CHAPTER 4

Stacks and Stackification

In this chapter we will endow our base category & with an additional structure, a
Grothendieck topology. Using Grothendieck topologies it makes sense to speak of sheaves
over a category. To a topological space, for instance, one associates the category of all
open sets with inclusion maps. A sheaf over a topological space is given in terms of
this category. Reflecting upon the definition of sheaves, one discovers that the essential
notion needed to write down what a sheaf is, is that of a covering family. For the
category associated with a topological space, these are just families of inclusions that
cover the image.

Several of our examples drawn from algebraic geometry have illustrated the short-
comings of the usual Zariski topology. For many groups G (e.g., finite groups), G-torsors
are almost never locally trivial for the Zariski topology. When we encountered modular
families of elliptic curves and noted the property that every family can be analytically
locally obtained from these by pullback, it was shown by example that this statement
is no longer true in the algebraic setting if we use the Zariski topology. What works in
both of these cases is to interpret “locally” to mean locally for the étale topology, which
is a Grothendieck topology. For the formal definition of a Grothendieck topology see
the Glossary.

A category endowed with a Grothendieck topology is called a site. Thus it makes
sense to speak of sheaves on a site. We use the topology on § to define what it means for
a CFG over S to be a stack. In fact, there will be two stack axioms. If a CFG satisfies
only the first it is called a prestack. If the CFG is that associated with a presheaf as
in Example 2.4, then the stack axioms reduce to the sheaf axioms. In this way, stacks
appear as generalizations of sheaves.

In our “key case”, where S is the category of schemes over the base scheme A, we
put the étale topology on S. In this topology a family of maps {U; — S} is a covering
family if all structure maps U; — S are étale and [[, U; — S is surjective.

1. The stack axioms

DEFINITION 4.1. A site is a category together with a Grothendieck topology. When
the choice of Grothendieck topology on a category S is understood, we will often omit
explicit mention of it and refer, e.g., to a CFG over a site S.

Let X — S be a CFG over a site S. The key case is that of S being the category of
schemes over A with the étale topology, where A a fixed base scheme. The reader may
consider only this case at a first reading. Another good example to keep in mind is the
category of open subsets of a topological space, and inclusions of open subsets.
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Let z and y be objects of X over the same object S of §. Recall, if T is any scheme
over S, with structural map f: T — S, there are pullbacks f*(x) and f*(y), each
defined up to canonical isomorphism. We define a presheaf Zsomx(z,y) by setting

Zsomx(z,y)(T) = {isomorphisms from f*(z) to f*(y) in Xr}.

Because this is defined for T' equipped with a structural map to S, it is a presheaf
on the category S. (More common notation, in this context, would be /S, the slice
category of schemes over S.) The definition appears to depend on choices of pullbacks
f*(z) and f*(y), but if z and § denote other choices of pullbacks, then using the
canonical isomorphisms z & f*(z) and y & f*(y) we can canonically identify the set
of isomorphisms z — g with the set of isomorphisms f*(z) — f*(y). To be a presheaf
means there are restriction maps: given ¢g: 7" — S and a morphism h: T — T such
that g = foh, then there is a unique morphism ¢: g*(x) — ¢*(y) in Xy whose composite
with g*(y) — f*(y) is equal to the composite g*(z) — f*(z) 5 f*(y) for some given
v € Zsomx(x,y)(T). Then h*(p) is this morphism .

The category S inherits a Grothendieck topology from &, in which a set of mor-
phisms in S is deemed a covering family if the collection of underlying morphisms of
schemes in § is a covering family. The first of the stack axioms is that this presheaf is
a sheaf for this inherited topology.

Axiom 1. If {T,, — T} is a covering family in the category of schemes over S, then

Zsomx(z,y)(T) — HIsomx(x,y)(Ta) = HIsomx(:U, Y)(To <7 1p)
a a,B

is an exact sequence of sets.!

DEFINITION 4.2. A CFG X which satisfies Axiom 1 (for every object S of S and
pair of objects x and y of X over S) is called a prestack.

Let us verify Axiom 1 in some of our examples. For M, given two families7: C' — §
and 7': " — S, and given T' — S, then Zsomy, (m, 7")(T') is the set of isomorphisms
TxsC — TxgC"over T. Let {T, — T} be a covering family. Let {T,, xsC — T, xsC"}
be isomorphisms. The condition to pull back by either projection to the same element
of Zsomp,(m, 7" ) (T, x7 Tp) for every o and (3 is equivalent to the equality of the two
composite morphisms, involving the two projections:

HTa X1 Ts xSO:;HTa xgC — T xgC'.

o, a

By descent for morphisms to a scheme (Proposition A.13), this condition implies there
is a unique morphism 7' x5 C' — T x g C" whose composite with [[T, xsC — T xg C
is that indicated above. This morphism is an isomorphism because it becomes an
isomorphism after faithfully flat base change (by [EGA 1V.2.7.1]).

To verify that BG is a prestack, we use descent for morphisms as above to prove the
existence of an isomorphism given one locally. It remains to see that it is G-equivariant,

LA sequence of sets A — B = C'is exact if A is mapped bijectively onto the set of elements in B
which have the same image in C' by the two maps from B to C.
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but this amounts to checking equalities of morphisms, and again we use descent for
morphisms (actually just the uniqueness part of descent for morphisms). The same
argument applies for M, ,,: we use descent for morphisms to produce the isomorphism,
and then the uniqueness assertion of descent for morphisms to check compatibilities of
the sections. Similar arguments apply for [X/G], V,, (vector bundles), C,, (n-sheeted
coverings) and the other variants of moduli stacks M, M, ., M, ..(X, 3).

The same kind of argument also applies to the CFG [R = UJP™ obtained from a
groupoid scheme R = U. In this CFG, we recall, a morphism is given by a map to R.
So, if R =2 U is any groupoid scheme, the CFG [R =2 U|P™ is a prestack.

2. Stacks

A prestack is a stack if it satisfies a descent-type hypothesis, to the effect that an

object can be constructed locally by gluing. We make use of projection maps py: T, X7
Ts — T, and py: T, X7 T3 — Tp, or for T" — T, projection maps py, pa: 1" — 1" where
T'=T x7+T'.
Axiom 2. If {T, — T} is a covering family, then given any collection of objects
to over T, and isomorphisms @.g: pita — pitg over T, Xp Tj satisfying the cocycle
condition, there is an object x over T and for each «, an isomorphism \,: z, — tq,,
where z, denotes a pullback to T,. These isomorphisms are required to satisfy the
natural compatibility condition on Ty, X7 Tj.

The cocycle condition states that, with projections pio: Ty, X7 T X171, — T, X713,
etc., the diagram

* ok pT?L’DO‘ﬁ * % * ok
PlaPita —= P1aPatp = PasPils
H lp%‘pﬁv
PisPila ——= PI3Paly == P3Daly
P13Pary

commutes, where the equal signs denote canonical isomorphisms of pullbacks. The
natural compatibility condition on 7, X7 Tjs is the commutativity of the following
diagram

P A
* *
P1Ta — Pita

‘ lcpaﬁ

D2 i DPalp

(again involving a canonical isomorphism of pullbacks denoted with an equal sign).
DEFINITION 4.3. A CFG X is a stack if it satisfies both Axiom 1 and Axiom 2.

