APPENDIX B

Categories and 2-categories

I do not believe in categories of any kind. Duke Ellington

We begin this appendix by reviewing some basic notions about categories. The
second section defines and proves basic properties of 2-categories. These are applied in
Section 3 to the study of adjoint functors. The fourth section has the main theorem,
which spells out the appropriate notion of equivalence for 2-categories. Most of these
notions and results are known in some form in general category theory. We have tried
to present them in more concrete terms than usual, and hope that this, and a deficiency
of references, will not offend category theorists. We expect geometers will find the going
abstract enough; for a first reading, it should suffice to concentrate on the definitions,
examples, and statements of the propositions.

In the last section we make a few remarks about set theoretic foundations, and the
axiom of choice, which is used freely in the text. These are not designed to put us
in any axiomatic set-theoretical framework, but rather to explain why we avoid doing
this.

1. Categories

A category C has objects and morphisms, also called maps or mappings or
arrows. To each morphism is associated two objects, its source and its target. We
write f: X — Y to mean that f is a morphism with the object X as its source and
the object Y as its target, and we say that f is a morphism from X to Y.! For any
morphism f from X to Y, and any morphism ¢ from Y to Z, there must be a morphism
from X to Z, called the composite of f and ¢, and denoted go f or sometimes simply
gf. The following properties must be satisfied:

(a) For any object X there is a morphism 1y: X — X such that folx = f for
all f: X =Y and lxyog=gforallg: Y — X.
(b) Forany f: X =Y, ¢g:Y - Z, and h: Z — W, ho(gof)=(hog)o f.

EXERCISE B.1. Identity maps, if they exist, are unique.

A map f: X — Y is an isomorphism if there is a map f~': Y — X such that
flof=1xand fof'=1y.

TAlthough the notation f: X — Y is suggested by the functional notation of set theory, it does
not mean that f assigns elements of Y to elements of X. In the category of schemes, for example, a
morphism is much more than a function on underlying sets.
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EXERCISE B.2. (1) An inverse, if it exists, is unique. (2) If f: X — Y is an
isomorphism, and ¢g: ¥ — Z is an isomorphism, then g o f is an isomorphism, with
inverse f~1o g%

A subcategory C’ of a category C consists of some of the objects of C and some
of the morphisms of C, such that: (a) the source and target of any morphism in C’ is
inC; (b)if f: X - Y and g: Y — Z are in C’, then g o f is also in C’; and (c) if an
object X is in C’; then 1x is also in C’. It follows that C’ forms a category.

If C and D are categories, a (covariant) functor F' from C to D assigns to each
object X in C an object F(X) in D, and to each morphism f: X — Y in C a morphism
F(f): F(X) — F(Y) in D, such that: (a) if f: X — Y and ¢g: Y — Z in C, then
F(gof)=F(g)oF(f); (b) F(1x) = 1px) for all objects X of C. We write F': C — D
to mean that F'is a functor from C to D.

EXERCISE B.3. (1) If f: X — Y is an isomorphism, then F(f) is an isomorphism,
with inverse F(f~'). (2) In the definition of functor, the property that F'(1x) = 1p:x)
could be replaced by the weaker property that F'(1y) is an isomorphism, or that it has
a left or a right inverse.

If F:C — D and G: D — & are functors, their composite, denoted G o F' or GF,
is the functor from C to &€ defined by G o F(X) = G(F (X)) and G o F(f) = G(F(f)).
With this composition law, the categories form a category, denoted (Cat).

If F and G are functors from C to D, a natural transformation 6 from F' to G
assigns to each object X in C a morphism 0x from F(X) to G(X) in D, such that for
any morphism f: X — Y in C, G(f) o0x = 0y o F(f), i.e., the diagram

commutes. The notation §: F' = G is used to indicate that 6 is a natural transformation
from F' to G. It is a natural isomorphism if each fx is an isomorphism, in which
case one writes 0: F = @G.

If I, G, and H are functors from C to D, two natural transformations 6 from F' to
G and 7 from G to H can be composed, giving a natural transformation 7 o 6 from F
to H. This is defined by setting (no6)x = ny o x.

EXERCISE B.4. (1) For fixed categories C and D, there is a category HOM(C, D) (or
HOMcay) (C, D)) with objects the functors from C to D, and with arrows from F to G
the natural transformations. (2) If 6 is a natural isomorphism from F to G, then 67!,
defined by (0~1)x = (Ax)~!, is a natural isomorphism from G to F, with 67100 = 1p
and Qo1 = 1q.

A functor F': C — D is a strict isomorphism if there is a functor G: D — C such
that G o F and F o GG are the identity functors 1¢ on C and 1p on D.
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A functor F': C — D is an equivalence of categories if there is a functor G: D — C
together with natural isomorphisms 6 from G o F' to 1¢ and 7 from F o G to 1p. (Note
that only the existence of G, 0, and 7 is required, and they need not be unique.)

A functor F': C — D is called faithful if for any morphisms f: X — Y and
g: X — Y in C, the equality of F'(f) and F(g) implies the equality of f and g. A
functor F' is called full if, for any objects X and Y of C, any morphism from F(X)
to F(Y) in D has the form F(f) for some f: X — Y in C. A functor F: C — D is
essentially surjective if, for every object X in D, there is an object P in C and an
isomorphism from F(P) to X in D.

The inclusion of a subcategory C’ in a category C is always a faithful functor. If C’
is obtained by choosing some of the objects of C, and all morphisms between them, this
inclusion is also full, and C’ is called a full subcategory.

EXERCISE B.5. Suppose F' and G are naturally isomorphic functors. Then F' is
faithful (resp. full, resp. essentially surjective) if and only if G is faithful (resp. full,
resp. essentially surjective).

EXERCISE B.6. If F': C — D is full and faithful, and f: X — Y is a morphism in
C, show that f is an isomorphism if and only if F'(f) is an isomorphism.

PROPOSITION B.1. A functor is an equivalence of categories if and only if it is full,
faithful, and essentially surjective.

Proor. We sketch the proof of the implication <. Suppose F': C — D is the
functor. For each object X of D, choose (by an appropriate axiom of choice if necessary,
cf. Section 5) an object G(X) of C and an isomorphism 7nx: F(G(X)) — X in D. For
a morphism f: X — Y in D, there is a unique morphism G(f): G(X) — G(Y) in C
such that F(G(f)) = ny ' o fonx. Verify that G is a functor. For an object P of C,
define Op: G(F(P)) — P to be the morphism such that F(6p) = nr(p), and verify that
f and n are natural isomorphisms. (l

EXERCISE B.7. Complete the proof of this proposition.

EXERCISE B.8. Show that a functor F': C — D is an equivalence of categories if and
only if there is a functor G: D — C and natural isomorphisms 6 from G o F' to 1¢ and
n from F o G to 1p such that F'(0p) = npp) for all objects P in C and G(nx) = O(x)
for all objects X in D. In this case the data (F,G,071,n) is what is called an adjoint
equivalence, cf. [65, §IV.4] and Section 3.

EXERCISE B.9. Let F: C — D and G: D — & be functors. (1) F' and G faithful
(resp. full, resp. essentially surjective) imply GF faithful (resp. full, resp. essentially
surjective). (2) GF faithful implies F' faithful; GF' essentially surjective implies G
essentially surjective; GF' full and F' essentially surjective implies G full; GF' full and
G full and faithful implies F' full. (3) If GF is an equivalence of categories, and either
F' is essentially surjective or G is full and faithful, then F' and G are both equivalences
of categories.

ExAMPLE B.2. A full subcategory C’ of C is a skeleton of C if every object of C is
isomorphic to exactly one object of C’. The inclusion C' — C is then an equivalence of



app-26 Categories and 2-categories

categories. For any category C, the choice of one object from each isomorphism class of
objects determines a skeleton C’. For example, if C is the category of finite nonempty

sets, the full subcategory whose objects are the sets {1,...,n} for n > 1 is a skeleton
of C.

ExAMPLE B.3. The product C x D of two categories C and D is the category whose
objects are pairs (X, Y) of objects X of C, Y of D; a morphism (f,¢g): (X,Y) — (X', Y’)
is a pair of morphisms f: X — X' in C and ¢g: Y — Y’ in D, with composition
induced by that in each category. One constructs similarly a product of any number of
categories.

The opposite category C°P of a category C is obtained by reversing all the arrows of
C. A contravariant functor from C to D is a covariant functor F' from C°? to D. This
assigns to each object X of C an object F(X) of D, and to each morphism f: X — Y
of C a morphism F(f): F(Y) — F(X). These satisfy: if f: X — Y and g: Y — Z,
then F(go f) = F(f) o F(g), as well as F(1x) = 1p(x) for all objects X.

DEFINITION B.4. A commutative square

V—sy

pl lt
X s Z
of objects and morphisms in a category C is called cartesian if it satisfies the following

universal property. For any object U and morphisms f: U — X and ¢g: U — Y such
that sf = tg, there is a unique morphism h: U — V such that ph = f and ¢f = g:

It follows that V' is unique up to canonical isomorphism: if V', p: V' — X, ¢: V' =Y
also satisfy the universal property, there is a unique isomorphism ¢: V' — V such that
p' = pd and ¢ = ¢v.

If the diagram is cartesian, one writes V = X Xz Y, and V is called the (or a)
fibered product of X and Y over Z. If the morphisms s and ¢t need to be specified,
one writes V =X ;x;Y or V= X ;xz;Y. The morphism h: U — X XY determined
by f and g is usually denoted (f,g). The projection X xz Y — X is often called the
pullback of the morphism ¥ — Z by s: X — Z.

If the category C has a final object « (so each object of C has a unique morphism
to o) then the fibered product X x, Y is called the product of X and Y, and denoted
X xY.
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EXERCISE B.10. Construct fibered products for arbitrary morphisms s: X — Z and
t:Y — Z in the category (Set) of sets and the category (Top) of topological spaces.

EXERCISE B.11. (1) Given morphisms s: X - Z, t: Y - Z, ¢: X' = Z/ .Y —
7', and morphisms f: X' — X, g: Y =Y, h: Z/ — Z, with sf = hs’ and tg = ht’,
construct a canonical morphism X’ X, Y’ — X x Y, whenever these fibered products
exist. (2) For any morphism f: X — Y, construct a canonical morphism X — X xy X
whenever this fibered product exists; it is called the diagonal morphism.

EXERCISE B.12. (1) For any morphism s: X — Y, the fibered product X Xy
Y = X Xy, Y exists and is canonically isomorphic to X. (2) There is a canonical
isomorphism of X (XY with Y ;x z X, with one existing if and only if the other exists.
(3) Suppose s: X — Z, t:Y = Z, w: Y — W, and v: V — W are given, and X x5 Y
and Y xy V exist. If one of the fibered products (X xzY) xy (Y xy V), (X xzY) xy V
or X xz (Y xw V) exists, then all exist and are canonically isomorphic. This fibered
product is also denoted X xz Y Xy V; it is characterized by a universal property for
triples of morphisms f: U — X, g: U — Y, and h: U — V such that sf = tg and
ug = vh: there is a unique morphism (f,g,h): U — X Xz Y xy V such that f, g,
and h are recovered by composing (f, g, h) with the projections to the three factors.
(4) Suppose s: X — Y, t:Y — Z and f: W — Z are morphisms, and Y Xz W
exists. Then X x 7 ¢ W exists if and only if X xy (Y x; W) exists, and then they are
canonically isomorphic. (5) Suppose morphisms X — Z,Y — Z, and Z — T are given,
and X X7 Y and Z xp Z exist. Then X xz Y exists if and only if (X X7 Y) Xzy,z Z
exists, and then they are canonically isomorphic; here X x7Y — Z X7 is the canonical
map, and Z — Z Xp Z the diagonal map, of the preceding exercise. In particular, if
C has a final object, there is a canonical isomorphism X Xz Y = (X X Y) Xz.z Z,
whenever these fibered products exist.

