MATH 2300 — review problems for Exam 2

1. A pyramid of constant density 6 gm/cm® has a square base of sidelength 40 cm, and a height of 10
cm.

(a) Find the mass of the pyramid.

~ 61623 160006
3 |, 3

10
Mass=volume X density = § x / (42)? dz gm.
0

(b) Find the center of mass of the pyramid.

Put the apex of the pyramid at the origin, with the base of the pyramid perpendicular to the
z axis. Then by symmetry, the center of mass has z-coordinate * = 0 and y-coordinate y = 0.
Furthermore,

5 [0 2(42)? d= 3 164" 30 15
= — = —cm.
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2. A metal plate of constant density 5 gm/cm? has a shape bounded by the curve y = 1/, the z-axis,
and the line x = 1.

(a) Find the mass of the plate.

1
10
Mass=area x density = 5 x / Vrdr = 5 s
0

(b) Find the center of mass of the plate.

1 1 2
5 | xy/x dx 3 5 1— d;
fzifo 1({ =_cm, y= Jo y(m v L= Zom
3 5 3 8

3. Find the mass of the plate in the previous problem if, instead of constant density, the plate has
density:

(a) 3(a) =1+,

15

! 16
Mass = / (1+z)yzdr = — gm.
0

(b) 3(y) =1 +y.
11

1
Mass = / (1 + y)(l _ y2> dy = — gm.
JOo 12

4. Find the area of the region bounded by the curve r = /8, for 0 < 8 < . foﬁ[(\/@)Q/Q} do = 72/4.



5. Find the area of the region that lies within the limagon r = 34 2 cos() and outside the circle r = 4.

1 [7/3 13v/3 5w
5 /ﬂ/g[(?) +2cosb) ] df 5 3

6. Find the area of the region common to the circles r = cos(#) and r = v/3sin(6).

(Hint: tan_l(%) =5

1 /6 ) ) 1 w/2 ) 1
/ (V3sin6)%df + / (cos0)”df = — (57r - 6\/3) ~ 0.221486.
2 Jo 2 /6 24

7. Find the exact length of the polar curve r = ¢?, for 0 < 6 < 7/2.

/ N @ @R =3 / " 0 g = Vo — 1)
0 0

8. Let {fn} be the sequence defined recursively by fi =5 and f, = fr—1 +2n + 4.

(a) Check that the sequence g,, whose n-th term is g, = n?+45n — 1 satisfies this recurrence relation,
and that g1 = 5. (This tells us g, = f, for all n.) We check:

g1 +2n+4=((n-12+5n—-1)—-1)+2n+4=n*>+5n—-1=g,

and plainly g; = 5.

(b) Use the result of part (a) to find fag quickly, with the aid of a calculator. foq = 20%+5-20 —1 =
499.

9. Decide whether each of the following sequences converges. If a series converges, what does it converge
to? If not, why not?

. _ 1 ‘ 1 ,

n — — . . e . > 1. .
(a) The sequence whose n-th term is a 1 — . Converges to 1. (The - part goes to zero.)
(b) The sequence whose n-th term is b, = v/n + 1 — y/n. Converges to 0:

— e vnt+1l4yn\  n4+l-n 1
nl-vn= ot f<\/n,+1+\/ﬁ>_\/n+1+ﬁ_\/n+1+ﬁ’

and the denominator of this expression grows as n gets large, so it approaches zero.

(c) The sequence whose n-th term is ¢, = cos(mn). Diverges. The sequence is {—1,1,—1,1,—1,---}
which oscillates.

(d) The sequence {d,}, where d; = 2 and
dp, = 2d,—1 formn > 1.
Diverges. The sequence is {2,4,8,16,---} and the terms go to infinity.

1

10. Consider the region defined in polar coordinates by 0 < <7w/2 and 0 <r < ——————.
sin(#) + cos(f)



11. Find the arc length of the part of the cardioid r = 1 + cos(#) where 0 < 0 < /2.

12.

13.

(a) Sketch a graph of this region.
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(b) Use your graph to find the area. (The integral in polar coordinates is hard!)

base x height = 1/2.

/ﬂ2 V2(1 + cos(6)) db = 2v/2.
0

Using the trig identity 1 + cos(#) = 2 cos?(/2).

The area is %x

The following integrals represent the area of some region in the xy plane. Draw a graph of the area,

labeling the axes and giving the equation(s) of the function(s).

0
(a) / (—4x) dr The triangle bounded by y = —4z, x = —2, and the z-axis.
-2

3
(b) / (—v'9 — 22) dx The semicircle bounded by y = —v9 — 22 and the z-axis.

-3

2
(c) / 3y dy The region bounded by y = z/3, z = 3, x = 6, and the z-axis.
1

1
(d) / (V¥ — y) dy The region bounded by y = 2% and y = z.
0

Using slices parallel to the base, write a definite integral representing the volume of a cone with a

height of 10 cm and a base of diameter 6 cm.