In Axiom 2, the tuple of objects z,, together with isomorphisms ¢,z satisfying the
cocycle condition, is called a descent datum. If the conclusion of Axiom 2 holds,
we say the descent datum is effective. The condition in Axiom 2 can alternatively
be expressed by writing 7" for the disjoint union of all the T,, and then speaking of a
single object over T” and an isomorphism of its pullbacks to 7" = T" x¢T". In practice
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this gives an equivalent formulation of Axiom 2. But this involves two subtleties. First,
the disjoint union of the T, is not required to exist in the category S. Second, if we
restate Axiom 2 using only one-element covering families, then there will be no provision
requiring a choice of objects t; over T;, for some collection of 7, to determine an object
over [[T;. The category of schemes has arbitrary disjoint unions. The second issue is
avoided when the following hypothesis is satisfied.

Hypothesis. We suppose S is the category of schemes over A with the étale topology,
and X is a CFG which satisfies: for any collection of schemes Sy, if we set S =[], Sa,
then some (or equivalently, any) choice of change of base functors X — Xg, determines
an equivalence of categories

%S — H%Sa'

(The product category, on the right, is the category whose objects are tuples of objects
in Xg, for each o, and whose morphisms are tuples of morphisms.)

Assuming the Hypothesis, Axiom 2 is equivalent to:

Axiom 2'. If f: T — T is a covering map (meaning that {f} is a one-element covering
family), and 2’ is any object over 7", with isomorphism ¢: piz’ — pia’ satisfying the
cocycle condition pjs;¢p o pia = pisp, then there exists an object x over 1" and an
isomorphism f*r — ' over T such that pi\ = ¢ o pjA.

The Hypothesis is satisfied by all of CFGs over schemes that we have seen as ex-
amples. An advantage of Axiom 2’ is that it nicely parallels many assertions from the
theory of descent (Appendix A). For instance, when G is an affine group scheme over
the base scheme A, then Axioms 1 and 2’ are implied by (a) and (b), respectively, of
Corollary A.16. This gives us the first of several examples of stacks that we now list:

(1) BG is a stack, for any affine group scheme G over A.

(2) X is a stack for any scheme X: Axioms 1 and 2 follow from descent for mor-
phisms to X.

(3) More generally, if X = h is the CFG associated to a presheaf h on S, then the
stack axioms for X are equivalent to the sheaf axioms.

(4) Combining the first two examples, the CFG [X/G] is a stack, for any affine
group scheme G acting on a scheme X, respectively.

(5) The following are stacks: M, and M, for g > 2; M, ,, and M, for 2g+n > 3;
M, (X, 3). To show these are stacks, use Proposition A.18 to verify Axiom 2/,
applied to the relative dualizing sheaf of a family of (stable or smooth) curves;
the relative dualizing sheaf twisted by the sections; or twisted by the pullback
of an ample line bundle on the projective variety X.

(6) The CFG V), is a stack by Proposition A.11. The CFG S, is a stack by

Proposition A.12.

The hypothesis that G is an affine group scheme is a convenient one because it is
satisfied for the most common linear algebraic groups (GL,, PGL,, etc.), as well as for
finite groups. However the assertions can be generalized to the case GG quasi-affine by
appealing to the more general descent result of Proposition A.17.
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EXERCISE 4.1. Which of the following CFGs are prestacks? Which are stacks? (a)
the CFG of families of (smooth) genus 0 curves. (b) The category of finite flat covers
E — S of degree d (for some integer d). (c¢) The CFG associated with the presheaf
whose sections on S are the isomorphism classes of families of elliptic curves over S.
(d) The category of projectivized vector bundles P(V) — S.

If X, %), and 3 are stacks, and X — 3 and ) — 3 are morphisms, then the fiber
product X x3%) is a stack. It is a matter of routine verification of axioms to show this.
E.g., a descent datum for X x5 %) consists of a descent datum for X, a descent datum
for 9), and compatible isomorphisms in 3; by Axiom 2 for X and ) we produce objects
and by Axiom 1 for 3 we produce an isomorphism, which taken together show that the
descent datum for X x5 %) is effective.

REMARK 4.4. The stack axioms for a CFG on a general site can be stated in
a way that avoids any reference to the presheaf Zsomx(z,y). It will be convenient
to have these reformulations below, in §4.4. For Axiom 1, the CFG axioms let us
identify isomorphisms f*(z) — f*(y) in X7 with morphisms f*(z) — y over f: T — S.
Moreover the axiom applies in case x is an object over T rather than over S (by applying
the axiom as stated to the objects  and f*(y) over T'). So the axiom is equivalent to:

For any f: T — S, objects y over S and t over T', covering family {7,, — 7'} and
morphisms t, — ¢ over T,, — T let t,3 — t, and t,3 — t3 be morphisms over the
respective projections from Ty5 := T}, X7 T} such that the composite morphisms to ¢ are
equal. Then, composition with ¢, — ¢ induces a bijection between morphisms ¢ — y
over f and tuples (t, — y)n over T, — S such that the diagram

lag —tg

oo

to —Y

commutes, for every « and (3.

There is also a restatement of Axiom 2. Pullbacks in a CFG are only determined up
to isomorphism, so there is no loss of generality in assuming every isomorphism ¢,z in
the axiom to be the identity. This means objects ¢,3 are given, each with a morphism
to t, identifying t,3 with pit, and a morphism to ¢z identifying ¢,z also with p3ts. We
introduce Ty, := Ty, X7 T X7 T,. If top, — top is @ morphism over pio: Thpy — Ty,
then the CFG axioms dictate a unique t,3, — tg, over po3 making a commutative
square with t3. Axiom 2, restated, is that in the diagram

taﬁv

N

Loy Loy

tas
P A
ta tﬁ tW

if the two curved arrows, defined to be the unique morphisms over p;3 making the
left-hand square resp. right-hand square commutative, are equal (this is the cocycle
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condition), then there exists an object ¢ over 7" and morphisms ¢, — ¢ such that the
composites t,3 — t, — t and t,3 — t3 — t are equal, for every o and S.

3. Stacks from groupoid schemes

Given a groupoid scheme R = U, we saw that the associated CFG [R = UJP**
is a prestack. For instance, Example 3.12 shows that [G = AJP*® is equivalent to the
category of trivial G-torsors. However [R = UJP™ is not a stack in general. A general
G-torsor is only locally trivial, which means that Axiom 2 will most certainly fail.

Since G-torsors are a topic that is familiar to us, we know how to proceed in this
case. We enlarge the category to contain all the locally trivial G-torsors, and we obtain
the category BG which is a stack (at least, e.g., when G is an affine group scheme over
the base). In this section, we imitate this construction for a general groupoid scheme.
There will be a notion of (R = U)-torsor. This will be a stack when the groupoid
satisfies a hypothesis that allows a result from the theory of descent to be applied, akin
to requiring G to be affine (or at least quasi-affine) over the base scheme. We emphasize
that notion of (R = U)-torsor is supposed to be parallel to (and a generalization of)
the notion of G-torsor.