For an object X in a category C, define a contravariant functor hx from C to the cat-
egory (Set) of sets, that takes an object S to the set hx(S) = Hom(S, X) of morphisms
from S to X, and takes a morphism u: 7" — S to the mapping hx(u): hx(T) — hx(S)
which sends g: S — X to gou: T — X. The elements of hx(S) are called S-valued
points of X.

EXERCISE B.13. For any functor H: C°® — (Set), any object ¢ in H(X) determines

a natural transformation from hx to H; this assigns to an object S of C the map
from hx(S) to H(S) that takes g: S — X to H(g)((). Show that every natural
transformation from hy to H arises in this way from a unique ¢ in H(X).

Any morphism f: X — Y in C determines a mapping from hx(S) to hy(S) that
takes g: S — X to fog: S — Y. This determines a covariant functor

C — HOM(C, (Set)).
EXERCISE B.14. Show that this functor is full and faithful.

A functor H: C°® — (Set) is representable by an object X of C if one has a
natural isomorphism between hy and H. This is given by an element ¢ in H(X) such
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that, for all S, the map hx(S) — H that takes g: S — X to H(g)(¢) is a bijection.
(Note that one must specify both X and { to represent H.) By Exercise B.14, the object
X that represents H is determined up to canonical isomorphism. This combination of
ideas is known as Yoneda’s Lemma.

If ' - G and H — G are natural transformations between functors from C°P to
(Set), there is a fibered product F' xg H, which takes an object S of C to the set

(F xg H)(S) = F(S) xg(s) H(S)

of pairs of elements in F(S) and H(S) with the same image in G(S). A morphism
u: T — S'in C is sent to the map from F(S) x sy H(S) to F(T') x gy H(T) determined
by F(u) and H(u). The fibered product F' xg H is a contravariant functor from C to
(Set). It comes equipped with natural transformations (called projections) from F x g H

to F' and to H; it is a fibered product in the category of contravariant functors from C
to (Set).

EXERCISE B.15. A commutative diagram as in Definition B.4 is cartesian if and
only if, for every object S in C, the corresponding diagram of S-valued points is a
cartesian diagram in the category of sets. That is, the map

hy (S) — hx(S) Xny(s) hy ()

is a bijection. Equivalently, the canonical natural transformation from hy to hx xp,, hy
is a natural isomorphism.

A natural transformation F' — G between contravariant functors from C to (Set) is
called representable if, for every object X in C and natural transformation hy — G,
the fibered product F' X hy is representable. If Y is an object representing F' x4 hx,
the projection from F' X4 hx to hx determines a morphism from Y to X in C.

EXERCISE B.16. If Y’ is another object representing F' X4 hx, the morphism from
Y’ to X determined by F' — G factors uniquely into Y’ — Y — X, where the first
morphism is an isomorphism and the second is the morphism of the definition.

EXERCISE B.17. The composite of two representable natural transformations is
representable. If ' — G is representable, then F' xg H — H is representable for any
natural transformation H — G. If FF — G is representable, and H is representable,
then F' X H is representable for any H — G.

If F and G are contravariant functors from C to (Set), F'is a subfunctor of G if, for
every object S of C, F/(S) is a subset of G(S), and, for every morphism u: T"— S, the
map F'(u) from F(S) to F(T) is the restriction of the map G(u) from G(S) to G(T).

Let m: X — Y be a morphism in a category C, and assume that a fibered product
X Xy X exists, with projections p; and py from X Xy X to X. The morphism 7 makes
Y a quotient of X if it satisfies the following universal mapping property: for any
morphism u: X — Z such that the two morphisms wop; and wopy from X xy X to Z
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are equal, there is a unique morphism v: Y — Z such that u = vom:

X xy X —2 X

For 7 to make Y a quotient of X amounts to the fibered product square satisfying this
dual cocartesian property as well as the cartesian property.

For more about categories, functors, and natural transformations, see [65]. For
more on representable functors, see [EGA 0.8.1].

2. 2-categories

A 2-category C has objects (denoted here X, Y, etc.), morphisms, sometimes
called 1-morphisms or arrows (denoted here f, g, etc.), and 2-morphisms (denoted
here o, 3, etc.). Each morphism f has a source and target object, for which we write
f: X — Y as before, and there are identity morphisms 1x: X — X for each object X,
with compositions go f: X — Z foreach f: X — Y and ¢g: Y — Z. These objects
and morphisms are required to satisfy the category axioms; this category is called the
underlying category of the 2-category C.

A 2-morphism « has a source morphism f and a target morphism g, with both f
and g required to be morphisms with the same source and target. We write a: f = ¢ to
mean that « is a 2-morphism with source f and target g, and we say « is a 2-morphism
from f to g. If f and g are morphisms from X to Y, this may be denoted

There are two operations on 2-morphisms. First, if a: f = ¢ and 3: ¢ = h are 2-
morphisms, with f, g, and h all morphisms with the same source and target, there is a
2-morphism, denoted [ o «, from f to h:

T —
X s Y > XJ@Y.
NV

Second, if a: f = f’, with f and f’ morphisms from X to Y, and 3: g = ¢/, with ¢
and ¢’ from Y to Z, then there is a 2-morphism 3 * « from go f to ¢’ o f"
T T

TN TN
Xy Wz o= XTI _besz
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As the pictures indicate, these are sometimes called vertical and horizontal composi-
tion of 2-morphisms.? These operations are required to satisfy the following properties,
each of which is an identity between 2-morphisms:
(a) Ifa: f=g,0B:g=h,and v: h =i, then (yo)oa=vo0(foa): f=i.
(b) For every morphism f, there is a 2-morphism 1;: f = f such that a ol =«
forall a: f = gand 1yo0 3 = for all 3: g = f. (This 1 is unique.)
(c) For a: f = g, with f and g from X to Y, ax1;, =a =1}, xa.
(d) For f: X =Y and g: Y — Z, 1, % 1y = 1,4.
(e) If a: f = f', with f and f" mapping X to Y, and #: g = ¢, with ¢ and
¢’ mapping Y to Z, and v: h = h/, with h and A" mapping Z to W, then
v * (8% a) = (vx* ) * a, as 2-morphisms from hogo f to h' o g o f.
(f) (Exchange) Given morphisms f, f’, f” from X to Y, morphisms g, ¢/, ¢” from
Y to Z, and 2-morphisms «: f = f', o/ f'= ", : 9= ¢, and §': ¢ = ¢”,
we have (' o 3) x (¢ o) = (B’ x ) o (B * ). In pictures:

X Y A et X Z
! ¢
SN d e T T~
X ey V7 X >

It follows from (a) and (b) that, for any two objects X and Y, we have a category,
denoted HOM(X,Y") (or HOM¢(X,Y)), whose objects are morphisms f: X — Y, and
whose arrows are 2-morphisms a: f = ¢, composed by the vertical composition.

A 2-morphism «: f = g is a 2-isomorphism if there is a 2-morphism o™ 1: g = f
with ' oa = 1y and aoa™! = 1,. Such a™! is unique, if it exists. The notation
a: f = ¢g means that o is a 2-isomorphism. We say that morphisms f and g are 2-
isomorphic if there is a 2-isomorphism between them, and then we write f = g. Given
any 2-category, one can throw away all 2-morphisms that are not 2-isomorphisms, with
the result remaining a 2-category. (Almost all 2-morphisms appearing in this book are
in fact 2-isomorphisms.)

EXERCISE B.18. (1) For a: f = f" and : g = ¢’ as in the definition of 3 * a, we
have
Bra=(Bxlp)o(lyxa)=(1y*xa)o(fx*1f).
In particular, the *-product is determined by the o-product and the *-product for which
one of the factors in an identity 2-morphism. (2) When g * « is defined, if o and 3 are
2-isomorphisms, then 3 * «v is a 2-isomorphism, with inverse 371 * a1

2The reader should be warned that the symbols o, x, e - as well as juxtaposition, and probably
others, have been used for one or the other of these operations.
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The 2-morphisms in a 2-category are sometimes called 2-cells. In this case the
morphisms are called I-cells, and the objects may be called 0-cells.
A diagram

V—sy

alaﬂ g

XT)Z

means that a 2-morphism a: fa = gb is specified. (If the arrow is pointed in the
other direction, it indicates a 2-morphism from ¢gb to f a.) We say that the diagram 2-
commutes when a 2-isomorphism a: fa = ¢b is given. When f a = ¢b, the diagram
is said to strictly commute, and « is taken to be 17, = 14;; in this case the arrow =
in the diagram may be replaced by an equality sign =. The same terminology is used
when the square is replaced by any polygon, with arrows starting at some vertex and
moving in opposite directions toward another vertex.

The axioms, particularly the exchange property, allow one to compose 2-morphisms
across diagrams, with the result being independent of choices. For example, given a

diagram
S T
bl DA
V

U — W

N

X—Y
J

N

b

one gets a 2-morphism from j g b to i d a, by first doing 7, then @ and § (in either order),
and finally doing (. Officially, this 2-morphism is

(LixB*1,)0(d*a)o(l;%xyx%1,),

noting that dxa = (0% 1.,)0 (1 *a) = (Lip*a)o(d*1.,). Sometimes one can express
an equality among 2-morphisms by saying that the results of such pastings of polygons
around the sides of a solid polytope in 3-space are the same, but these diagrams (with
their labels) are not easy to draw, nor are they easy to manipulate to prove identities.
In fact, it is often useful to express an equality among 2-morphisms by an ordinary
commutative diagram involving 2-morphisms in a HOM-category. For example, the
above situation can be expressed by the diagram

johocoa

TN

jogob:>]ohoeob iOfOCOCLﬁ:>z'odoa

N

1ofoeob
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in the category HOM(S,Y'), with the central square commuting. When no confusion
is possible, we omit the identity 2-isomorphisms from the labels over double arrows; in
this example, the v over the first double arrow is short for 1; x y * 1;, and similarly for
the others. Similarly, (1) of Exercise B.18 says that the diagrams

gof==gof gof
Bra
k ﬂﬂ ﬁﬂ
golf gof==4gof

commute.

EXERCISE B.19. Let h: X — X be a morphism in a 2-category, and let 6: 1x = h
be a 2-isomorphism. Show that 6 x 1, = 1, * 6 from h to h o h, i.e., the diagram

h 1Xoh

-l

holx?hoh

commutes in the category HOM(X, X).
EXERCISE B.20. Properties (d) and (f) say that the assignment
HOM(X, Y) x HOM(Y, Z) — HOM(X, Z)

that takes (f,g) to go f, and («, 3) to 8 * «, is a functor. Property (e) implies that,
for X, Y, Z and W, the diagram of categories

HOM(X,Y) x HOM(Y, Z) x HOM(Z, W) —= HOM(X, Z) x HOM(Z, W)

| l

HOM(X,Y) x HOM(Y, W) HOM(X, W)

commutes. Property (c) implies that the composite functor
HOM(X,Y) — HOM(X, X) x HOM(X,Y) - HOM(X,Y),
where the first takes f to (1x, f) and « to (11, «), is the identity functor.
We give several examples, starting with the prototype from geometry.