10 3 2 10 3 2
/ m| —x | dxr or / T3 ——x)| dx
0 10 0 10



14. A ball is dropped from a height of 10 feet and bounces. Assume that there is no air resistance. Each
bounce is % of the height of the bounce before.

(1) Find an expression for the height to which the ball rises after it hits the floor for the nth time.
H(n) =10(3)"
(2) Find an expression for the total vertical distance the ball has traveled when it hits the floor for
(1—(3/4)"!

1—(3/4)
(3) Using without proof the fact that a ball dropped from a height of h feet reaches the ground in
\/E/ 4 seconds: Will the ball bounce forever? If not, how long it will take for the ball to come to rest?

the nth time. D(n) = 10+ (210 (3/4))

The ball will not bounce forever. The total time it bounces is given by
(v/10/4) + a/(1 —r), with a = (1/2) - /10 - (3/4) and r = /3 /4.

15. In theory, drugs that decay exponentially always leave a residue in the body. However in practice,
once the drug has been in the body for 5 half-lives, it is regarded as being eliminated. If a patient
takes a tablet of the same drug every 5 half-lives forever, what is the upper limit to the amount of
drug that can be in the body?

Let P, represent the percentage of the drug in the body after the nth tablet. Then
P; =1 (100 percent)

Py=1(5%.5%.5%.5%.5) +1=1.03125
P3 = 1.03125(.03125) + 1 = 1.03223

So,
1 —(.03125)"
1—.03125 °
As n — oo, P, — 1.0323, so this is the maximum amount of the drug in the body.

Pn -

16. Derive the volume formulas for the following shapes by using an appropriate integral:

(a) a circular cylinder of height H whose radius is R,
fOH ©R? dh

(b) a circular cone of height H whose radius at the base is R, fOH 7r (R — %) 2 dh

. . . H N\ 2
(c) a square pyramid of height H whose base has side length S, fo (S — }ﬁ]) dh
(d) a triangular pyramid of height H whose base is an equilateral triangle with side length S,
foH ? (S B %)2 dh
(e) a sphere of radius R. f_RR m(R% — h?) dh

oo

o0
17. Suppose that 0 < f(z) < g(x) for z > a. If/ f(z)dx converges and / g(z)dx diverges, then
a a
is the area between the curves f(z) and g(x) for x > a finite or infinite? Infinite: this area is

o0 o0
/ g(z)dx — / f(x)dz, which is a finite area removed from an infinite area.
a a

18. Determine whether the following integrals converge or diverge:



- 2 sin(e”)
—————~dxz converges
1

o0
/ dx diverges
1 T+ ln T

/ * 224+l
—————dx converges
1

x5+3x2—|—1

dx converges

Ny

(e) /0 6275 n 1d33 converges

19. Consider the region bounded by y = /2, y =0, x = 1.

(a) Sketch the solid obtained by rotating the above region around the z-axis.

(b) Using the sketch, write a Riemann sum approximating the volume of the solid.

Z (vVz)?Ax = Z TrAx

(¢) Convert your sum into an integral and find the volume.

20. Using the table below, estimate the length of the curve given by y = f(x) from (3,4) to

.1
/ T dr = T
0 2

(d) Repeat parts (a)-(c) with the same region rotated around the y-axis.

2.7

7 (y> AU—ZM/

/ mytdy =
0

x 3 135] 4 |45] 5 |55] 6
f@) | 4 [36 24| -1]-05|0 |07
Fx)|-08 24|68 1| 1 [14]-04

The appropriate arc length formula is

L

Q

+ (=0

)2

+ 1+()(

)+

5) +

b
- [ VIT @)

So, we can find a good estimate of the total length by using the table

V14 (=2

1+ (1)2(.5) +

5) + I+ (6825

1+ (1.4)2(.5)

(6,0.7).



21.

22.

23.

24.

Find the volume of the solid whose base is the region in the zy-plane bounded by the curves y = x
and y = 22 and whose cross sections perpendicular to the z-axis are squares with one side in the
xy-plane.

Since the cross sections are perpendicular to the z-axis we will have slices of thickness Axz. The
volume of each slice will be given by y/Az where y = 2 — 2. The Riemann sum approximating the
volume is then

Z (z — 2?)? Az

This leads us to computing the volume of the solid by the integral

/01 (z — 2?)%dx

Do the same thing as the previous problem except with semi-circle cross sections and then again with
cross sections that are isosceles triangles of height 3.

For semi-circle cross sections we use the same method as above to get

1 2\ 2
1 T —
/ —Tr R dx
0 2 2

as the volume of the solid. For the isosceles triangle cross-sections we get a volume of

1
/0 %(x —22)(3) da

A steady wind blows a kite due east. The kite’s height above ground from horizontal position £ =0
to x = 80 feet is given by

1 2
y= ISO—E(@"—SO)

Find the distance traveled by the kite.