Consider the prestack [R = UJ|P™. A descent datum, in the setting of Axiom 2’
consists of a morphism ¢: 7" — U (object over 7") and a morphism ¢: 77 — R
satisfying so® = pop; and to® = pop, (morphism from the pullback by p;: 7" — T"
to the pullback by po: T” — T”). This must satisfy the cocycle condition, and it can
be checked that this precisely says that (¢, ®) is a morphism of groupoid schemes from
T" — T' to R = U. One idea for producing a stack would be to enlarge the category
by admitting, as objects, any covering 7" — T together with morphism of groupoid
schemes from 7" — T" to R = U. Then one faces the challenging task of describing
morphisms between objects, and compositions of morphisms (see Remark 4.25, below).
We choose a different approach, one which constrains the choice of 7" — T. For
instance, in the case of the groupoid scheme G = A, the T" will have to be a G-torsor
E with projection to T. This means, then, that 7" can be canonically identified with
E x G (making the projections maps first projection pr; and action a). The point is
that the resulting morphism of groupoid schemes

ll ﬂj

yields a cartesian diagram when either the left-hand vertical maps or the right-hand
vertical maps are selected. In rough terms, the category of (R = U)-torsors will be the
category whose objects are pairs consisting of a morphism of schemes 7" — T and a
morphism of groupoid schemes from 7" := T x7+ T" = T" to R = U, where the latter
is required to give rise to a cartesian diagram by selecting either the pair of source
maps or the pair of target maps. As in the case of G-torsors, a morphism over S — T
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will be a morphism S — T” satisfying some compatibility properties (akin to the G-
equivariance requirement). Also as in the case of G-torsors, there will be an additional
local triviality requirement.

DEFINITION 4.5. Consider a morphism (¢, ®) of groupoid schemes from R' = U’
to R=U:

R/LR
ol |
Uy

We say that (¢, ®) is a square morphism of groupoid schemes if the diagrams

R/i)R R/LR

e

U——U U——=U
are cartesian.

Notice that since either a source map or a target map can be obtained from the
other by composing with the inverse map, if one of these diagram is cartesian, then the
other must be cartesian as well.

DEFINITION 4.6. Let g: 7" — T be a morphism of schemes. A banal groupoid
scheme for g is a groupoid scheme p, ¢: T"” = T" such that gop = g o ¢ and such that
(p,q): T" — T" x7 T" is an isomorphism.

In other words, 7" = T" is one of the groupoid schemes that we saw arising from a
morphism of schemes in Example 3.1. Notice that, given morphisms p and ¢ from 7"
to T" such that gop = goqand (p,q): T = T" x7 T", there is then a unique groupoid
scheme structure on 7" = T’ having structure morphisms p and q.

ExAMPLE 4.7. Let R = U be a groupoid scheme. There is then a square morphism
of groupoid schemes

R,x,R22-p

e,

R U
The groupoid scheme on the left is a banal groupoid scheme for the morphism s: R — U.

t

EXERCISE 4.2. Verify the assertions of Example 4.7. [Hint: use the fact mentioned
in Exercise 3.1(d), that the diagrams of Axiom (2) for groupoid scheme are cartesian.]

EXERCISE 4.3. Let s, t: R = U be a groupoid scheme, X a scheme, and f: U — X
a morphism such that fos = fot. If g: X’ — X is any morphism, with banal
groupoid scheme p, q: X” = X' for g, then any lift ¢: U — X’ of f extends uniquely
to a morphism of groupoid schemes (¢, ®) from R = U to X" = X',
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We describe a category of (R =2 U)-torsors. Then [R = U] will be defined as the
full subcategory of objects satisfying a local triviality requirement.

Preliminary definition. A (R = U)-torsor will consist of a morphism ¢g: 77 — T,
a banal groupoid 7" = T" for g, and a square morphism of groupoid schemes (v, T")
from 7" = T’ to R = U. These form a category, fibered in groupoids over the base
category of schemes. If we have another object, h: S” — S with S” = S" and morphism
(&,Z) to R = U, then a morphism between these objects over f: S — T will consist of
a morphism ¢: S’ — T” satisfying two conditions.

(i) The morphism ¢ fits into a cartesian diagram

S/ (z)a T/

It

S—f>T

Hence, by Exercise 4.3, there is then a unique ®: S” — T” making (¢, ®) a
morphism of groupoid schemes.

(ii) We have yo ¢ = ¢ and "o & = =] in other words, a commutative diagram of
groupoid schemes

<
RS

As in earlier examples, the verification of the CFG axioms for this category is based

on the existence and universal property of the fiber product of schemes. (Given an
object g: T" — T, etc., and an arbitrary morphism f: S — T, set 8" = S xp T" with
projection maps h to S and ¢ to T', and S” = S x1 T”, and take £ to be v o0 ¢.) We
point out, that in this preliminary definition there is no mention yet of the topology on

the base category. Our next task is to impose a local triviality hypothesis on objects,
using the Grothendieck topology of S.

ExXAMPLE 4.8. The scheme U, map s: R — U, and square morphism of groupoid
schemes of Example 4.7 constitute an (R = U)-torsor (over the scheme U).

DEFINITION 4.9. Given a pair consisting of a banal groupoid scheme g: 7" — T
and a square morphism of groupoid schemes (v,I") from 77 — T" to R = U, we say
that this object is

(i) trivial if there exists a morphism to the object of Example 4.8 (over some
morphism 7" — U), and

(ii) locally trivial if there exists a trivial object h: S” — S with S = 5" and
morphism (£, Z) to R = U, a covering map f: S — T, and a morphism from
the trivial object to the given object over this morphism f.
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DEFINITION 4.10. The CFG [R = U] is defined to be the category of locally trivial
(R = U)-torsors. Specifically, it is the full subcategory of the category in the Prelimi-
nary definition, consisting of objects that are locally trivial (Definition 4.9).

For the sake of brevity, we will speak of (R = U)-torsors with the understanding
that they will always be locally trivial, i.e., objects of [R =% U]. The notion of locally
trivial makes sense over an arbitrary site (base category equipped with a Grothendieck
topology). Of course, for us this will usually be a category of schemes with the étale
topology.

In the case R = U is G =% A, we see that a (G = A)-torsor is just a G-torsor
E — S, together with a choice of product E x G (which, by the projection map and
action map, is isomorphic to F xg E). This choice is not significant: the same G-

torsor with a different choice of product £ x G is canonically isomorphic (in the CFG
[R = U]) to E x G by the morphism ¢ = 1g. The (G =2 A)-torsor £ — S is trivial
precisely when E is G-equivariantly isomorphic to S x G, and the locally triviality
condition in Definition 4.9(ii) is the same as the usual local triviality condition on a
G-torsor (cf. Example 2.3).

Just as in the case of G-torsors, we will be able to prove that [R = U] is a stack,
provided that the groupoid scheme R = U satisfies some hypothesis that will enable us
to invoke an appropriate result from the theory of descent. We want to use descent for
affine schemes (Proposition A.12), or more generally quasi-affine schemes (Proposition
A.17). It turns out to be most natural to place the hypothesis on the relative diagonal
of the groupoid (s,t): R — U x U. The reason is that given another groupoid scheme
R’ = U’ with a morphism to R = U that is supposed to be an equivalence of groupoids,
the relative diagonal R" — U’ x U’ will be a pullback of R — U x U (see Condition
1.3(i)). To put this in a concrete setting, the CFG X (where X is a scheme) will be
represented by the groupoid U xx U = U for any covering U — X. The properties
(separated, affine, etc.) of an individual projection map U x x U — U depend heavily
on the choice of U. Whereas, the relative diagonal U x x U — U x U is gotten by base
change from the absolute diagonal X — X x X, and hence inherits any property that
is preserved by base change (e.g., it is always separated and is proper precisely when
X is separated, regardless of the choice of U). For this reason, we focus on properties
of the relative diagonal.