ExAaMPLE B.5. There is a 2-category (Top), whose objects are topological spaces,
whose morphisms are continuous maps, and whose 2-morphisms come from homotopies
— but here we must take appropriate equivalence classes. Given continuous maps f
and g from X to Y, a homotopy from f to g is a continuous mapping

H: X x[0,1] - Y
with H(z,0) = f(z) and H(z,1) = g(z) for all z € X. Call two homotopies H, and
H, equivalent if there is a continuous mapping

K: X x[0,1] x[0,1] - Y
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with K(z,t,0) = Ho(x,t), K(z,t,1) = Hy(z,t), K(z,0,u) = f(x), and K(z,1,u) =
g(x) for all x € X, t,u € [0,1]. (This is an equivalence relation.) A 2-morphism from
f to g is defined to be an equivalence class of homotopies from f to g.

If f, g, and h map X to Y, and H; is a homotopy from f to g, and Hy a homotopy
from g to h, define Hy o Hy by

H 2t 0<t<1/2
H20H1<x,t>:{ (@20, 0<t<ly

Ho(x,2t — 1), 1/2<t<1

This passes to equivalence of homotopies, so defines the vertical composition (3 o o of
2-morphisms. It is associative by the same calculation made to show the associativity
of fundamental groups.

If fand f/ map X toY, and g and ¢’ map Y to Z, and H; is a homotpy from f to
f', and H, is a homotopy from ¢ to ¢’, define a homotopy Hs * Hy from go f to ¢’ o f’
by

(HQ*Hl)(ZE,t):HQ(Hl(ZE,t),t) ZEGX, 0<t<1.

This passes to equivalence classes, defining the horizontal product 3« of 2-morphisms.

EXERCISE B.21. Verify that these operations make (Top) into a 2-category, in which
all 2-morphisms are 2-isomorphisms.

EXAMPLE B.6. There is a 2-category (CC) of chain complexes of abelian groups (and
similarly, a 2-category (CCpg) of chain complexes of R-modules, for a commutative ring
R). The objects are the usual chain complexes C' = C,, with boundary homomorphisms
d,: C, — C,_q satisfying d,,_1 od, = 0. A morphism f = f, from C to D is a
collection of homomorphisms f,: C,, — D,,, commuting with the boundary maps. A
chain homotopy o = a, from f to g is a collection of homomorphisms a,,: C,, — D, 11
such that d,y1 0o, + 1 0d, = g, — fn for all n. Call two chain homomotopies
a and 3 from f to g equivalent if there is a collection # = 6, of homomorphisms
0,: C, — D,.o such that

dn+2 Ogn _Qn—l Odn - ﬁn — Oy

for all n. (This is an equivalence relation.) A 2-morphism from f to g is an equivalence
class of such chain homotopies.

If f, g, and h map C to D, « is a chain homotopy from f to g, and 3 is a chain
homotopy from ¢ to h, define the chain homotopy 3 o a from f to h by the formula
(Boa), = a,+ [, This passes to equivalence classes, so defines a vertical composition
of 2-morphisms. If f and f’ map C to D, and g and ¢’ map D to F, and « is a
chain homotopy from f to f’ and 3 is a chain homotopy from g to ¢’, define the chain
homotopy 3 * « from g o f to ¢’ o f’ by the formula

(ﬂ*a)n = Gn+1 Oan+ﬁnof7/z'

(This is equivalent to the alternative 3, o f, + g, 0 ay.) This respects the equivalence,
so defines a horizontal composition of 2-morphisms.

EXERCISE B.22. Verify that these objects, morphisms, and 2-morphisms satisfy the
axioms to form a 2-category.
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EXAMPLE B.7. The 2-category (Grp) has groups as objects, group homomorphisms
as morphisms, and, if f and g are homomorphisms from X to Y, a 2-morphism from f
to g is an element y in Y such that

gx)=y - f(x)-y forallzcX.

If z gives a 2-morphism from g to h, the composition z oy from f to h is given by y - 2.
Ify: f= f', with f and f’ from X to Y, and z: ¢ = ¢/, with g and ¢’ from Y to Z,
then zxy: go f = ¢’ o f’ is given by the element g(y) -z =z - ¢'(y) of Z.

EXERCISE B.23. Verify that these operations make (Grp) into a 2-category, in which
all 2-morphisms are 2-isomorphisms.

The following example, with variations, is the key example for this text.

ExAMPLE B.8. Categories form a 2-category (Cat). Its objects are categories C,
its morphisms are functors F': C — D, and its 2-morphisms «a: F' = (G are natural
transformations from F' to G. If a: ' = G and : G = H are natural transformations
between functors from C to D, then f o «: F' = H is the natural transformation that
takes an object X of C to the morphism [y o ax from F(X) to H(X). If F, F' are
functors from C to D, with a: F = F’, and G, G’ are functors from D to &, with
G: G = G, define fxa: GoF = G’ o F' to take the object X of C to the morphism

G/(CYX) o Brx) = Bri(x) © G(ax)
of €.

EXERCISE B.24. Verify that these operations make (Cat) into a 2-category. (Not
all 2-morphisms are 2-isomorphisms.)

Thinking of groupoids of sets as categories shows that groupoids of sets form a
2-category (Gpd). More generally:

EXAMPLE B.9. Let S be a category. Let (S-Gpd) be the category whose objects
are S-groupoids, whose morphisms are morphisms of S-groupoids (see Chapter 3). If
(p,®) and (¢, ¥) are morphisms from R' = U’ to R = U, define a 2-morphism from
(p,®) to (¢, V) to be a morphism a: U’ — R in S such that soa = ¢, toa =1, and
the diagram

I (as’, )

RthR

(@,at’)l lm

R,;x,R—2= R

commutes.

EXERCISE B.25. Make (S-Gpd) into a 2-category, in which all 2-morphisms are
2-isomorphisms.

EXERCISE B.26. There is a category whose objects are sets, with an arrow from X
to Y being a subset f of X x Y. Define the composition of f with g from Y to Z to be
the set of (z,2) in X x Z such that there is a y in Y with (z,y) in f and (y, z) in g.
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This category can be enriched to a 2-category by defining a unique 2-cell from subsets
fand g of X x Y if f is contained in g, with no 2-cell from f to g otherwise. Verify
that this is a 2-category.

EXERCISE B.27. If C is a 2-category, construct a category C, whose objects are the
same as the objects of C, but whose morphisms from X to Y are equivalence classes of
morphisms f: X — Y in C, where f is equivalent to g if there is a 2-isomorphism from
f to g. Show that this is an equivalence relation, and that C is a category, with the
canonical map from the underlying category of C to C being a functor. Examples are:
the category of topological spaces with homotopy classes of mappings; the category
of groups with homomorphisms up to inner automorphism; the category of categories,
with functors up to natural isomorphism. This category C is sometimes called the
classifying category of C, see [11].

EXERCISE B.28. Any category C determines a 2-category, with the same objects
and morphisms, and with the only 2-morphisms being identities 1, for morphisms f
in C.

We say that a 2-category is a 1-category if its only 2-morphisms are identities. In
this spirit, one says that a category is a 0-category if its only morphisms are identity
maps.

EXERCISE B.29. If C is a 2-category, a category C’' can be constructed as follows.
The objects of C’ are the objects of C; the morphisms of C’ from X to Y are the 2-
morphisms a: f = g, where f and g are maps from X to Y in C. The composite of «
followed by 3 is % a.. Verify that C’ is a category.

EXERCISE B.30. (1) If C is a 2-category, and f: X — Y a morphism in C, we have,
for every object S of C, a functor

f%: HOM(S, X) — HOM(S,Y)

taking h: S — X to foh: S—Y,and a: h = h'to 1y *xa: foh = foh'. Similarly,
there are functors

fs: HOM(Y,S) — HOM(X, S)
taking h: Y — Stohof: X - Sanda: h=h toaxls:hof=h'of.

(2) If also g: Y — Z, then (go f)° = g% o f5 and (go f)g = fsogs. If f = lx,
then f% = Inom(s,x) and fg = lgom(x,s)- It follows that, if f is an isomorphism, then
each functor f° and fg is an isomorphism of categories.

(3) If f and g are morphisms from X to Y, and ¢: f = g is a 2-morphism, then o
determines a natural transformation 0¥ from f* to ¢° (taking h: S — X to ox1), and
a natural transformation og from fs to gg (taking h: Y — Sto 1,*0). Ifalso 7: g = h,
then (7o J)S =71%5005% If 0 = 1y, then ¢° is the identity natural isomorphism on f%.
Hence, if ¢ is invertible, then ¢ is a natural isomorphism.

(4) For fixed objects X, Y, and S of C, there is a functor HOM(X,Y) —
HOM cary (HOM(S, X), HOM(S,Y)) taking f to f* and o to o°.
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Just as two topological spaces can be homotopy equivalent, there is a notion for two
objects in any 2-category to be 2-isomorphic. In fact, there are several ways to say this:

ProprosIiTION B.10. Let f: X — Y be a morphism in a 2-category C. The following
are equivalent:
(1) There is a morphism g: Y — X together with 2-isomorphisms ¢: 1x = go f
and: 1y = fog.
(2) There is a morphism g: Y — X and 2-isomorphisms ¢: 1x = go f and
V: 1y = fog such that 15 % ¢ = 1 * 1; (as 2-isomorphisms from f to fgf)
and ¢ 1, =1,%1 (as 2-isomorphisms from g to gfg). That is, the diagrams

f=———=1yof g=——=1x0yg

R b

folx—=fogof goly —=gofog

commute, in the categories HOM(X,Y') and HOM(Y, X) respectively.

(3) For every object S of C, the functor f5: HOM(S, X) — HOM(S,Y) is an
equivalence of categories.

(4) The functors f* and f¥ are equivalences of categories.

PRrROOF. We show first how (1) implies (3). By Exercise B.30, we have the functor
g°: HOM(S,Y) — HOM(S, X), and we have a natural isomorphism ¢°: lgowms,x) =
g° o f5. Similarly, we have a natural isomorphism ¢°: lgoms,y) = [ 0 g°.

Next we prove that (4) implies (2), which finishes the proof since (4) is a special
case of (3) and (1) is a special case of (2). Since fY is essentially surjective, there
is a morphism g: Y — X and a 2-isomorphism : 1y = f og. Since fX is full
and faithful, there is a unique 2-morphism ¢: 1x = g o f such that fX(¢) is the 2-
isomorphism ¢ * 1 from f =1y o f to f o go f; this ¢ is an isomorphism since f*(¢)
is an isomorphism (Exercise B.6). Since f*(¢) = 1; * ¢, we have one of the required
equations 1; % ¢ =1 * 1;. To prove that the 2-morphisms ¢ * 1, and 1, * ¢ from g to
go fogare equal in HOM(Y, X), it suffices to show that their images by the faithful
functor fY are equal, i.e., to show that 1% (¢ *1,) = 1; * (1, x¢)). Now

Lpx(pxly)=1p*p)xly,=(x1s) %1, =11y,
=lpgxp=(1p*1g) xth = 1px (1% ¢),
as required; the fourth equality used Exercise B.19. U

This proof shows that, given f, g, ¢, and 1, either of the equations 1;* ¢ =1 * 1y
or ¢ *x 1, = 1, %1 implies the other.

