()|£O and by +le Squeeze +Hheovem i

ks oo |Kk(><)\: 0.

which neans +he diffevene Letween & and its T«YIW seweS S 0.
Ih CehC\wﬁi\on' ‘Fb\’ au vo\lv\Lf o‘F X
eK—-T(.X):.O

eX = T).
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Prove that f(x) = sinx is equal to its Maclaurin series T'(x).

R ) reaswves Lt°w :‘F\‘cmf‘- sinx is foom 'I'k(X). nse Taylor § I»\esual(}y + show Hhat

fovr a fixed radius ) RkLX)-—)O as K—00o. Observe that TX) 5 (entered at a=0.
Ty boy's Tneguality

k +1
R4 € (m).,dﬂ NMVI Py ’m\sM TN VENEY

Sive a=o0, e \V\Q%V\a\i‘*v lxlﬁﬂt 9'\\11_( 4l iwl-e\r\/as\ X/ T

T

abvo\e \o\/ 1 fr al | Vo.(u.e_f of Y
Tl X Toefre we sed M=

Note +hat -f-"‘*”(,q is * Smx o *cosx o(.crendn‘nj om K.

Cince Lon Swm X and CoS X ave \obuna(eo\
[_‘;ckﬂ)u)' <\

ket
¢ and folding Ha limit as k gies o 00 on  buth

sdes of the ineguelity |
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| _ olkH
é;mw le(.x)\ ég‘_";"w Gy =0 (Since +facthorials  dominate ~€X|70WLR_‘10\|5)

Henee |imw
k=) 0o

Thoefve o any fixed vadius d, k\‘\w\ [k 00| = 0
- %0

\Kk()()| €0 and W +le Sgueeze —I-l/\eovew\/ liv

K 00 |Kk(><)\= 0.

which neans +he diffevene Letween SinX and its Taylov sevies 1§ 0.
Tn conclision; Kl values of x
SInX —TMW=0
SinX = TK).
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Four ways to use Taylor’s Inequality - #2

2. Determining accuracy; find a bound for the error.
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1. Approximate the function f(z) = /x by a Taylor polynomial of degree 2
at a = 8.

2. How accurate is this approximation when 7 < z < 97 )

)
O Tw= LL“-“ £(a2) + Fly(x-a) + —-—-—(x a)*

h=0
= £ + FIHx-8)+ F"g) (x—g)?

\
£00=23Y = X/q'“ £(8)= 2
Fe) = 3 x"’é F1t= -+

|2
-5/
Poom —3 X8 $epy= il

£ T, K= 2 + 5 (x—9) — T L (x—g)
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® use Tuylor's 11‘;1“'@,'. Sugpose ¥l M Hor valwes of X setishging [x_a) ¢y
Than M

k+
[F60—T 0| = [R IS (k4! 4

Fo\/ s PVD\oL&Ml e o\l Cendered af a=9 and +he inderval s F £ XL q

X< FL'_ | } 3 T'\M.\,c(»vc. +le o(ir’-»\ute, ’er He (en-kv

F ¢ 9 ol (¢ d=1
observe Hhaat sine we ar hevwested i tae M(,uwa\c\) of T X)), k=2a.

Fd MT [ £P%00l 2 M By values of X sach dhat [x-8(¢ |

(3 - -
£+ = %X 8/3_ Swmee X 5

t +he \aow\dw/ oF 41

(somt a5 F2x<q).

o a Acuasinj —ﬁmc-(-.'on/ £ x) (s maximized

_ -9 -9
Wk X=F P = < s ég ) 5. M
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Putting Hem  all -hadl«w,
-9,
M 3
| Ho0-T,09 | = | R0 2 Tds = {%(‘%‘) 13 = 0.0003¢#
' 6
J
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Four ways to use Taylor’s Inequality - #3

3. The interval of approximation is unknown; solve for the radius
of approximation d and use it to find the interval of approximation.
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1. What is the maximum error possible in using the approximation

3

5 xI xr
SIH$N$—§+E

when —0.3 <z < 0.37 Use this to approximate sin 12°.

2. For what values of z is this approximation accurate to within 0.000057

@ $6a=sinx , Te® = x- X% 1 X
—_— 3 s
Fvo..\, \0\(&! Ikezua.\l'\'\[ . M
k+1
N—T. )| &
) _‘T‘ a4 (k41D 4

wieit \Flkﬂ)(*)‘ £ M v values o X
such that [x-al < d.