PROPOSITION 4.11. Let R = U be a groupoid scheme. Assume that the relative
diagonal (s,t): R — U X U is quasi-affine. Then [R = U] is a stack (for the étale
topology on the base category of schemes).

In this situation we will call [R =2 U] the stack of (R = U)-torsors. To maintain
the analogy with ordinary torsors, we will denote a typical object of [R = U] by E — T
(of course an object will be understood to include a choice of product E x¢ E and a
square morphism of groupoids from F x7 F = E to R = U).

PROOF. Let E — T be an object of [R = UJ]. Then, we claim, F is quasi-affine
over T' x U. To address this claim, let us denote by g the morphism £ — T and by
(7,T) the morphism from E xr E = E to R = U. The morphism (g,7): E — T x U,
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it is claimed, is quasi-affine. Let f: S — T be a covering map, h: D — S an object of
[R = U] over S, and suppose a morphism ¢ in [R = U] from this object to the object
E — T is given. Then there is a diagram

D21y

o

S——=T
f
in which the square is cartesian. As a consequence, we have a cartesian diagram

©p

D E

(h,yowp) l l (9,7)
sxuvllrau

The bottom map is a covering map. Hence (g, ) is quasi-affine if and only if (h,y o ¢)
is quasi-affine. So, to establish this claim, we are reduced to the case of a trivial object.
By the definition of triviality, there is a cartesian diagram

E R

(9:7) l l(&t)

TxU—UxU

By hypothesis, (s,t) is quasi-affine, hence so is (g, ), and the claim is established.
Now the proof of the proposition uses effective descent for schemes quasi-affine over
a given scheme (Proposition A.17). Consider an étale cover 7" — T', an object E' — T"
of [R =2 U], and gluing data on 7" := T" x 1" that satisfies the cocycle condition. Then
E" — T" x U is quasi-affine, and we have a descent datum which, by effective descent,
produces a scheme E quasi-affine over T' x U, together with a compatible isomorphism
T xp B~ E. We focus on E — T. We have also ' — U, and by invoking descent for
morphisms to a given target (Proposition A.13), we recover a morphism E X7 F — R
whose composite with ' X E' — E X7 E is the given morphism E' X7 E' — R. Now it
must be checked that the morphism from E X+ EF = E to R = U is a square morphism
of groupoid schemes. To be a morphism of groupoid schemes involves checking some
identities of morphisms. Again we know this after replacing each source by a covering,
so we have the desired identities by invoking now the uniqueness portion of Proposition
A.13. To be a square morphism of groupoid schemes, now, is that a certain morphism
to a fiber product is an isomorphism, when we know this holds after étale base change.
We need a result that says a morphism, which after étale base change becomes an
isomorphism, must itself be an isomorphism. This is so by [EGA IV.2.7.1] (which tells
us that this is true for base change by a faithfully flat quasi-compact morphism, and
using that an étale morphism is open we easily deduce that it is true for base change
by an étale morphism). O
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The hypothesis (s,t) quasi-affine is satisfied in many common situations. We list
a few of these. First, whenever s and t are étale, and (s,t) is quasi-compact and
separated, then it is quasi-affine; this is because any quasi-finite separated morphism
is quasi-affine [EGA 1V.18.12.12]. If s and ¢ are themselves quasi-affine, then (s,?)
will be quasi-affine provided R is quasi-separated, because it can be factored through
R x R. For instance, the groupoid scheme X x G = X arising from a group action
has this property whenever G is a group scheme, quasi-affine over A, and X is quasi-
separated over A. (Any locally Noetherian scheme is quasi-separated over an arbitrary
base scheme, so this applies to most group actions met in practice.)

4. Stackification via torsors

Let R = U be a groupoid scheme. There is a natural morphism of CFGs (defined
up to canonical 2-isomorphism) from [R = UJP™ to [R =2 U]. To an object g: T'— U
in [R =2 U|P™ there is an associated trivial (R = U)-torsor:

T oxsRyxs R22- R

To a morphism v: 7" — R in [R = UJP*®, over f: T" — T, between objects ¢': T" — U
and g: T — U (we recall, this means soy = ¢’ and toy = go f), there is the following
morphism in [R = U]:

(2) (fopri,m((ioy) x 1r)): T' Xus B =T Xy, R.

In the case [G = A], this associates to an object T' (i.e., T — A) the trivial G-torsor
T x G — T. A morphism v: T — G over 17 is sent to the G-equivariant isomorphism
TxG—TxG, (x,9) — (x,7(x)"1g). (Compare with Example 3.9.)

DEFINITION 4.12. Let Xy be a CFG/S. Then a stackification of X is a stack X
together with a morphism of CFGs b: Xy — X such that for any stack %) the functor

HOM(%,9)) — HOM(%,,9)

induced by composition with b is an equivalence of categories.

We wish to assert that the stack [R =2 U] is a stackification of [R =% U]P**. This
means, in particular, that any given morphism fy: [R = UP* — 2 should, up to 2-
isomorphism, be the composition of a morphism f: [R = U] — ) with the morphism
b: [R = UJP*™ — [R = U] defined in (1) and (2). We can give an informal description
of such a morphism f. Let £ — T be an (R = U)-torsor. By local triviality, there
exists a covering map 7" — T and a an isomorphism between a trivial torsor on 1"
and the pullback 77 x7 E. The trivial torsor comes from a morphism 77 — U, i.e., is
b(t") for some object t' of [R = UJP* over T". Set y' = fo(t'). On T" :=T' X7 T" we
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have isomorphisms of the pullback of b(t'), by either projection map, with 7" xr E.
Composing these, we get an isomorphism b(pit’) — b(p5t’). A crucial fact below is
that b is, as a functor, fully faithful. So this isomorphism comes from an isomorphism
p: pit’ — pit’, which must satisfy the cocycle condition since the cocycle condition
holds after applying b. Hence 3" and fy(¢) constitute a descent datum in Y. Since ) is
a stack, this descent datum is effective, meaning 1’ is identified with a pullback of some
object y in Yr. There is a functor f, sending £ — T to y (it is of course also necessary
to specify how f acts on morphisms), and this is the desired morphism of stacks.

Turning this rough description into an assertion with proof is the next task. We
start with a preliminary result. It will be convenient to use the restatement of the stack
axioms of Remark 4.4.

PROPOSITION 4.13. Let Xy be a CFG, let X be a stack, and let b: Xy — X be a
morphism of CFGs which, as a functor, is full and faithful. If, for every object T in S
and every object x of X over T there exists a covering family {T, — T} and for every
a an object t, in Xy and a morphism b(t,) — x over T, — T, then X is a stackification

of X¢ (by the morphism b).