DEeFINITION B.11. We call a morphism f: X — Y in a 2-category 2-invertible or
a 2-equivalence, if it satisfies the conditions of the proposition. (We do not use the
more natural term 2-isomorphism, to avoid confusion with invertible 2-morphisms.)

On the other hand, if there exists a 2-invertible morphism f: X — Y, then we call
the objects X and Y 2-isomorphic, as there is no danger of confusion in this context.
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A triple (g, ¢,n) satisfying the conditions of (2) may be called a 2-inverse of f. A
quadruple satisfying the conditions of (2) is sometimes called an adjoint equivalence.
In practice, one uses (1) to check that a morphism is 2-invertible, but one uses the full
data of (2) in making constructions.

EXERCISE B.31. Show that the conditions of the proposition are equivalent to each
of the following:

(5) For every object S of C, the functor fg: HOM(Y,S) — HOM(X,S) is an
equivalence of categories.

(6) The functors fx and fy are equivalences of categories.

(7) The functors fx and f¥ are essentially surjective.

(8) There is a morphism ¢g: ¥ — X and 2-isomorphisms ¢: 1x = go f and
n: fog = 1y such that thecompositionf:fOIX:d)>fogof:@ lyof=f
is equal to 1f, and the composition g = 1x o g £ gofog=goly =gis
equal to 1,.

(9) There is a morphism ¢g: ¥ — X and 2-isomorphisms ¢: 1y = f o g and
0: go f = 1x such that the composition f = 1y0f£>fogof:9>folx =f
is equal to 1¢, and the composition g = g o 1y X gofog 2 lxyog=ygis
equal to 1,.

(10) There is a morphism ¢g: ¥ — X and 2-isomorphisms #: g o f = 1x and
n: f og = 1y such that the diagrams

fogof9:>folx gof099:>1Xog
d! | d! |
lyof=—f goly =——=9g

commute.

It follows from Proposition B.20 in the next section, together with (9) of the pre-
ceding exercise, that if (g, ¢, ) is a 2-inverse of f, then any other 2-inverse of f has
the form (¢', ¢', 1), for a unique 2-isomorphism 6: g = ¢’ with ¢ = (6 x 1) o ¢ and
P = (1p%60) 0.

EXERCISE B.32. In the 2-category (Top), two spaces are 2-isomorphic exactly when
they have the same homotopy type. In the 2-category (Grp), two groups are 2-
isomorphic if and only if they are isomorphic groups. In the 2-category (Cat), two
categories are 2-isomorphic when they are equivalent.

EXERCISE B.33. Show that the condition of being 2-isomorphic is an equivalence
relation on the objects of a 2-category.

When applied to the 2-category (Cat), Proposition B.10 and Exercise B.31 give a
variety of criteria for a functor F' from a category C to a category D to be an equivalence
of categories. Note that the equivalence with (9) recovers the result of Exercise B.8.
For the 2-category (Top), one recovers a criterion of Vogt [90]. The general statement,
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in the form that (1) implies (9), appears in [63], where it is attributed to a combination
of folklore and R. Street.

DEFINITION B.12. A sub-2-category C’ of a 2-category C is obtained by selecting
some of the objects, some of the morphisms, and some of the 2-morphisms, of C, in
such a way that all identities 1x of selected objects and 1; of selected morphisms are
selected, and all composites g o f and 3 o «a of selected morphisms or 2-morphisms are
selected, as is the product ( % «, whenever such composites or products are defined
in C. It is easy to verify that C’' is a 2-category. A sub-2-category C’ is called a full
sub-2-category of C if any morphism in C between two objects of C’ is in C’, and any
2-morphism in C between two morphisms in C’ is in C'.

ExAMPLE B.13. The 2-category (Grp) of groups forms a full sub-2-category of the
2-category (Gpd) of groupoids of sets, which in turn forms a full sub-2-category of the
2-category (Cat) of categories.

Most “mappings” from one 2-category to another will not preserve all the structure
strictly; rather, the expected identities will be true only up to specified 2-isomorphisms.
These “pseudofunctors” will be studied in Section 4. We include here a brief discussion
of the stronger notion, called a 2-functor, as a warmup. A 2-functor F': C — D from
one 2-category to another assigns to each object X in C an object F'(X) in D, to
each morphism f: X — Y in C a morphism F(f): F(X) — F(Y) in D, and to each
2-morphism «: f = ¢ in C a 2-morphism F(a): F(f) = F(g) in D, satisfying:

(a) F(lX) = 1p(x) for all objects X of C;
(b) F lf) = 1p(y) for all morphisms f of C;
(c) F(gof)=F(g)o F(f)for f: X -Y,¢g:Y — ZinC;
(@) F(300) = F(5) o Fla) for a: f = g. 3 g = h in C:
(e) F(B*a)=F(B)* F(a) when (8 x « is defined in C.
This gives a functor between the underlying categories (called the underlying
functor). For objects X and Y of C, it also gives a functor HOM(X,Y) —
HOM(F(X), (F(Y)) (by (b) and (d)). For example, the inclusion of a sub-2-category
in a 2-category is a 2-functor.

/\/\/\/‘\

EXERCISE B.34. Construct a 2-functor from the 2-category (Top) of topological
spaces to the 2-category (Gpd) of groupoids, that takes a space X to its fundamental
groupoid.

EXAMPLE B.14. There is a 2-functor from the 2-category (Top) to the 2-category
(CC) of chain complexes. This takes a topological space X to the chain complex Cy(X)
of nondegenerate cubical chains.®> A continuous mapping f: X — Y is sent to the chain
mapping fo: Co(X) — Co(Y) that takes o to foo. A homotopy H: X x [0,1] = YV

3C,.(X) is the free module on the set of continuous maps o: [0,1]* — X, modulo the submod-
ule generated by those o such that, for some 1 < ¢ < n, o(t1,...,t,) is a constant function of ¢,.
The boundary d,,: Cp,(X) — Cp—1(X) is defined by the formula d,, = E?:l(—l)i(@? — 0}), where
8;(0)(&, e ,tnfl) = U(tl, ey tifl, E,ti, ey tnfl).
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from f to g determines a chain homotopy ay from f, to g., by the formula

aH(J)(tla cee 7tn+1) = H(J(tQa cee 7tn+1)7 tl)‘4

EXERCISE B.35. Verify that ay is a chain homotopy. Show that equivalent homo-
topies from f to g determine equivalent chain homotopies from f, to ge, s0 a 2-morphism
in (Top) determines a 2-morphism in (CC). Show that taking X to Co(X), f to f.,
and an equivalence class of H’s to the equivalence class of ay’s, determines a 2-functor
from (Top) to (CC).

If ' and G are 2-functors from a 2-category C to a 2-category D, a 2-natural
transformation ¢ from F' to G assigns to each object X of C a morphism 0x: F(X) —
G(X) in D, satisfying two properties. First, for all f: X — Y in C, the diagram

F(x) 2L p(y)

must commute. This says that 6 is a natural transformation between the underlying
functors on the underlying categories. The second property says that for any f,g: X —
Y and 2-morphism «: f = g in C, the two morphisms 14, * F'(«r) and G(«)*1y,,, pictured
by

F(f) G(f)

FX) @ F(Y) —2—G(Y) FX) 2~ q(xX) ™ lomG(Y)
“Flo) Gl

from Oy o F(f) = G(f) o 0x to 0y o F(g) = G(g) o x must be equal. A 2-natural
transformation is a 2-natural isomorphism if each 6 is an isomorphism.

EXERCISE B.36. Define vertical and horizontal composition of 2-natural transfor-
mations, by the formulas: (5o a)x = Bx oax; and (6 * a)x = G'(ax) o Brx) =
Brr(x)y © G(ax), the latter when « (resp. 3) is a 2-natural transformation from F' to
F’ (resp. G to G’). Show that, with these operations, 2-categories, 2-functors, and
2-natural transformations form the objects, arrows, and 2-cells of a 2-category (2-Cat).

One can call a 2-functor F': C — D a strict 2-isomorphism if there is a 2-functor
G: D — Cwith GoF = 1¢ and F'oG = 1p. This notion is much too strong to be useful.
Somewhat better is the following: A 2-functor F': C — D between 2-categories is a 2-
equivalence if there is a 2-functor G: D — C and there are 2-natural isomorphisms
from GG o F' to 1¢ and from F o G to 1p.

EXERCISE B.37. Let F': C — D be a 2-functor. The following are equivalent:
(1) F is a 2-equivalence. (2) F determines an equivalence between the underlying
categories, and, for all objects X and Y of C, the induced functor HOM(X,Y) —
HOM(F(X), F(Y)) is a strict isomorphism of categories.

4Readers who prefer simplices may use the method of acyclic models to obtain a similar 2-functor
involving simplicial complexes.
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These 2-functors are relatively rare in the world of 2-categories, and the notion of
“isomorphism” that appears in the preceding exercise is too strong to be very useful; a
more flexible notation is discussed in Section 4.

DEFINITION B.15. The opposite 2-category C°? of a 2-category C is obtained by
reversing the direction of the 1- morphisms, keeping the direction of the 2-morphisms
the same. Thus if f and g are morphisms from X to Y in C, and « is a 2-morphism from
f to g, then in C°P there are morphisms f and ¢ from Y to X, with a a 2-morphism
from f to g.

DEFINITION B.16. A 2-commutative diagram

V—Lsy
p| ¢
X—=Z

S

(with 6 a 2-isomorphism from sp to tq) is said to be 2-cartesian if it satisfies the
following universal property: For any morphisms f: U — X and ¢g: U — Y and 2-
isomorphism ¢: sf = tg, there is a morphism h: U — V and 2-isomorphisms «a: f =
ph and (3: gh = g such that ¢ = (1; % 3) o (6 * 1;) o (1, * a):

V—1sy
0 |+
X—Z

s

In addition, we must have the following uniqueness: if A’: U — V and o': f = ph’'
and 3': qh' = g also have ¢ = (1; x #') o (6 * 1) o (1, x @), then there is a unique
2-isomorphism p: h = h' such that o/ = (1, % p) oa and 3 = ' o (1, % p). In this case
we will call V' a fibered product of X and Y over Z, and write V = X xz Y, but
note that the morphisms, and especially the 2-isomorphism, are understood to be part
of the structure.

EXERCISE B.38. Given a diagram

! !
X/ S;Y/ t;Z/

SN

X—S>Y—t>Z
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if the two squares are 2-cartesian, show that the resulting diagram

x
| 7 |
Y ——7

is also 2-cartesian, with v = (G % 14) o (1; * ). State and prove analogues of the other
parts of Exercises B.11 and B.12 for 2-cartesian diagrams.

DEFINITION B.17. ) The notion of a quotient in a 2-category is more complicated
than that in an ordinary category. To define it, we need some notation for some fibered
products. Let 7: X — Y be a morphism in a 2-category C, and assume there is a fibered
product X; = X xy X, with its projections p; and py from X; to X and 2-isomorphism
0: mop1 = mops. In addition, assume that there is a fibered product Xo = X xy X xy X,
with its projections ¢, q2,q3: Xo — X, with associated 2-isomorphisms

01227Toq1:>77'oq2, ‘92327Toq2:>77'oq?).

