Daily Quiz

* Go to Socrative.com and complete the quiz.
* Room Name: HONG5824

* Use your full name.
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7.1 Modeling with Differential Equations

* A differential equation is an equation that contains an unknown
function and one or more of its derivatives.

* The overarching goal of studying differential equations is to find a
specific function that satisfies the given differential equation.

* One model for growth of a population 1s based on the assumption that
the population grows at a rate proportional to the size of the
population.

* This 1s a reasonable assumption for a population of bacteria or animals
under 1deal conditions (unlimited environment, adequate nutrition,
absence of predators, immunity from disease).
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7.1 Uninhibited Growth

* t = time (the independent variable)

e P = the number of individuals in the population (the dependent
variable)

* The rate of growth of the population 1s the derivative dP /dt. So our
assumption that the rate of growth of the population 1s proportional to
the population size is written as the equation

dP
= kP
dt

where k is the proportionality constant.
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1. Suppose Fr kP; show that P = e** is a solution to the given differential

equation.

2. What is another solution to the above differential equation?

© Check ifF P= €*F sahiches LJ_F_:H’ .

e
4 (p) = 5 ()
AP _ kt
4 T ke
a7
TE"kP V4

@ it_i.-_—_kP lhas w\qmi So(u"‘iol’\s:

= £ _ kt
?=2ek, P=1oes, P=0, P=Te , P=— g4kt
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7.1 Uninhibited Growth

dP
— = kP
dt

* Can we find a function that satisfies the above differential equation?
e Yes. Take P(t) = Ce*t where C is a constant.

* For each value of C, we get a unique solution to the above differential
equation.

* Allowing C to vary through all the real numbers, we get the family of
solutions P(t) = Ce™t
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The family of solutions of dP/dt = kP
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7.1 Logistic Growth (Inhibited Growth)

* How do we model for growth of a population with limited resources?

* Let’s list the assumptions that we want our differential equation to
reflect. Let M be the carrying capacity, which is the maximum
sustainable population.

dP

= ’n ~ kP if P is small (Initially, the growth rate is proportional to P.)
dP : .

m s < 0if P > M (P decreases if it ever exceeds M.)

A simple expression that incorporates both assumptions is given by the equation

dP P
2 — =kP\1 — —
dt ( M)
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7.1 Logistic Growth (Inhibited Growth)

A simple expression that incorporates both assumptions is given by the equation

dP P
; P _ kp(l _ _)
dt M

Notice that if P is small compared with M, then P/M is close to O and so dP/dt = kP. If
P > M, then 1 — P/M is negative and so dP/dt < 0.

Equation 2 is called the logistic differential equation
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7.1 Logistic Growth (Inhibited Growth)

A simple expression that incorporates both assumptions is given by the equation

dP P
2 —=kp|1-—
dt ( M )
* Observe that P(t)=0 and P(t)=M are solutions of the above differential
equation.

* The constant-valued solutions P(t) are called equilibrium solutions.
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7.1 Logistic Growth (Inhibited Growth)
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7.1 General Differential Equations

* The order of a differential equation is the order of the highest
derivative that occurs in the equation.

* A function y = f(x) 1s called a solution of a differential equation 1f
the equation is satisfied when y and its derivatives y', y"', ... are
substituted into the equation.

* When we solve a differential equation, we are expected to find all
possible solutions of the equation, 1.e. the family of solutions.

* Solving differential equations 1s a whole field in itself. Anything that
changes over time can be modeled using differential equations.
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I EXAMPLE 1 Verifying solutions of a differential equation

Show that every member of
the family of functions

1+ e
YT e
is a solution of the differential equation y’ = 5(y? — 1).
\} d ( [+ cet > Check 4l dlf@evcmho\\ eﬁua\’n'ov\
" T )
€) —(l+C
Lo | e fpty ]
Cc ) T A A
= cet-cte™ et e _ o (ee®) - (e’
(1= Ce®)? 2 (|- cet)?
. zce” .1t 2cet+ B o (ke dd)
(| —ce*)? .

2 ( (- cef)?
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Thockne Y= _HCE s a gertm|
(—cet
sslubion 10 e difevential 6711&0\‘\10\/\

=Ly,
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7.1 Initial-value Problems (IVP)

* In applications, finding general solutions (family of solutions) is usually
not enough; we are often interested in finding a specific solution to a
specific problem.

* For this, we are often given an initial condition of the form y(t,) = y,.

* The problem of finding a solution of the differential equation that
satisfies the initial condition is called an initial-value problem.
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Find a solution of the differential equation 3y’ = vy that satisfies the initial
condition y(0) = 10.

Reaall: The diffecential equation -‘%:k\j has  as its Sslutions Y= CekX
et C ¢ a constart. Let k=] ond Sine fﬁlf—ﬁy_ +he dife gg

dx )
9= K9

/
9=Y
Was as V¢ Selutions \)""C?ﬁx, The inihal  condibion Y(o) =10 means

e F‘“ﬁ in X=0 + the ‘RmC‘h'DV\ Yy, we 9,2/\‘ 0. The inital cond|f on
Wl give WS the onstant™ C|

\jLo) = |0 Thaefive the salubion % He above
Cel = (0 A er widh Hleo inittal Condiion
C= (o, ylo)= 1o is y=peX
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W EXAMPLE 2 Find a solution of the differential equation y’

the initial condition y(0) = 2.
Eom vale 1, y= l"\' Cet 1S a
|—Ce?®
guxe_»a\ So(\xhov\‘\'b Hee differential eciu,avhUV\
‘= L (y*-1) .
Z

we wat h find & sPeciGc colubon

fow i gomeval seluhion by Wiy e
mihal condition Yy©)»=2.

P\V\J in O
Z=9Y()= I+C€° = |+C
| —Ce° |—C
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2(y — 1) that satisfies

e _ o
I—-C

\+c=X(|-¢)
(+Cc =2-2C
2C = |

C==3

Hente
\}: 3 € kY ‘H\o. so(u\’ioV\
-+
fo Hhe diffrential egaation ¥'=% (y%-1)
vith +he niial condition ylo)=
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1. Consider the following differential equation:

vy —y=0.

rTT

For what values of r does the function y = e"* satisfy the differential

equation?

2. If r; and 7o are the values of r from part (a), show that y = ae™* + be"2*
is a solution for any real number a and b.

@ y= QYX Sine e,\(x s nvey O for ‘Rni-‘t Vox\\,te,s of v and X,
y'=ye* (V=) must be O W ovdy Jor the eguation to hold.
Y= e Hence Y=\ =0
p Q=D (r+l) =0
Y - Y=0
YZQ.YX“ QY)(: O Y = \)"\ )
(\(2_ \) eYX_____ o
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1. Consider the following differential equation:

1

vy —y=0.

rTT

For what values of r does the function y = e"* satisfy the differential

equation?

2. If r; and 7o are the values of r from part (a), show that y = ae™* + be"2*
is a solution for any real number a and b.

@ V=1, v,=-| Chreck o Hhe Y that we obtained satisfies +re
% dift eq -

Y X
Y= ae' +be™ %
y'= ael —be

Y= a e+ be X

7 -
9’z aegf+be®

\3”“ Y=o
(a*+be*) = (xe”+be™) = 0

o=0V
| Nes, Y= ae+ be* is a Solwhon fov any veal number 4 adb
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