ProoF. To show that HOM(X,9)) — HOM(X,,9)) is essentially surjective, we
suppose that fo: Xo — ) is given. Let x be as in the statement of the proposition. So
there is a covering family {7, — T'}, with morphisms b(t,) — x. Set Tos = To X7 Tj
and T3, = T, X7 Tg X7 T,. Choose t,3 — t, over Tog — T,. By the CFG axioms
there is a unique morphism b(t,3) — b(tz) over T,,3 — T3 whose composite with the
morphism to z is equal to the composite b(t,s) — b(t,) — =z, and since b is fully
faithful this is the image under b of a morphism t,3 — t3. Now let .3, — tos be
any morphism over 1,3, — T, and let t,3, — t3, be the unique morphism over
Twsy — 1, making a commutative diagram with ¢g. The unique morphism t,3, — ta,
over 1,3, — T,, making a commutative diagram with ¢, transforms via b to the
unique morphism b(tn3,) — b(ta,) Whose composite with the morphism to x is equal
to b(tapy) — b(tap) — . This in turn is equal to the composite b(tng,) — b(tg,) — =,
equal to the image under b of the unique morphism t,3, — t,, making a commutative
diagram with ¢,. So we have a commutative diagram

taﬁv

N

Loy Loy

tag
X A
ta tﬁ tW

If we apply fo we get a similar commutative diagram in ). Since ¥) is a stack, it
follows from Axiom 2 (restated, as in Remark 4.4) that there is an object y, together
with morphisms fy(t,) — y, making commutative diagrams with the fo(¢,3). We define
flz) =y.

It remains to specify how morphisms transform under f, and to supply a natural
isomorphism fob = f;. Let S — T be a morphism, x an object of X over T', and u
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an object of X over S. Suppose f(z) =y, with {T,, — T}, ta, tag — ta, tag — tg, and
fo(ta) — y are as above. Suppose f(u) = v, with {S, — S}, s, 16 = Sy, Sy6 — o,
and fy(s,) — v, analogously. Now consider a morphism v — z over S — T. We define
f(u — ) to be the morphism v — y characterized as follows. For each o and y let Sy
be a collection of objects over S., x T, (with € in an indexing set that depends on « and
7) such that for each fixed ~y the collection {S,,. — S} is a covering family. An example
of such a family is {5, x7 T, — S, }. For each «, 7, and ¢, let 54, — s, be a morphism
over Sy — S, Now there is a unique morphism b(sqaye) — b(t) over Sy — T, whose
composite with b(t,) — x is equal to the composite b(sqy:) — b(s,) — u — z. As b is
fully faithful this is b applied to a unique morphism s, — t,. We may apply fo and
compose with the morphism fy(¢,) — v to get a morphism

fO(Sa'ys) — Y.

This, we claim, gives rise to a unique morphism v — y by Axiom 1, restated as in
Remark 4.4; this we take to be f(u — x).

To verify this we consider Soqegsy := Sare X5S8sy, With Sayegsn — Saye lying over the
first projection map and as usual a unique morphism s,cg5, — Sgs; Whose image under
b makes a commutative diagram with v. This last morphism can be obtained by starting
with the unique morphism sqyeg5y — 546 OVer Sayepsy — S46 making a commutative
diagram with s,, and then selecting the unique morphism over Sq.c55; — Saye making
the diagram below with s; commute

S8 < — — SaveBon Sy =<—— SaveBon
|
%

Sy =<——— Saye 8§ <——— Spon

Then a diagram chase shows that after applying fy it gives a commutative diagram
with v. To be able to apply Axiom 1 to get a morphism v — y, we must verify that
the two morphisms fo(sayegsy) — ¥ in the following diagram, going via fy(sqae) and via
fo(spsy), are equal:

fO(Sa'ysﬁé )
/ ¢ RN
fO(Savé) f0(3ﬁ5n) fo(tas)
~
~ o<
fo(ta) fo(ts)
y /
There is a unique morphism b(Saqegs,) — b(toz) Whose composite with the morphism to
x is equal to the composite b(sayegsy) — b(Sy5) — u — 2. This morphism is b applied
to some morphism S, eg5n — tag. If we can show that the composite with the map
to to is equal to Sayegsy — Saye — la, and analogously for the maps to t, then the

dotted arrow above will make both of the upper squares in the diagram commute and
the required equality of morphisms will follow. By faithfulness it suffices to verify these
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assertions after applying b. For the first assertion, both composites, further composed
with b(t,) — z, are equal to the composite b(sayegs;) — b(sy) — u — =, and hence
they are equal. Similarly, both composites to b(¢g) are equal.

We claim that the morphism v — y thus produced is independent of the choice
of covering families {S,,. — S,}. For this, it suffices to check that the morphism
produced is unchanged by refinement (i.e., replacing Spve — Sy by Sayer — Saye — S5,
where {Syyex — Saqe} 1s a covering family) and also unchanged by a change of maps
to the Ty, i.e., re-indexing Su. as Sapyn and replacing Sypyn — 7T, with some other
map Sagyy — Tjp. We leave the case of refinements as an exercise: the first step is
that, if we choose Spyex — Saye OVEr Saqen — Saqe, then the morphism b(sayen) — b(t4)
that is stipulated above is the composite b(Sayen) — b(Sare) — b(to). Let us treat
changes of maps to the T,. The maps Suosyn — T, and Sypyn — T determine a
map Sagyn — Lap. There is a unique morphism b(sagyn) — b(tag) whose composite
with the map to z is equal to the composite b(sagyn) — b(sy) — w — z. Therefore
the composite morphism b(sagyn) — b(tag) — b(ta) is the morphism stipulated in
the construction. Analogously, the composite morphism to b(t3) is as stipulated in
the construction applied to S,s,n — T3. The maps fo(sagyn) — fo(ta) — y and
fo(Sapyn) — fo(tg) — y are then equal, since they both factor through fo(t.zs).

We have, indeed, produced a functor f. Indeed, if w — wu is a morphism in X,
over R — S, with image z — v in %), then the composite 2 — v — y is seen to
satisfy the criteria characterizing the image under f of the composite w — u — z. For,
if {Rx — R} is a covering family, with R,r, — R. xs S,, then we take R,,.r, over
Rz X5, Syae such that for every fixed 7, 7, and ¢, { Raoqer, — Ryr, } is a covering family.
We use the characterization of f(w — x) coming from the R, .r,. Let us suppose
f(w — w) is constructed using 7, — 7 and ry., — s,. Now choose Toyer, — Tym
over Ryyer, — Ryr,, and let royer, — Sqqe be the unique morphism over Royer, — Saqe
whose composite with s,,. — s, is equal to the composite 7oren, — Tym — 54. We have

Taryem
= ~
Ty Sarye

Ve \8/ G
v

Tr to

which, upon applying b, commutes with w — u — x, and upon applying f,, commutes
with 2 — v — g, so the latter is equal to f(w — z). It follows immediately from
the construction that f(1,) = 1,. When = = b(t) we have fo(b(t)) in g, with maps
fo(ta) — fo(b(t)) such that both composites fo(tag) — fo(b(t)) are equal. Hence there
is a unique isomorphism fo(b(t)) — y compatible with the morphisms from the fy(t,).
If w = b(s) and we have a morphism v — x equal to b applied to some s — t, then
the composite v = fo(b(s)) — fo(b(t)) = y satisfies the criterion which characterizes
f(u — z). Hence we have a natural isomorphism fyob = f.