Set 013 = Oy30012: Toqy = Toqs. For 1 <i < j <3 we have projections p;;: Xo — Xj,
with 2-isomorphisms «;j;: ¢; = p1opij and aj;: gj = pa o pij, such that the diagrams

qui:>7rop1 Opij

el,ﬂ |

WOQj?Wopg o Pij
Jt

commute. Define a; = aq30 al’; I TMoProPig = MoPiopPi3, g = (g3 0 a;ll I MoPgoPio =
T o P1 o P23, and g3 = (39 0063:111 T o Pg o P13 = T o Pa op23.5

We say that m: X — Y makes Y a 2-quotient of X if it satisfies the following
universal mapping property. For any morphism u: X — Z, and any 2-isomorphism
T:Uop1 = u: Pa, such that the diagram

aq T
UoP1oP12 == UoP1oP13 == UoPgoPi3

ﬂ ﬂag

UoPzopr2 =z=>UcPropP23 === UoProP23

5This data may be assembled into a cube, with X5 on one vertex, Y on the opposite vertex, three
copies of X on vertices adjacent to Xs, three copies of X adjacent to Y, with the various projections
along the edges, and the 2-isomorphisms across the sides. To say that X — Y is a 2-quotient can
be thought of as an appropriate “2-cocartesian” property of this cube, which amounts to a descent
criterion.
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commutes, there is a morphism v: Y — Z and a 2-isomorphism p: u = v o 7 such that
the diagram

UoPl =2 VoTopy

ﬂ ﬂa

UOPQ:p’UOTrOPQ

commutes. This must satisfy the following uniqueness property: if v': Y — Z and
P u = v om are another morphism and 2-isomorphism satisfying the same properties,
there is a unique 2-isomorphism (: v = v such that the diagram

p
U——VoT

commutes.

DEFINITION B.18. The opposite 2-category C°? of a 2-category C is obtained by
reversing the direction of the 1- morphisms, keeping the direction of the 2-morphisms
the same. Thus if f and g are morphisms from X to Y in C, and « is a 2-morphism from
f to g, then in C°P there are morphisms f and ¢ from Y to X, with a a 2-morphism
from f to g.

3. Adjoints

Adjointness of functors is a familiar notion from category theory. Recall, we say
that functors F': X — Y and G: Y — X are adjoint functors, if for every pair of objects
X of X and Y of ), we have a bijection

(1) Homy (GY, X) = Homy(Y, FX),

natural in X and Y. More specifically, we say that F' is right adjoint to GG, and G is left
adjoint to F'. For instance, let 7: S — T be a continuous map of topological spaces, so
we have functors 7—! and 7, between the categories of sheaves on S and on 7. Then
T, is right adjoint to 7=1. In algebraic geometry, when 7 is a morphism of schemes and
our categories are of sheaves of Og and Or modules, then T, is right adjoint to 7*; the
latter defined by 7*F = (77 'F) ®,-10, Os. What is less familiar (and difficult to find
in the literature) are results to the effect that adjointness repects base change. The
goal of this section is to develop the machinery to arrive at such results in a natural
way.

The reader familiar with category theory is probably aware of some equivalent for-
mulations of the notion of adjointness. For instance, the bijection (1) is completely
determined by the universal map Y — F(GY), that is, the image of 15y under (1)
when X = GY. There is, similarly, a universal map G(FX) — X. Conversely, a pair
of natural transformations 1y = FoG and G o F' = 1y satisfying conditions analogous
to (2), below, uniquely determines the adjointness relation between F' and G. The
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connections among the various notions of adjointness will be spelled out in detail in
section 3.2.

Here we use the language of 2-categories to develop the concept of adjointness and
properties relating adjointness with base change. Specializing to the 2-category (Cat),
we recover the usual notion of adjoint functors, and specializing further to the adjoint
functors 7, and 7* (see Example B.22), we recover the properties concerning adjointness
and base change alluded to above.

3.1. Adjunctions. We start with the notion of adjunction, in the form of a pair
of functors and universal morphisms, abstracted to a general 2-category.

DEFINITION B.19. Let X and Y be objects in a 2-category C. An adjunction from
X toY is a quadruple (f, g,n, €), consisting of two morphisms f: X — Y andg: Y — X
and two 2-morphisms 1: 1y = fogand e: go f = 1x, such that (1pxe)o(n=*1y) =15
and (e 1,) o (1, *n) = 1,; that is, the following diagrams commute:

1Yof:n>fogof goly:n>gofog

o 1 O

f=———J0lx g———=1x0yg

For those who prefer diagrams in 3 dimensions, we can rephrase (2) as the condition
that in each diagram below, the “front” faces and “back” faces compose to the same
2-morphism. In the left-hand diagram, the dashed arrow is f: X — Y and in the
right-hand diagram it is g: Y — X, with the obvious 2-morphisms understood for the
“back” faces that border the dashed arrow.

ly ly

Y =Y Y = Y
el BN NN
ell _ n n — ||€
- / 9 -
X X X— X
X X

The 2-morphism 7 is called the unit of the adjunction, and € the counit.

EXERCISE B.39. Suppose (f,g,7,¢€) is an adjunction from X to Y in a 2-category
C, and V is any object in C.
(1) Ifa: V — X and b: V — Y are morphisms in C, there is a canonical bijection

{ 2-morphisms from gob to a } «— {2-morphisms from b to f o a}.

This takes a 2-morphism 0: gob = a to the composite b = 1y ob = fogob L foa; the
inverse takes a 2-morphism 7: b = foa to the composite gob = go foa = lxyoa = a.
Verify that these are inverse bijections.

(2) There is an adjunction (fV,g",n",€") from HOM(V, X) to HOM(V,Y) in the
2-category (Cat). Here fV, ¢V , nV, and € are the functors and natural transforma-
tions defined in Exercise B.30, Similarly, there is an adjunction (gv, fy,nyv,€y) from
HOM(Y, V) to HOM(X, V).
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ProposiTioN B.20. If (f,g,n,€) and (f,q¢',n,€) are adjunctions from X to Y,
there is a unique 2-isomorphism 0: g = ¢’ such that (1;x0)on =1 and e o(0x1;) = e:

1Y:n>f09 go f==1x
\ﬂg Gﬂ/
n €
fogd gof

PROOF. Define 6 to be the composition

g=goly Hgofog Slxog =yg.
To see that the first diagram commutes, consider the diagram

/

ly —— fog ——1yofog ——foyg

nﬂ ﬂn \

fog==fogoly=fogofog == folxog=—=Ffog
n

The left rectangle commutes by the exchange property, and the right trapezoid com-
mutes by an adjunction property of n and e. The bottom row is 1; * 6. Similarly, the
commutativity of the second diagram is seen from the diagram

gof==golyof=mgofogof==lxogof=—=gof
gof==——=gofoly=——=gof=—==lx

To see that 6 is an isomorphism, define ': ¢’ = ¢ to be the composite
Y % ’ € N
g=goly=gofog=Ilxog=g.

It suffices to show that 6o = 1, and #o6’ = 17. By symmetry, 6’ satisfies the identities
(1p%0")on’ =nand eo (#'*1;) = €. Hence the composite 6’ o § satisfies the identities
(1 (0 0f))on =mnand eo ((0 00) x1f) = ¢, and similarly for § o §'. It therefore
suffices to prove the following uniqueness assertion: if §: g = ¢ satisfies (1yxf)on =17
(and €o (6 x 15) =€), then § = 1,. For this, consider the diagram

g—goly:n>gofog€:>1Xog_—g
H ﬂ1g*1f*a ﬂ@ He
g——=ygoly—=>gofog—=—=1lxog—=4

The left rectangle commutes by assumption, the middle square commutes by the ex-
change property, and the right square commutes by property (c) of 2-categories. Read-
ing around the diagram, one finds 1, =6 o 1,, so 6 = 1,, as required. 0
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Given a morphism f: X — Y in a 2-category, this proposition justifies the use of
the notation (f, f’,n/,€/) for an adjunction from X to Y, and to call (f,n/,¢/) (or
sometimes just f’) a left adjoint of f. This notation is particularly useful when we
want to compare adjoints for several morphisms. Whenever we have two composable
morphisms, each with a left adjoint, the composite can be given the adjoint structure
of the following exercise.

EXERCISE B.40. Suppose (f,f,n/,¢/) is an adjunction from X to Y, and
(9,4',m9, €) is an adjunction from Y to Z. Define an adjunction (go f, f o ¢’,n9, €9/)
from X to Z, where n9/ is the composite

f
1,5 gog =golyog L gofofog,
and €9/ is the composite

€ €f
flogogofS folyof=fofS Il
Verify that (go f, f' o g',n%,€%/) is an adjunction from X to Z.

3.2. Adjoint functors. When applied to the 2-category (Cat) of categories, the
notion of adjunction we have been discussing coincides with the usual notion of adjoint
functors. In this context, an adjunction (F,G,n,€) from a category X to a category )
consists of functors F': X — Y, G: Y — X, and natural transformations : 1y = Fo(
and €: G o ' = 1y, such that the composite ' = h;oF%FoGoFéFolX =F
is the identity on F, and G = Goly = Go FoG = 1y 0G = G is the identity on G.
We say that G is a left adjoint of F', and F' is a right adjoint of G, when this data
is specified. If a given F' has a left adjoint, it is unique up to a natural isomorphism,
by Proposition B.20.

EXERCISE B.41. For every object X of X, F(eX)onF(X) = 1p(x). For every object Y’
of Y, €qvyoG(ny) = lg(y). For every morphism a: X — X' of X, acex = ex/oG(F(a)).
For every morphism b: Y — Y’ of Y, F(G(b)) o ny = ny: o b.

The usual definition an adjoint pair of functors prescribes, for every pair of objects
X e X and Y € Y, a bijection
¢Y,X : HOmx(G(Y), X) — HOI’IIJ;(Y, F(X)),

between the morphisms from G(Y) to X in X and the morphisms from Y to F(X)
in ), which is natural in X and Y’; that is, for any morphisms a: X — X’ in X and
b: Y’ — Y in ), the diagrams

Py, x oy, x

Homy (G(Y), X) —— Homy (Y, F(X)) Homy(G(Y), X) —— Homy (Y, F(X))
aG(Y)l lF(a)y G(b)Xl/ le(X)
Homy (G(Y), X') P Homy (Y, F(X")) Homy(G(Y'), X) — Homy(Y’, F(X))

Y, X/ Y/, X
commute. Equivalently, for ¢: G(Y) — X in X, and any a: X — X' and b: Y/ — Y,
qby/,X/(CLOCOG(b)) == F(a)ogby,x(c)ob.
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These two notions of adjoints coincide, for fixed functors F' and G. Given 1 and e,
define ¢y x: Hom(G(Y), X) — Hom(Y, F'(X)) by the formula

dv.x(c) = F(c)ony,
i.e., dyx(c) is the composite Y = F(G(Y)) 7O F(X). The inverse map from
Hom(Y, F(X)) to Hom(G(Y), X) is defined by
dy,x '(d) = ex o G(d),

i.e., ¢y.x '(d) is the composite G(Y) 9 G(F(X)) 2 X. Conversely, given natural
bijections ¢y x for all X and Y, define n and e by the formulas

= dvery(lowy)), €x = orx)x  (Lro)-

EXERCISE B.42. Verify that the maps ¢y x and ¢y x ' defined from 1 and e are
inverse bijections, natural in X and Y. Verify that the maps 7y and ex defined from
a collection {¢y x} define natural transformations n: 1y = FroG and €: Go F = 1y,
such that (F, G,n, €) defines an adjoint from X to ). Verify that these correspondences
{dy.x} < (n,€) are inverse bijections.