Sine o) s« Maclaurn F°\Y"°'”"”‘l

of <X, +we mterval is centeved ak a0

We ave g\ven +le M\lt\f\/d‘ —0.3<£X<0.3
Tef——1—

-03 ©0 0.3
The padius of +his inferval s 0‘= 0.3
Since k=5, we need H cow\r\ﬁe
-F-(‘) (X) ond Fid & wmaxinuam

for —03 € x £0.3,
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‘fOQ"‘ SIMK
-fI(X) = cos X
£1) = —sinx
-§(?)Cx\= — ofX
-F('HO(,:: Sin¥X
F2x)= osx

‘F‘QLX)= =SInX

Hene | #1601 =) —sinx| = |sinx|. Bt observe +hat

[smxl =l fr all X 50 the inegualiby must also be hue -y
—032 £X£0.3. Thiehve we f M=|.

Pvd—-\-iv‘a) it all ‘1‘03Q,+|/\9.\( )

0. o000 |

£+ | ( )é’
\SMX""—I;()\)(S 'C;\_—\_)TO( = ¢ 0.2

So the Mmaximum gvior possible in Miuﬁ Te ) Ry smx in He inferval —0.3<¢%x<0.3

(S 0.00000].

S (129 = sm(12°—

11/7/2018

)= on(B) 5 T ()= - (L ()

| 30° 31

= 0.207912
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@ Bor Hhis prblem; we aw asked o find the lavgest indevval of X in which
TsK) S acwvak 4 within 0.00005. Wse Tay by Ineguality. (Recall hat a=0)

| sux- Tz 2

(S+D!

&+
™ d wheve I%“’oolsf\/\ fov Xl &d.

‘
Bar £z -smx s HC%al=l-six| €1 By any X This means We can

wse M=| agamn.

Simce He bLound needs Ve less than ov €3‘Aa' + 0,00005" we haVve

6
ISinx - Te| £ _éT"( < 0.00005

6
-—Z(—'- < 0.00005

So\vinj oy oﬂ)
< 0,036

d < 0.574624

11/7/2018

Thevefore o lavgest value for d vs d=0.57462¢
Swee omwr inderval i centered at a=0, we have

Y
<—— \ 1 AN

-0.53462¢ O 0.63¢ 624
Thn conc ‘\Agibf\’ ‘F,,y v“l%s O‘F X in 4o U\-‘-Q\'VG\ [:-0'5?9“2";05?4(2":’]
‘Tq;—()() NS qc¢uko\-‘-e -*o Wl"'tl'lﬂ 0.0000;_

Math 2300-014, Fall 2018, Jun Hong Page 18




Four ways to use Taylor’s Inequality - #4

4. The degree k of the Taylor polynomial needs to be at least some
number.
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Let Ty (x) be the Taylor polynomial centered at 0 for f(x) = e*. Use Taylor’s
Inequality to determine the degree k that should be used to estimate the number

el with an error less than 0.6.
Tc»j\ov’.s In@zualﬁ’\j :
(M)ldkﬂ share  [$5%0] €M fov |x—al 2d.
k+1)!

FORNTH) , e*XTx) and so e % Till).

Centeved ot O means &=0.
We need o plag in X1 buk we ove cendered ok 0 1 < ‘

I—jl(x)—'\l(%)| <

Cince
| | S
1 T 7

FOY oY a\[’ymxima\-ﬁov\ o be valid \Ar +v X=l, O /

4+\he vadins of o.fPVoXiMa‘\‘iOV\ 0\ mds% be ad' |eas-|- 1} ‘H\Lk'ﬁ)\f 'e-\' d=1.

The interval of approrimation is [a-d,a+dJ=[1,I].

Since H(H')(xﬂ: \e"l = e* ¢ an inc\reasina funchon, i+ is matimized at 1 on +he

iY\‘\"CYV‘k\ E\;\]. Hence )exl < e' for ol ¥ In [—l,lj but we [et M=3 + avoid
sefting M egual + very «8uanﬁ+\j Hhat we ave trying to apprximate .
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Plugging in the values obtained above and bow\o\inj by He given veguivemunt of 0.6, e get

3 KkH
| £ -Td| £ Y l

< 0.6

|e' -T2 22— < 0.6

+!
o e (S:\P:%Y Hhe smallest k that satisfies The above iv\e%ualijf‘j.
> <0.6 k= |
(\44‘\)! (k+1) ! :(H'l)! —9l=2
*Oj% < (k+1)! s
5 < (k+1)! (ke = 0! =31=6

k=2 is +he Firs+ iwl-ez&\f Hiat cahsfies +he iV\'enbo\a\H"j S<(k+n!.

Hence the dLj\-CC of +he Taylovr poly nowial should be ot least k=2
1y eshimate ! with an evror \ess than 0.6
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