We now show that the functor between HOM categories is fully faithful. Let f
and g be morphisms X — %), and let fo = foband gy = gob. Given a natural
isomorphism fy = g9 we need to show it is produced by a unique natural isomorphism
f = g. Let b(t,) — x be as in the hypothesis. If we set y = f(z) and z = g(z)
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then the given natural isomorphism yields morphisms fo(tn) — go(ta) — 2. With
tap — to and t,3 — tg such that the composite morphisms to z are equal, we have
the composite fo(tas) — fo(ta) — 2 equal to fo(tas) — go(tas) — 2, which is equal to
fo(tas) — fo(ts) — z. So, by Axiom 1, restated as in Remark 4.4, there is a uniquely
determined isomorphism y — z. Naturality is the condition that v — y — z is equal
to v — w — z, where 4 — x is a morphism over some S — T, and v = f(u) and
w = g(u). We introduce S, and s, as above; notice that the image v — y of v — z
under f has the property that the composite fo(Saye) — fo(sy) — v — y is equal to
the composite fo(Saye) — fo(ta) — y, and that a similar assertion holds with gy in
place of fy and w — z in place of v — y. To verify naturality, it suffices by Axiom 1
to verify that the composite fo(Saqye) — fo(sy) — v — y — z is equal to the composite
fo(Sare) = fo(sy) — v — w — z, for every a, v, and € This is now a routine diagram
chase, using the naturality of fy = ¢go and the fact that the morphism y — z, resp.
v — w, is characterized by its fitting in a commutative diagram with fo(t,) — go(ta),
resp. with fo(s,) — go(s4). O

EXERCISE 4.4. Supply the details to the argument that the morphism v — y (image
of u — x under f) is unchanged by refinement.

PROPOSITION 4.14. Let R = U be a groupoid scheme with quasi-affine relative
diagonal (s,t): R — U x U. Then the morphism b: [R = U’ — [R = U] defined in
(1) and (2) is a stackification.

PROOF. We use Proposition 4.13. By the definition of [R = U], every object is
locally isomorphic to an object in the image of b. So, it remains only to show that b is
fully faithful. Morphisms in [R = UJP* from ¢: T" - U to g: T — U over f: T' — T
are morphisms v: 7" — R satisfying soy = ¢ and toy = go f. In [R = U], the
morphisms over f from b(¢') to b(g) are morphisms of the form

(fopr,8): T"xy R—T xy R

where ¢ is required to satisfy sod = go fopr; (obvious condition to have target T xy R),
tod = topr, (condition (i) to be a morphism), and m(d x 1g) = §o (1 x m) (condition
(ii) to be a morphism). The functor b sends v to (f opr;,m((iov) x 1g)). We define a
map the other way sending (f opr;,d) toiodo (1, e0g’). Composing the two maps in
one order we have v mapping to iom(io~y, eog’), which is equal to . In the other order,
(f opry,d) is sent to the map 7" Xy R — T Xy R which, on the first factor is f o pr;
and on the second factor is m((d o (17v,e04g’)) X 1g) = d o (pry,m((eo g’) x 1g)) = 0.
Hence b is fully faithful. (l

PROPOSITION 4.15. Let Xy be a CFG/S. Let X and X' be stackifications of X, by
b: Xg — X and b': X9 — X'. Then there exists an isomorphism f: X — X' and a
2-isomorphism fob = V. If g: X — X' is another isomorphism, with gob = ¥V,
then there exists a unique 2-isomorphism f = g such that the composite 2-isomorphism
fob= gob= ¢ is equal to the given 2-isomorphism fob =1V

PrOOF. Taking 2) to be X’ in Definition 4.12, we have an equivalence of categories
HOM(X, X') — HOM(Xy, X’) induced by composition with b. In particular, there exists
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a morphism f: X — X’ and a 2-isomorphism fob = b'. Similarly, there is a morphism
f'+ X' — X and a 2-isomorphism f' o b’ = b. Taking ) to be X in Definition 4.12,
now, means that HOM(X,X) — HOM(X,, X) is an equivalence of categories. The
objects f' o f and 1z of HOM(X, X) map to isomorphic objects of HOM(X,, X), since
f" o f obis 2-isomorphic to f' o/, which in turn is 2-isomorphic to b. So there exists
a 2-isomorphism f’ o f = 1. Similarly, there exists a 2-isomorphism f o f" = 1.
This implies that f is an isomorphism (see the remark at the end of Section 2.3). If
g: X — X' is another morphism, with an 2-isomorphism gob = ¥, then composing the
2-isomorphisms we have f ob = g o b, and this composite 2-isomorphism must, by full
faithfulness of composition with b, come from a unique 2-isomorphism f = g. U

COROLLARY 4.16. Let b: X9 — X be a stackification. Let fy: Xo — Q) be a mor-
phism to a stack?)), and let f: X — P be a morphism, such that f o b is 2-isomorphic
to fo. If fo is fully faithful (as a functor) and satisfies the property that every object x
of Y over T in S admits morphisms fo(to) — x over T, — T in Q) for some covering
family {T,, — T}, then f is an isomorphism.

REMARK 4.17. Stackification is a sort of analogue of sheafification. Sheafification
transforms a presheaf into a sheaf, which is characterized by a universal property up
to canonical isomorphism. The universal property of Definition 4.12 characterizes the
stackification — not up to an isomorphism of categories (this would be to strong) —
rather up to an isomorphism of CFGs which is unique up to a canonical 2-isomorphism.
That is the content of Proposition 4.15.

An important application of the stackification property is a sort of functoriality,
namely that a morphism of groupoid schemes from R' = U’ to R = U determines
a morphism of stacks of torsors [R' = U’| — [R = U] (at least, up to canonical 2-
isomorphism). In the previous chapter, we saw how to obtain a morphism of prestacks
[R' = U']P*® — [R = UJP™ (in fact, Example 3.14 tells us precisely that the morphisms
of prestacks correspond to morphisms of groupoid schemes, and that 2-morphisms be-
tween these morphisms correspond to maps U’ — R). To get a morphism of stacks,
however, requires additional discussion.

Let (¢, ®) be a morphism of groupoid schemes from R’ = U’ to R = U. We first
remark that we do not directly get a morphism of stacks of torsors, in general. Indeed,
for a groupoid of the form G = A the associated stack is equivalent to BG; morphisms
of such groupoids are group homomorphisms, and we have seen that the passage from
a group homomorphism to a morphism of stacks requires a descent-based construction
(Example 2.9(2) and Remark 2.17). This is also why the best we can do is to get a
morphism of stacks that is defined up to canonical 2-isomorphism.

The construction of the morphism of stacks corresponding to a morphism of
groupoid schemes appears in the proof of the next proposition. Here is an informal
summary. A trivial (R' = U’)-groupoid over T' (corresponding to some 7' — U) is
sent to a trivial (R =% U)-groupoid: we compose with the given U’ — U and then
form the associated trivial torsor as displayed in (1). A general (R = U’)-torsor is
locally trivial; we can choose a trivalizing (étale) cover 77 — T and associate a descent
datum (the trivial torsor corresponding to 77 — U’ with a gluing map given by some
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T xpT' — R'). Applying the given maps ® and ¢ we obtain similar data with respect
to R and U. This corresponds to descent data for an (R = U)-torsor. By effective
descent for (R = U)-torsors we obtain an (R = U)-torsor (defined up to canonical
isomorphism) over 7. (It is a good exercise to correlate this informal description with
the formal proof of the proposition, which is phrased using the language of stacks and
stackification.)