3.3. Base change.

DEFINITION B.21. Suppose we have a 2-commutative diagram
W——Y
ql T lp
X —f> 7
in a 2-category, and that each of the morphisms p and ¢ is part of an adjunction
(p,p',n",€") and (¢, ¢, n?, €?). Define a base change 2-morphism®
ca: pof = goq
to be the composite
Pof=pofolxLpofoqoqdSpopogod Slyogoqd =goq.

If f and g are also part of adjunctions (f, f',n/,e/) and (g,¢’,7%,¢€%), define a 2-
morphism

O/:glop/:>qlof,
to be the composite

f C €
gop=gopolzLgopofof Bgogodof Slywodof=qof.

bIn category theory, o and ¢, are called mates of each other, see [61]. Category theorists often
write adjunctions in the order (f’, f,n, €), with the left adjoint preceding the right adjoint.
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EXERCISE B.43. (1) If p and ¢ have left adjoints, show that the following diagram
commutes:

fe=——=1s0f=poyof

folxﬁfoqoq’?pogoq’

If f and g also have left adjoints, show that the following diagrams commute:

f ’
P=———=poly=—=ypofof gopof="sqofof"=qoly
\ P \
lyop'=2gogop==godof gogod =—=1lwod ———=¢

(2) Deduce that ¢, is equal to the composite

/ . / UN ! / ol / / e / _ /
pof=lycpof=gogopof=goqgofof=goqgolx=goq.
(3) The correspondence of Exercise B.39, applied to the adjunction (p,p’,n?,€?)
takes co: p' o f = goq to a 2-morphism from f to po goq’. Show that this morphism

is the composite f = folyx U fogoq = pogoq. The inverse of the correspondence
of Exercise B.39, applied to the adjunction (g, ¢’, 1%, €?), produces a 2-morphism from

o ef
g op o ftoq. Show that thisis g op’ o f = ¢ o fo f= (.
EXERCISE B.44. (1) Consider a diagram

% g

— W —Y
9 g |p

X—f>Z

T

<=<—C

Vi
h

in a 2-category C. Define v: (f oh)or = po(goi) to be the composite

(foh)or:fohor:%foqoi:%pogoi:po(goi).

If p, ¢, and r have left adjoints, show that the diagram

pofoh=——=po(foh)

“| T~

goq’ohC:B>goior’ (goi)or’

commutes.



app-48 Categories and 2-categories

(2) Dually, given a diagram
U—>W—">Y
rl yﬁ ¥, lp
V—h>X—f>Z
define v: po (goi) = (f oh)or to be the composite
po(goi)=pogois foqoiZ fohor=(foh)or

If f, g, h, and 7 have adjoints, show that the following diagram commutes:

Wofop==(foh)op

TR

h’oqog/C:ﬁ>roi/og’ ro(goi)/

ExAMPLE B.22. Let
| v
p

X—f>Z

Q

be a commutative diagram of schemes. Then there is a natural base change morphism
P IF — 9 q F.

A detailed treatment of the construction and properties of base change morphisms for
sheaves on schemes is given in the Glossary.

4. Pseudofunctors

In this section we consider 2-categories in their natural generality, where one rarely
has equality of morphisms; in their place are identities among 2-isomorphisms. Al-
though the definitions and assertions are natural enough, the verifications involve con-
siderable diagram chasing, much of which is left to the interested (and determined)
reader.

DEFINITION B.23. If C and D are 2-categories, a (covariant) pseudofunctor F
from C to D assigns to each object X of C an object F'(X) of D, to each morphism
f: X — Y of C amorphism F(f): F(X) — F(Y) in D, and to each 2-morphism
a: f = g a2-morphism F(«): F(f) = F(g). In addition, we must have:

(1) for morphisms f: X — Y, g: Y — Z of C, a 2-isomorphism

Vig =Vpgt Flgo f) = Flg)o F(f);
(2) for each object X of C, a 2-isomorphism
6X = (5)12— : F(lx) :N> 1F(X)'
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These must satisfy the following conditions:
(a) For morphisms f: W — X, g: X =Y, h: Y — Z in C, we have the equality
(Ley * v1g) © Varn = (Vo * Lr(5) © Vi.hg
of 2-morphisms from F(hogo f) to F(h)o F(g) o F(f):

Vf,hg

F(hogo f)=——= F(hog)o F(f)

"fgf,hﬂ ﬂ"fg,h

F(h)o F(go f) == F(h)o F(g) o F(f)

(This can also be described by saying that the two ways to move down in the

diagram
F(hgf)
() F(hg
> =
X 75 PO 5 F2) 555 W)
agree.)

(b) For a morphism f: X — Y in C, we have the equalities

(Leep) *0x) 0 v,r = 1rp) = Oy * Lrgp) 0 71y
of 2-morphisms from F(f) to F(f) o lpx) = F(f) = 1lpyyo F(f):

F(f)iF(f)olF(X) F(f) 1F(Y)OF(f>
I | [
F(fo1x) == F(f)o F(lx) F(ly o f) == F(ly) o F(f)

(c) For any morphism f in C, F(1;) = 1p(p; and, if a: f = gand B: g = hinC,
we have the equality
F(foa)=F(§)oF(a)
of 2-morphisms from F(f) to F'(h).
Ifif"X—=>Y a f=f,9,¢g:Y—Z and §: g= ¢ in C, then
(F(B) x F(a)) o vpg = vpg 0 F(Bxa),
an equality of 2-morphisms from F'(go f) to F(g') o F(f):

Flgo ) =22 F(g/ o [
"ff,gﬂ/ ﬂ'yf/,g’
F(g) o F(f) =g F9) o F(F)

We write F': C — D to denote that F' is a pseudofunctor from C to D, with associated
2-isomorphisms 6% and ’yﬁ e
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Note by (c) that a pseudofunctor determines (honest) functors
HOM(X,Y) — HOM(F(X), F(Y))

for any objects X and Y in C. Note however that F' does not induce a functor between
the underlying categories of C and D.

An important special case of this is when C is an ordinary category, regarded as a
2-category by specifying that its only 2-morphisms are identities. In this case there is
no need to specify what F' does to 2-morphisms in C, and conditions (c¢) and (d) can
be omitted.

In the text, the situation of a contravariant pseudofunctor from an ordinary
category C to a 2-category D arises. This can be defined to be a pseudofunctor from
the opposite category C°? to D. Explicitly, the changes are: for a morphism f: X — Y
one has F(f): F(Y) — F(X),and for f: X =Y, g:Y — Z one has v;,: F(go f) =
F(f)o F(g), and the two conditions become:

(@) (Vi * Lr@my) © Yarn = (Lr(s) * Vg.n) © Vf.hgs
(b) (Ox *1r(p) o vrax = 1r(y = (Lr(p * Oy) 01y -

EXERCISE B.45. If F': C — D and G: D — & are pseudofunctors, there is a com-
posite pseudofunctor G o F'. This takes an object X to G(F(X)), a morphism f to
G(F(f)), and a 2-morphism p to G(F(p)); and one sets 7§e" =15 ) py ©G(7f,) and
oG = (51§( x) © G(6%). Verify that this defines a pseudofunctor. Show that 2-categories,
with pseudofunctors as morphisms, form a category.

EXERCISE B.46. Construct a pseudofunctor B from the 2-category (Grp) of groups
to the 2-category (Cat) that takes a group G to the category BG of G-torsors (where
a group G is regarded as a topological group with the discrete topology).

DEerFINITION B.24. If F' and G are pseudofunctors from C to D, a pseudonatural
transformation o« from F' to GG consists of

(1) For each object X in C, a morphism ax: F(X) — G(X) in D.
(2) For each morphism f: X — Y in C, a 2-isomorphism

TP=T4 G(f)oax = ayo F(f)

in D. This is displayed in the diagram

These must satisfy:

(a) For morphisms f: X — Y, g: Y — Z of C, we have an equality

(Lay *75g) 0 Tor = (79 % 1r(p) © (Lag) * 75) © (75 * Lax)
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of 2-morphisms from G(gf) o ax to az o F(g)o F(f):

Glgo f) o ax —2 G(g) o G(f) 0 ax —= G(g) o ay o F(f)

azoF(gof) - azo F(g)o F(f)

7.9

(b) For any object X of C, we have the equality
(100( * 5)F() OTix = 5)6(3 * 1ax

of 2-morphisms from G(1x) o ax to ax o lpx) = ax = lgx) © ax:

¢
G(lx)oax == lgx) o ax

&XOF(1X)6:>OZX01F

(c) For f,g: X =Y, and a 2-morphism p: f = ¢ in C, we have the equality

79 0 (G(p) * Lay) = (lay * F(p)) 07
of 2-morphisms from G(f) o ax to ay o F(g):

G(f) o ax == ay o F(f)

G(p)ﬂ ﬂF (p)

G(Q) o ax ? Qy © F(Q)

EXERCISE B.47. If F',G,H are pseudofunctors from C to D, one can compose pseudo-
natural transformations o from F' to G and (8 from G to H to get a pseudonatural
transformation o « from F to H. This is defined by setting (o a)x = fx o ay and

f = (lgy, x7f) 0 (Tf * 1oy ). Show that this composition is associative, and has iden-
tities, so that the pseudofunctors from C to D and the pseudonatural transformations

between them form the objects and morphisms of a category.

DEeFINITION B.25. Suppose C and D are 2-categories, F' and G are pseudofunctors
from C to D, and « and (3 are pseudonatural transformations from F' to G. A modifi-
cation O from « to ( assigns to each object X of C a 2-morphism Ox: axy = Ox:

P(X) _ Jox G(X).
Bx

This must satisfy the property that for any morphisms f,¢g: X — Y and 2-morphism
p: [ = gin C, we have the equality

(Oy * F(p)) o7 = 7] 0 (G(p) * Ox)
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of 2-morphisms from G(f) o ax to By o F(g):

G(f) 0 ax Z2¥G(g) o fx

T?ﬂ ﬂrﬁ

ay o F(f)s= fr o Fg)
We write ©: a = [ to indicate that © is a modification from a to . We call a
modification an isomodification if each Oy is a 2-isomorphism. In this case we write

@:a%ﬂ.

Note that each of the conditions on pseudofunctors, pseudonatural transformations,
and modifications is stated as an equality of 2-morphisms.

EXERCISE B.48. Show that the property of a modification in Definition B.25 follows
from the property

(Oy * 1p(p) o 7§ = 7/ 0 (La(p) * Ox)
for any morphism f: X — Y in C.

EXERCISE B.49. If ©: o = ( and Z: 8 = ~, with «, 3, and v pseudonatural
transformations from F' to G, there is a modification Z200: a = =, defined by (Z00) x =
Zx00x. IfO: a=d, with a,a/: = G, and =Z: = ', with 8,5": G = H, there
is a modification =% ©: foa = [ o/, defined by (E%xO)x = Ex * Ox. For fixed
2-categories C and D, these operations, together with those of Exercise B.47, make the
pseudofunctors from C to D into the objects of a 2-category PSFUN(C, D), with arrows
given by pseudonatural transformations, and 2-cells given by modifications.

When a and [ are 2-natural transformations between 2-functors F' and G, the
condition on a modification simplifies to the equation Oy * F'(p) = G(p) * Ox.