This distance traveled can be calculated by finding the arc length of the above curve from x = 0 to
x = 80. Using the arc length formula we find the distance traveled to be

L—/O.SO \/1—1—(—210(37—50))2dx

Supplemental Problems from Section 8.2: 17, 21

17) The length is f12 V52 4+ 42dt = +/41. This is reasonable because the curve is the straight line
segment joining (8,5) to (13,9). The distance between these points is /(13 —8)2 + (9 —5)2 =

V52 + 42 = \/41.
21) [7, 7(9 — 49)? — (9 — y*)2dy + [ 7(9 — y*)? — (9 — dy)dy.




25.

26.

27.

A certain bacteria is growing in a petri dish of volume 300 cm?®. Assume that each bacterium occupies
1 x 1072 ¢cm?, and that the growth rate of the bacteria, starting at time ¢ = 1 hour, is given by

sin(t) +2  bacteria
t hour

r(t) =

Will the bacteria ever outgrow the petri dish? Explain your answer carefully.

Yes, the bacteria will outgrow the petri dish. We will show that total quantity of bacteria tends to
oo as t goes to oo, so the total volume of the bacteria will eventually exceed the volume of the petri
dish, regardless of the size of the bacteria.

Note that the total quantity of bacteria after b hours is equal to (the amount of bacteria after 1 hour)+
f1 t) dt. Thus, we are trying to show that

b o
lim / M dt = o0,
b—o0 1 t

oo sin(t )+2 dt

ie. we want to show [ = oo. We use a compan@on Notice that 1 < sin(¢) + 2, S0
1< M Thus, [[°1dt < foo sin(t +2 dt. We know that [~} dt diverges to oo, so [ == sin(
must diverge to infinity as well.

Show that the volume contained in the solid obtained by rotating the curve y = e™%, from x = 1 to
oo, about the z-axis is finite. To calculate the volume of the solid, we slice the solid perpendicular
to the z-axis to get slices that look approximately like cylinders of height (or width, depending on
your point of view) Az. Now, we make the following calculations.

e The volume of a slice ~ 7r2h = e 2*Ax

e The volume of the solid ~ Z me 2 Ax

e The volume of the solid = lim Z re Ay = / e 2 dx

Az—0

Thus, we need to show that ffo me ?* dx is finite. We use a comparison. Using the facts that
fly) = €Y is an increasing function of y and that —2z is less than —x for x > 1, we see that
0 < me 2% < e ® for x > 1. We conclude that 0 < I me 2% dr < [ me " dx. Since [[°me " dx
is finite (this improper integral can be calculated directly), jfo me”?® dx must also be finite.

The density of oil in a circular oil slick on the surface of the ocean at a distance r meters from the
center of the slick is given by §(r) = 50/(1 + r) kg/m?.

(a) If the slick extends from r = 0 to r = 10,000 m, find a Riemann sum approximating the total
mass of the oil in the slick.

5
Z 2mr; ——— A7
147
(b) Find the exact value of the mass of oil in the slick by turning your sum into an integral, and

evaluating it.
10000
50
277/ " dr ~ 3.1387 - 106,
0 T+r




(c) Within what distance r is half of the oil slick contained? about 5004 meters

28. Determine if the following statements are true or false. If the statement is true, clearly explain why.
If the statement is false, give an example exhibiting why it is false.

(a) If f is continuous on [0,00) and 1i_>m f(xz) = 0, then [° f(x)dz converges. FALSE. f(z) as
Tr—r00
given below is a counterexample.
1, =<1

o={y o5

x’

(b) If f is continuous on [0, 00) and [j* f(z) dx diverges, then li_)m f(z) # 0. FALSE. This statement
X o
is logically equivalent to the previous one, so the above f(x) is again a counterexample.
(c) If f" is continuous on [0, c0) and ILm f(x) =0, then [;° f'(z)dx = —f(0).
xX o0

TRUE. Observe that
o) b
| r@de=jim [ r@a
= lim [7(5) ~ f(0)
= —£(0).

) IE [0 F dx and [;* g dx both converge, then [;°(f(x)+g(x)) do converges. TRUE. Assume

that jo x) dz and jo r) dxr both converge. Then there is a number L; such that jo x)dx
is as close as we want to L1 for large enough b (that is, for all b larger than some Ny). Smularly,

there is a number Lo such that fo x)dx is as close as we want to Lo for large enough b (that
is, for all b larger than some N3). This implies that fo x)dr+ fo x)dr = fo +g(x))dz
can be made as close as we want to Lj + Lo for large enough b. Thus Jo<( m) g(z))dz
converges (to L1 + Lz)

(e) If [° f(z)dx and [;° g(x) dz both dlverge then [;°(f(x)+g(x)) dx diverges. FALSE. [* 1 L dx
and fo ;1 dx both dlverge but f = —|— = d = fo 0 d:z: certainly converges.

Solutions to 29 and 30 intentionally omitted. This material will not be on the exam.