PROPOSITION 4.18. Let (¢, ®) be a morphism of groupoid schemes from R = U’
to R = U. Assume that both the source and target groupoid schemes have the property
that the relative diagonals are quasi-affine. Then there is an induced morphism of stacks

[R'=U]—[R=3U]
defined up to canonical 2-isomorphism.

ProoF. Composing the corresponding morphism of prestacks [R' = U']P** — [R =
UlPre with the stackification morphism of R = U, we have a morphism

(3) [Rr = U - [R= U

By the universal property of the stackification of R' = U’, there is a morphism [R' =
U'] — [R = U] whose composite with the stackification [R' = U']P"™ — [R' = U'] is
2-isomorphic to the morphism (3). The resulting morphism is unique up to canonical
2-isomorphism. l

We conclude this section with a pair of results that complete the dictionary between
stacks as categories and their groupoid presentations. If we start with a stack X and
obtain from it, by Proposition 3.5, a groupoid scheme R = U, then we have the
following criterion to have X = [R = U].

PROPOSITION 4.19. Let X be a stack, U a scheme, and u an object of Xy, and
Symy(u,u) = R an isomorphism, for some scheme R. Let R = U be the associated
symmetry groupoid, and assume that its relative diagonal R — U x U 1is quasi-affine. If,
for every object t of X (over a scheme T') there exists a covering family {p;: T; — T},
such that pit admits a morphism in X to u, for every i, then we have X = [R =2 U].

PROOF. There is an evident morphism
Fy: [R = U — X,

that we obtain as follows. We have U — X, corresponding to the object u of X and
associating, to any scheme S with morphism to g: S — U, a chosen pullback g*u of
u. Let S’ be another scheme, with f: S — S and ¢': S — U. There is a pullback
morphism (g o f)*u — g*u (the unique morphism, over f, whose composite with the
chosen g*u — wu is the chosen (go f)*u — u). If y: S — R is a morphism in [R = U]P™®
over f (from the object ¢’ to the object g), then we apply the given isomorphism

(4) R—-UxxU

and obtain the pair of objects (of U) so~y (which is ¢') and t o~y (which is go f) and an
isomorphism ¢™*u — (g o f)*u in X (over 1g/). We declare Fy(7y) to be the composite

g u—(go f)u— g'u
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with the pullback morphism.

In fact, composing with the pullback morphism gives a bijection between morphisms
in X over f from ¢”u to g*u and morphisms in Xg from ¢”u to (g o f)*u. Since (4)
is an isomorphism of CFGs, these correspond bijectively with morphisms of schemes
S" — R whose composite with s is ¢’ and whose composite with ¢ is g o f. These are
precisely the morphisms in [R = U]P™, and hence Fj is fully faithful, as a functor.

The remaining hypothesis guarantees that Fj satisfies the conditions of Corollary
4.16. Hence if F: [R = U] — X denotes an associated morphism of stacks (by the
stackification property), then it follows that F' is an isomorphism. O

ProPOSITION 4.20. Let R = U be a groupoid scheme with quasi-affine relative
diagonal, and let X := [R = U] be the associated stack of torsors. Denote by u the
object of [R = U] over U given by the (R = U)-groupoid s: R — U of Example 4.7.
(This is the trivial (R = U)-groupoid associated with the identity morphism 1y.) Then
we have an isomorphism Symy(u,u) = R, and the groupoid scheme that we recover
from this isomorphism by Prop 3.5 is precisely the given groupoid R = U.

PROOF. Notice that the morphism U — [R = U] that is associated with u factors
through [R =2 UJP™. Since the stackification morphism [R = U — [R =% U] is
a fully faithful functor, it follows that the category Symy(u,u) is identified (by an
isomorphism of categories) with the fiber product

U x [R=2U|Pre U.

Now an object of this fiber product (over a scheme T) consists of a pair of morphisms
h, h': T — U and a morphism r: T — R whose composite with s is h and whose
composite with ¢ is A’. The morphisms A and h’' are completely determined by r, so
we see that U X(rmpjere U = R. 1t is also clear from this description that groupoid we
obtain by applying Prop 3.5 has structure maps s, t: R — U.

It remains only to check that the other maps of the groupoid structure that we
obtain agree with the given ones. We do this for the multiplication map, leaving the
others for the reader to check. Consider morphisms h, b, h”": T — U andr,r": T — R,
satisfying

sor =h, tor=h =sor, tor' =n"
(an object of U X (rmyjpre U X(gmppere U = R 4 X R). The multiplication map arising
from Proposition 3.5 produces the composite (in [R = UJP*®) of r and . Looking at
the description in Definition 3.11, the composite is the map m(r,7’): T"— R. So the
pair of composable arrows r and 7’ are sent to m(r,7’), hence the multiplication map
of the resulting groupoid structure is m: R ;x, R — R. U

5. Stack realizations of groupoid constructions

We saw some examples of concrete constructions that can be made with algebraic
groupoids in Section 3.3. Now we can show that each construction has a consequence
for the associated stacks of torsors.

All groupoid schemes in this section are assumed to have quasi-affine relative diag-
onal.
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EXAMPLE 4.21. Given groupoid schemes R = U, R’ = U’, and R" = U”, and
morphisms of groupoid schemes (R’ = U') - (R = U) and (R" = U") - (R = U),
then we have

[R/ = U’] X[R:;U] [R” = U”] = [R/ XU R XU R = U XU R XU U”].

Indeed, we have a morphism from the fiber product of the associated prestacks to
(R = U'] Xg=p) [R" = U”] (by the universal property of the fiber product). This is
readily seen to be fully faithful. Moreover any object of [R' = U'| Xp=y) [R" = U”]
becomes, after étale pullback, isomorphic to an object in the image of this morphism.
So the criterion of Proposition 4.13 is satisfied. Combining the isomorphism of Example
3.13 with Proposition 4.15, we get the desired isomorphism of stacks.

EXAMPLE 4.22. Given groupoid schemes R = U’ and R = U, we try to describe the
category HOM([R' = U’],[R == U]). We know that a morphism of groupoid schemes
determines (up to canonical 2-isomorphism) a morphism [R' = U’] — [R = U]. Notice
that there can be morphisms between the stacks, not corresponding directly to any
morphism of groupoid scheme. Suppose, however, that (¢, ) and (o, ®) are morphisms
of groupoid schemes, with respective corresponding morphisms

£ [ [R=U]—[R=1U

Then the 2-isomorphisms f = f will be in canonical bijection with the morphisms of
schemes ~v: U’ — R satisfying so~y = ¢, t oy = ¢, and m(yos, ®)=m(P,yot).

To justify this, we notice that composition with the stackification morphism of
[R = UJP*® is a fully faithful functor

HOM([R' = U']P*, [R = UJP™®) — HOM([R' = U™, [R = U]).

The category on the right is equivalent to the category HOM([R' = U'],[R = U]) by
the stackification property. So there is a fully faithful functor

HOM([R' = U™, [R = U]"™*) — HOM([R' = U'],[R = U]).

That means that we can appeal to Example 3.14, where the morphisms in the HOM-
category of prestacks are described in terms of morphisms of schemes U’ — R.