EXERCISE B.50. ) Given modifications ©: a = o and Z: 3 = 3’ between 2-
natural transformations a,o’: F = F', 3,3: G = G, with 2-functors I, [': C — D,
G,G": D — &, define a modification 20 0: §x a = [ * o’ by the formula

(EO @)X = G/(@X) * EF(X) = EF’(X) * G(@X)

Show that 2-categories, 2-functors, 2-natural transformations, and modifications form
the objects, arrows, 2-cells, and 3-cells of a 3-category: in addition to the underlying
2-category structure formed by the objects, arrows, and 2-cells, the three operations o,
x, and o on 3-cells satisfy the following associativity, exchange, and unity identities:”
(a) To(E00) = (T'0Z)0o0, I'x(ExO) = (I'«=Z)*0,and 'c (200) = (['0=)¢06;
(b) (E0Z2)%(0'00)=(2'*x0)o(Ex0), (Z+2)0(0'%x0) =(E00)x(200),
(E'02)0(000)=(E'00 )0 (Z200);

"n each identity it is assumed that one, and hence the other, side of the equation is defined.



Pseudofunctors app-53

(c) each 2-cell @ has an identity 3-cell 1,: o = «, and the following identities are
satisfied: 1g * 1, = 1goq When o« is defined; 150 1, = 1g,, when 8 x « is
defined; in addition, if ©: a = 6, o, 8: f = g, f,g: X — Y, then

@Ola:@zlﬂC)@?@*llf262119*6760111X262111Y<>@'

A formal definition of 3-categories (equivalent to that in the preceding exercise) can
be found in [12], §7.3, but note that 2-categories, pseudofunctors, and pseudonatural
transformations, and modifications do not form a 3-category, only something weaker
called a (Gray) tricategory [32]. In fact, in contrast with Exercise B.36, 2-categories,
pseudofunctors, and pseudonatural transformations do not form a 2-category. In any
case, we have will have no need for the formalism of 3-categories.

Note that a 2-functor F' is just a pseudofunctor for which the associated 2-
isomorphisms ~f, and 0% are identities. A 2-natural transformation a: F = G be-
tween 2-functors is a pseudonatural transformation such that 7¢ is an identity for all
morphisms f.

EXERCISE B.51. For fixed 2-categories C and D, the 2-functors, 2-natural transfor-

mations, and modifications determine a sub-2-category 2-FUN(C, D) of the 2-category
PSFUN(C, D).

EXERCISE B.52. For any 2-category C, construct a 2-functor
C — 2-FUN(CP, (Cat)).

The following theorem gives the notion of “isomorphism” between 2-categories that
one is likely to meet in practice.

THEOREM B.26. Let F: C — D be a pseudofunctor between 2-categories. The
following are equivalent:

(1) (i) Every object of D is 2-isomorphic to an object of the form F(P) for some
object P in C; (ii) For any objects P and Q in C, every morphism from F(P) to F(Q)
is 2-isomorphic to a morphism of the form F(a), for some morphism a: P — @Q in C;
(iii) For morphisms a and b from P to Q in C, any 2-morphism from F(a) to F(b) has
the form F(p) for a unique 2-morphism p: a = b in C.

(2) There is a pseudofunctor G: D — C, together with four pseudonatural transfor-
mations:

a:GoF =1, o:le=GoF pB:FoG=1p, [B:1p=FoQG,

and four isomodifications:

~

@:1pggﬂ/oﬁ, @’:119_;>ﬂoﬁ/, E:lgpgo/oa, =1, 2 a0d.
(3) As in (2), but with the additional identities:
15*@:@/*15, 1ﬁ/*®/:@*1ﬁ’a 1a*E:E/*1a7 10/*5/:5*10/'

(These are modifications from 3 to fo 3 o3, from 3 to ' oo, from a to aoadoa,
and from o' to o' o avo o, respectively.)
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Note that conditions (ii) and (iii) of (1) say that every induced functor HOM(P, Q) —
HOM(F(P), F(®)) is a an equivalence of categories.

ProOF. This is at least a folk theorem in 2-category theory, cf. [62, §2.2], but
since it is not easy to find a reference, we will sketch a proof. That (2) implies (1)
is quite straightforward. First we show that (2) implies (i) of (1). Since Oy is a 2-
isomorphism 1pgy) = By o fy and Oy is a 2-isomorphism 1y = Sy o fy, it follows
that By and (3} are 2-equivalences, for any object Y of D. In particular, Y is 2-
isomorphic to F(G(Y)). Note, similarly, that ax and o'y are 2-equivalences, for any
object X of C. Now we show the remainder of (2) = (1), namely, that every functor
HOM(P, Q) — HOM(F(P), F(Q)) determined by F' is an equivalence of categories.
Following this by the functor HOM(F'(P), F(Q)) — HOM(GF(P), GF(Q)) induced by
G, and then by the functors

(

(@P)ar@)

HOM(GF(P), GF(Q)) "5 HOM(P, GF(Q)) “%s HOM(P, Q).

each of which is an equivalence of categories by Proposition B.10 and Exercise B.31,
one obtains a functor from HOM(P, @) to itself. A natural isomorphism of this functor
with the identity functor is given by sending f: P — @ to

/ = —1

aQoGF(f)ooz;;T:@onoozbofH% lgof=f;

the naturality is proved by a use of property (c) for the pseudonatural transformation
o'. It follows that HOM(P, Q) — HOM(F(P), F(Q)) is full and faithful, and, by the
same applied to G, that HOM(F(P), F(Q)) — HOM(GF(P),GF(Q)) is also full and
faithful; it then follows from Exercise B.9 that each of them must also be an equivalence
of categories.

We will show how to use (1) to construct all the data needed for (3). Then 25
identities among 2-isomorphisms must be verified to prove (3): 7 to prove that G is a
pseudofunctor, 3 each to prove that «, o/, 3, and 3’ are pseudonatural transformations,
4 to verify that ©, ©', =, and =’ are modifications, and 4 for the last conditions stated
in (3). A few of these identities will be immediate from the construction, but most
require — at least without a more sophisticated categorical language — tracing around
rather large diagrams in various HOM categories. The key that makes it all work is a
careful use of Proposition B.10.

For each object X of D, use (i) and Proposition B.10 to choose an object G(X)
in C together with morphisms Bx: F(G(X)) — X and f%: X — F(G(X)), and with
2-isomorphisms Ox: 1pgx) = Oy o Bx and O: 1x = Bx o Y, such that the two
conditions

1,@X*@X: /X*lﬂx and 1ﬁ3(*®/X:@X*1ﬁS(
are satisfied. For each morphism f: X — Y in D, use (ii) to choose a morphism
G(f): G(X) — G(Y) in C, together with a 2-isomorphism A\;: F(G(f)) = By o f o (x.
Now for morphisms X Ly % Zi D, use (iii) to define 'ygg: G(go f) = G(g9) o G(f),
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by requiring F’ (yfg) to make the following diagram commute:

G F
Tar),a()

FG(go f) 22 F(G(g) o G(f) ——=LPRG(g) 0 FG(f)

)\gfﬂ ﬂ)\gw\f

Brogofofx==0z090lyofolx==00g00yofyofolx
Y
For each object X in D, define 6%: G(1y) = lg(x) by requiring F(6§) to make the
following diagram commute:

F(6$)
FG(lx) = F(lgx))

Alxﬂ ﬂag(x)

Bx o bx <5— lrax)
X

For f: X — Y in D, define Tf: foBx = Py o FG(f) and 7'?/: FG(f)o By = By of
to make the following diagrams commute:

B L
f o By === By o FG({) FG(f)o fy ==—=fy o f
| P d! |
1Y0foﬁxfﬁyoﬁ§ofoﬁx 5§fofoﬁxoﬂk<®:/x5§fofolx

For each object P in C, use (ii) to choose a morphism ap: GF(P) — P, together with
a 2-isomorphism pp: F(ap) = Brp). For each morphism a: P — Q in C, 75: acap =
ag o GF(a) is determined so F'(72) makes

Fo ’YF a),a
F(aoap) %F(QQOGF(G)) #F(QQ) o FGF(a)

Ve P,aﬂ ﬂ#@

F(a) o F(ap) === F(a) o fpp) === Or () © F'GF(a)
TF(a)

commute. Similarly choose a/p: P — GF(P) with pp: F(ap) = B py, and determine
781 GF(a) o op = apyoaso F(7¢") makes

’YF

F(GF(a) o o) F(a}y 0 a) =——2% F(al) o F(a)

F
’yalp,GF(a)H/ *“/H,Q

FGF(a)o F(a) = FGF(a) o Bppy — B © Fla)

TF(a)

F(re)
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commute. For f,g: X — Y and p: f = ¢ in D, define G(p): G(f) = G(g) by
requiring that F'(G(p)) makes the diagram

F(G(p)

FG(f) == FG(9)

Y| |

5§/Of0ﬂX:p>5§/ogoﬂX

commute. Finally, define, for each object P in C, 2-isomorphisms Zp: 1gp(p) = apoap
and Zp: 1p = ap o ap, determined by the commutativity of the diagrams
F

= ’Ya ,a’
F(lorr) =22 F(p 0 ap) =—22F (o) o F(ap)

55F(P)ﬂ ﬂ“iv*/“’

lrarp) Brp) © Brp)

Orp)

and
FE}) el
F(lp) — F(Oép o Oé}g) — F(Oép) ¢} F(Oé}g)

6£ﬂ ﬂup *p

Lep) Brp) © Brp

9%(P)

This completes the construction of the data. To prove each of the required iden-
tities, one writes it as a diagram, in which the maps are 2-isomorphisms between two
morphisms, usually in C, that should commute. By the faithfulness of F' on the HOM
categories, it suffices to prove this after applying F'. One then uses the diagrams just
constructed to see what this means, obtaining a large diagram that should commute.
Finally, one finds a way to subdivide this large diagram into smaller diagrams that
commute by properties of ' and properties of 2-categories, especially the exchange
property. O

EXERCISE B.53. Complete the proof of this proposition.

DEFINITION B.27. A pseudofunctor F': C — D is a pseudoequivalence if it sat-
isfies the equivalent conditions of the proposition.

EXERCISE B.54. Show that the composite of two pseudoequivalences is a pseudo-
equivalence. Being pseudoequivalent is therefore an equivalence relation on 2-categories.

There are several generalizations of these notions and results. The conditions on
pseudofunctors F' and pseudonatural transformations a can be weakened, by allowing
the associated ”yj: g 6%, and T§ (or sometimes their inverses) to be only 2-morphisms, not
2-isomorphisms. Such are called laz functors and lax natural transformations. There is
also a notion of a bicategory, in which the associativity equality yo(foa) = (yof)oa of
morphisms is replaced by a 2-isomorphism, and similarly for the equalities f = folx =
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ly o f for a morphism f: X — Y. (In a bicategory, each HOM(X,Y) is a category,
but removing the 2-cells from a bicategory does not leave a category.) Theorem B.26
generalizes to the setting of bicategories, cf. [62]. Bicategories, 3-categories, and lax
notions are discussed in [12, §7].