REMARK 4.23. For the sake of simplicity, the discussions of groupoids have focused
only on groupoid schemes and morphisms of groupoid schemes. However, groupoid
schemes are part of a richer structure, namely a 2-category, where the 2-morphisms
from (¢, ) to (é, ®) are precisely the morphisms of schemes v: U’ — R satisfying
sony = ¢, ty = ¢, and m(yo s, Ci) = m(®P,yot). We do not need this extra level of
formalism (which involves composition operations involving 2-morphisms, and a host
of axioms); the interested reader can find a discussion of 2-categories in Appendix B,
where the 2-category of groupoid schemes (more generally, S-groupoids for general S)
is introduced in Exercise B.25. Comparing with Example 3.14, in fact, the 2-category of
groupoid schemes is faithfully represented by the CFGs [R = UJP™. (CFGs, with their
morphisms and 2-morphisms, also form a 2-category, and the 2-category of S-groupoids
is 2-equivalent to a full sub-2-category of CFGs/S.)
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EXAMPLE 4.24. Let a groupoid scheme R = U be given. If R’ = U’ is a groupoid
scheme with morphism of groupoid schemes (¢, ®) to R = U satisfying Condition
1.3(i)—(ii) (this means R’ is isomorphic to R Xy (U’ x U') and U’ xy R — U admits
sections étale locally) then we claim that the corresponding

[ [RR=U]—[R=U]

is an isomorphism. If we follow the steps of the previous example, we see that we take
fo to be the composite [R' = U']P* — [R = U”*™ — [R = U] and then f arises from f
by the stackification property for [R' = U’]. As a functor, fj is fully faithful, since it is a
composite of fully faithful functors. If we can show that every (R = U)-torsor becomes,
after pullback to an étale cover, isomorphic to something in the image of fy, then it
will follow by Corollary 4.16 that f is an isomorphism. An (R = U)-torsor is locally
trivial, hence locally isomorphic to the image of an object of [R = UJP*. This in turn
is locally isomorphic to the image of an object of [R' = U’[P*. For this last step, start
with 7' — U. By Condition 1.3(ii), we have a covering map 17" :=U’' xy R xy T — T.
There are morphisms 5, t: 7" — U corresponding to the maps s, t respectively from the
middle factor R. They are isomorphic objects of [R =% U]P* over T". The latter is the
pullback of the given object over T, while the former is in the image of the morphism
[R/ = U/]pre N [R = U]pre.

In particular, for X a scheme we have [X =% X] = X (easy), so if U — X is a
covering map and R =U xx U then [R =2 U] =2 X

REMARK 4.25. It is possible to take a different point of view on the stackification
of [R = UJP*. As we observed, a typical descent datum would give rise to morphism of
groupoid schemes from a banal groupoid 7”7 = 7" to R = U. So we can consider the
category where an object over T' is a banal groupoid over an arbitrary covering map
f: T — T, together with a morphism of groupoid schemes from 7" = T" to R = U.
Thinking of T" as represented by the groupoid scheme T = T, and using the notion
of equivalence of groupoid schemes of Condition 1.3(i)—(ii), we could declare that a
morphism of groupoid schemes, in a new and fancier sense, from ' = U’ to R = U
will consist of a pair of (traditional) morphisms of groupoid schemes

R ~—R'—R

ol

U'~—U"—=U

in which the left-hand morphism is an equivalence of groupoids. To make this work,
we really must be working in the 2-category of groupoid schemes. Further, we would
require a technique called localization in a 2-category. The resulting structure will be
one in which the category of morphisms from 7' = T to R = U is equivalent to the
fiber [R = Ulr of our category of (R = U)-torsors. This is a way to give sense to
the claim that one finds, e.g. in [89], that [R = U]y will be a sort of direct limit over
covering maps T’ — T of the category of morphisms of groupoid schemes from 7" = T”
to R = U. More generally, the category of morphisms from R’ = U’ to R = U, after
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localization, will be equivalent to our category HOM([R' = U’],[R = U]). (All these
statements are subject to some additional hypothesis on the groupoid schemes, which
amounts to saying that they are the groupoid schemes of algebraic stacks.)

Answers to Exercises

4.1. The CFG in (a) is a stack; we can apply descent for projective morphisms
taking as relatively ample invertible sheaf the relative anticanonical sheaf a smooth
family of genus 0 curves. Any finite morphism is affine, so (b) is a stack. In (c)
the prestack axiom would say that two families of elliptic curves which are locally
isomorphic must be isomorphic; the existence of isotrivial families of elliptic curves
means that this CFG is not even a prestack. The CFG in (d) is a prestack by the usual
argument, descent for morphisms to a target scheme, but it is not a stack: a conic over
a non-algebraically closed field (of characteristic # 2) with no rational points is not the
projectivization of a vector bundle, but it becomes isomorphic to P! after a quadratic
field extension.

4.2. We refer to the diagrams of Axiom (2) for groupoid scheme, which are cartesian
by Exercise 3.1(d). According to the left-hand diagram, R ;xR is identified, by (pr,, m),
with the fiber product of s: R — U with itself. Hence pry, m: R ;x; R = R is a banal
groupoid for s. The multiplication map m’: (R ;X4 R) y Xpr, (R ¢xs R) = R ¢ x, R of
the algebraic groupoid structure is the unique map satisfying pr, o m’ = pr, o pr; and
mom’ = mopry, and this must send ((«, 3), (m(a, 8),7)) to (o, m(B3,7)). To see that
(t, pry) is a morphism of groupoid schemes, we must check the compatibility conditions,
e.g., m(pry X pry) = pryom’ since both composites send ((«, ), (m(a, 3),7)) to m(3, 7).
Finally, this is a square morphism: the relevant cartesian diagrams are the obvious one
with R ;xR as the fiber product of ¢ and s, and the right-hand diagram of Axiom (2).

4.3. Since go ¢ o s = g o ¢t, there is a unique ®: R — X" such that po & =
¢posand go P = ¢ ot. The remaining identities required of a morphism of groupoid
schemes are identities of morphisms to X”, and it suffices to verify such an identity
after composing with p and with ¢. For instance, we require m’ o (& x ®) = ® om,
where m’ denotes the multiplication map of the groupoid scheme X” = X’ and this
holds since pom/ o (& x &) = podopr; =posopr;, =posom=poPom, and
similarly gom’ o (® x &) =qgo dom.

4.4. Let 544cx — Saye be a morphism over Spyen — Saqe, S0 that the composite
Sayed — Saye — Sy lies over Sgen — Sy, Let sq,. — t, be the morphism that is
stipulated in the proof of the proposition, i.e., such that b(sn.) — b(t,) — = is equal
to the composite b(sqye) — b(sy) — u — x. Now the composite b(Sayer) — b(Sare) —
b(ta) — x is equal to the composite b(sqyer) — b(Sare) — b(sy) — u — z. So, in the
construction applied to the refined cover, we must take as morphism over S,y — T the
composite Sqyex — Save — to. The proposition produces v — y such that the composite
fo(Sare) — fo(sy) — v — y is equal to fo(Sare) — fo(ta) — y. So the composite
fO(Sowa)\) - fO(Sa'ye) - fO(S'y) — v =Y is equa’l to fO(Sa'ye)\) - fO(Sawa) - fO(ta) - Y,
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and thus the same morphism v — y is the unique morphism dictated by Axiom 1 for
the refined cover.