5. Two remarks on set theory

The reader will have noticed that our discussion of categories is framed entirely in
the language of “naive set theory” — indeed, sets were not mentioned at all, except
in examples. In naive set theory, a set is prescribed by knowing the elements in the
set. In this sense, the objects and morphisms of a category (and the 2-morphisms of a
2-category) form sets, since these objects, morphisms (and 2-morphisms) are assumed
to be precisely defined. Thus a category is a permissible object in a category, since we
know what a category is, and so we have the category (Cat) of categories, which is a
2-category (cf. B.8). And, of course, this leads to Bertrand Russell’s famous paradox
about the set of all sets.

This problem is not particular to stacks, and those who have made peace with this
problem in other areas need not fret about it when studying stacks.® The fact that
category theory plays a prominent role in the study of stacks, however, brings these
problems closer to the surface. And, just as going from objects to categories causes
the problem about the set of all sets, going from ordinary categories to 2-categories
increases the difficulty. Our aim in this section is to discuss these problems briefly,
and point out how to get around them. In this setting, one is not working with sets
as collections of well-defined objects, but within an axiomatic set theory, usually taken
today to be Zermelo-Fraenkel theory. We also discuss our use of the axiom of choice.

5.1. Categories. We have the need to consider three basic types of set-theoretic
structures: sets, categories and 2-categories. If we would like to consider the category
of all sets, for example, it is clear that categories cannot be sets. Similarly, if we need to
consider the 2-category of all categories, then 2-categories cannot be categories. In spite
of Russell’s paradox, we would like to do all usual set-theoretic operations (products,
disjoint unions, power sets etc.) not only with sets, but also with categories (less so
with 2-categories). For this it is necessary to introduce some set-theoretic hierarchy.

We may require all sets to be sets in the usual sense, i.e., the sets given by the
axioms of Zermelo-Fraenkel. Then we postulate the existence of classes and require
categories to be classes. More precisely, the collection of all morphisms in a category
is required to be a class — after all, a category can be thought of as its collection of
morphisms with a partially defined binary operation, the objects are then defined in
terms of the identity morphisms. We require classes to satisfy the same list of axioms as
sets. Besides the existence of sets and classes, we moreover postulate the existence of 2-
classes and require 2-categories to be 2-classes; note that 2-categories may be identified
with their collection of 2-arrows.

8We quote the footnote on the first page of the revised version [EGA I']: “Nous considérons les
catégories d’'un point de vue ‘naif’, comme s’il s’agissait d’ensembles et renvoyons & SGA, 4, I pour les
questions de logique liées & la théorie des catégories, et la justification du langage que nous utilisons.”
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Alternatively, (more precisely?) the required set-theoretic hierarchy may be intro-
duced via the theory of wniverses, cf. [65], §1.6, and [SGA4] §I. One postulates the
existence of three universes, iy, {; and Uy and requires that Uy € U; € Us. Recall that
all universes are actually sets (and thus consist of sets). We then use all sets in i, as
sets, all sets in 4; as classes and all sets in U, as 2-classes. In other words, we require
all sets (as the term is used in the book) to be in iy, all categories to be in 4; and all
2-categories to be in is. If a category happens to be in iy, we call it small.

For many applications this notion of small is too restrictive. We find much more
useful the notion of essential smallness. A category is called essentially small if its
collection of isomorphism classes (i.e. its collection of objects up to isomorphism) is in
iy, i.e. is a set. When fibered categories are introduced, one can require the fibers to
be essentially small. These and the other groupoids that appear can be taken to be
essentially small.

We will not mention these set-theoretic issues in the main body of the book. The
reader who thinks in this language is invited to check that none of our constructions
with categories leave the universe i;, and that every time we construct a set from a
category we obtain a set in .

5.2. The axiom of choice. The only essential way in which we use the axiom of
choice is the following: we want a functor which is faithful, full, and essentially surjective
to have an inverse (a functor in the other direction such that both compositions are
naturally isomorphic to the identities). This is important because the natural notion
of isomorphism between stacks is expressed by such an equivalence. Note that this
actually uses the axiom of choice for classes of sets. This use of the axiom of choice can
be avoided if one understands that whenever we call two categories C; and Cy equivalent
, this means that there exists a chain of categories and equivalences

Ch«—D —Dy«—...«— D, —(Cy

In effect, this amounts to localizing the 2-category of categories at the equivalences
(For a discussion of similar localizations, see [28]). We prefer not to do this, but rather
assume that all equivalences have inverses. In view of these remarks, this use of the
axiom of choice may be viewed as merely a device of notational convenience.

We also remark that even though many general statements in the book formally
require the axiom of choice for their validity, in any specific application one usually has
more or less canonical choices at one’s disposal. For example, the fibered product of
schemes may be constructed in a canonical way, cf. [EGA I]; we do not need the axiom
of choice to pick an object satisfying the universal mapping property of fibered product.
Similarly, the construction of quotient sheaves can be carried out in a canonical way by
sheafifying (using an explicit sheafification construction) a given quotient presheaf.

In short, the reader can choose whatever set-theoretic foundations he or she is
comfortable with: we do not discuss them in the text. As with other areas of algebra
or geometry, the notions and theorems about stacks change very little with changes in
logical foundations.
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Answers to Exercises

B.1. If foa= fforall f,and bog = g for all g, then a =boa =b.

B.2. (1)Ifgof=1x and foh=1y,theng=goly =go(foh)=(gof)oh=
1x o h = h. (2) follows similarly from associativity.

B.7. For =, given G, 6, and 1, a morphism f: F(P) — F(Q) has uniquely the
form f = F(a), where a: P — Q is given by a = g o G(f) o §p'. For any object X
in D, the isomorphism ny: FG(X) — X shows that F is essentially surjective. Details
can be found in [65, §IV.4].

B.8. This is exactly what the proof of the proposition produces.

B.10. Take X xzY = {(z,y) € X xY | s(z) = t(y)}, with the induced topology
in the topological case.

B.13. A natural transformation € from hx to H assigns to every object S of C a
mapping fg from hx(S) to H(S). Applied to S = X, one gets ¢ as Ox(1lx). For any S
and g: S — X, 05(9) = 0s(hx(9)(1x)) = H(g9)(0x(1x)) = H(g)({), so 0 is determined
by (.

B.18. Both parts follow readily from the exchange property.

B.19. By (1) of the preceding exercise, (6 * 1) 0 (11, *0) = (1, % 0) o (0 x 11,).
Since 1, * 0 = 0 x 1, = 0 is invertible, the required equation follows.

B.25. Given « from (¢, ®) to (¢, ¥) and g from (¢, ¥) to (w, ), define foa: U —
R to be the composite
v R,x,R-™ R

Given (¢/, ®’) and (¢, V') from R” = U” to R' = U’, and a 2-morphism [ from (¢’, ')
to (¢, W), define a x 3: U” — R to be the composite

v P Ryx RS R
(which is equal to m o (ay’, U3)).

B.30. In (3), the fact that 0 is a natural transformation follows from the exchange
property: given p: h = h', (1,% p)o (o * 1) = (0 * 1) o (15 * p).

B.31. That (1) implies (5) and (7) implies (2) are similar to the proofs that (1)
implies (3) and (4) implies (2). To see that (7) implies (1), the essential surjectivity of
fY, applied to 1y, provides a g: Y — X and a 2-isomorphism fog = 1y; fx essentially
surjective, applied to 1x, provides a ¢’: Y — X and a 2-isomorphism fog¢ = 1x. The
equivalence of (2), (8), (9) and (10) is seen by taking 7 and v to be inverses of each
other, and taking # and ¢ to be inverses of each other.

B.34. If H: X x [0,1] — Y is a homotopy, define a 2-morphism by the mapping
from 7(X)o to w(Y'); that sends a point = in X to the path ¢t — H(x,t) in Y.
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B.43. That the diagrams commute follows from several applications of the exchange
property, together with the identity (1, * €”) o (n” * 1,) = 1, for the first diagram,
(9% 1,)0 (1, %n?) = 1, for the second, and (1; % €') o (n/ *1;) = 1, for the third. For
(2), consider the diagram

f ef
pof=—==polzof==ypofofof==ypofolxy=—=pof
lyoplof=2gogopof==godofof==godolx==god
o €

The left rectangle commutes by the commutativity of the first diagram in (1), and the
other squares commute by the exchange property. The map along the top is the identity
on p' o f, by the defining property of (f, f’,n’,e/). The assertions of (3) follow from
the other two commutative diagrams of (1).

B.35. If K: X x[0,1]x[0,1] — Y gives an equivalence from the homotopy H to H’,
then Ok, defined by Ok (o) (t1, ..., thio) = K(0o(t3, ..., thia),ta,t1) gives an equivalence
from ayg to agy.. If f, g, and h map X to Y, and H; is a homotopy from f to g, and
H, is a homotopy from g to h, then 0k defines an equivalence between ay, o ay, and
ap,om,, Where K is defined by the formula K(x,s,t) = Hi(x,s + 2t) if s+ 2t < 1, and
K(z,s,t) = Hy(x, (s +2t—1)/(s+ 1)) if s+ 2t > 1.

B.44. These are proved with several applications of the exchange property, as well
as the identity (1, *€?) o (n?%1,) =1, (for (1)).

B.46. This takes a homomorphism f: G — H to the functor B(f): BG — BH
that takes a (right) G torsor E to the H-torsor Ex;H = ExH/{(v-z,y) ~ (v, f(x)y)}.
If also g: H — K, 77, takes E to the isomorphism from E x g K to (E x; H) x4 K
that takes (v,z) to ((v,1),2), and 65 takes E to the isomorphism from E x;q G to
E that takes (v,z) to v -x. If a in H gives a 2-morphism from f to g, for f and g
homomorphisms from G to H, then B(a) is the natural transformation from B(f) to
B(g) that takes a G-torsor E to the map E x; H to E x, H, (v,y) — (v,a”'y).

B.48. Use property (c) for 3, together with the exchange property.
B.53. We will carry this out in one typical case, proving the first half of the pseud-

ofunctor property (b) for G, with its associated 2-isomorphisms ”yfg and 6§. That is,
we show that the diagram
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commutes. Applying F', one needs the upper left square in the diagram

F
’Vlg(x),c(f) 55()()

FG(f) F(G(f) o lgx)) =——= FG(f) o F(lgwx)) ——= FG(f) o lrax)

FG(foly) :G>€7(G(f)oG(1X)) == I'G(f) o FG(1x) TFG(f)OﬁkOﬂX

ﬂ FOry s VG x0,6(f)
Af )‘f*)‘lxﬂ
Af

5§f0foﬂx:ﬂﬁfofolxoﬁxfﬁ/yofoﬁxOﬁﬁgoﬁx

to commute. The upper center square commutes by property (d) for F'; the upper right
square commutes by the definition of 7§; the lower right triangle commutes by the
exchange property (e) for 2-categories. So we are reduced to showing that the outside
diagram commutes. For this we fill in the diagram differently:

7,

FG(f) F(G(f) o Low) ZLHG(f) 0 F(low)
ﬂ‘sg(m
FG(f) FG(f) o Lrax) —2= FG(f) o By o Bx
Af Afﬂ ka
By o foBx BQ/OfOﬁXOlFG(X)@5§0f05xoﬂ§<05)(
By o folxofBx By o foBxofyofx

O%

The top square commutes by property (b) for F'; the next square down commutes by
property (c) of a 2-category; the one to its right commutes by the exchange property
(e). Finally, the lower rectangle commutes by the key property that

Ox

Bx o lpax)

ﬂ@X

1XOﬂX:@,>ﬂXOﬂ3(05X
X

commutes. Most of the other verifications are similar to this.



