Math 2300: Calculus Spring 2019

Lecture 7:

Lecturer: Sarah Arpin Scribes:

7.1 Trigonometric Substitutions

In this section, we consider cases where it is useful to substitute in a trig expression for the variable in an
integral. We will use triangles and the Pythagorean theorem to do this. *These are hard. There are not
enough practice problems in your WebAssign and Homework. Seek other practice - I will link to some on
my website.*

7.1.1 How to substitute in Va? + 22

Integrate:

1
—dx.
/\/1—1—332 *

Draw a triangle with v/a2 + x2 as the hypoteneuse. In the case we are working on, a = 1:

v1+

Now, we see that cos(f) = ﬁ, and tan(f) = x.

Notices that this means dz = sec?(6)df. Using these substitutions in the integral:

1 2
/\/ﬁdx = /cos(@) sec”(0)dd

sec(0)do

/

_ sec sec(f) + tan
[ reclleee) +tani0)
/

(sec(f) + tan(6))

sec?(6) + sec(#) tan(8)
sec(0) + tan(0))

Let u = sec(f) + tan(f); du = (sec(f) tan() + sec?(0))do

de

= | —du

u
= In|sec(0) + tan(0)|+C
zln‘ 1+x2+x‘—|—0
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7.1.2 How to substitute in va? — 22

/Mdm.

Draw the triangle with ¢ = 2 as the hypoteneuse, as we always ened 4 to be bigger than z2 for the square
root to be valid:

Va4 — 22

Notice 2 cos(f) = v4 — z2.

We also have 2sin(0) = x, so dz = 2 cos(f)df. Plugging this into the integral:

/ VA= 22dx = / 2 cos(6)2 cos(6)do
—4 / cos?(60)do
Since cos?(0) — %(1 + cos(20)) :
_ 2/(1 1 cos(20))d

1
— 20 1 sin(26) + C
= 20 + 2sin(f) cos(0) + C

V4 — 22

=2sin"!(z) +2- +C

= 2sin"*(z) +
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7.1.3 How to substitute in 22 — a?

1
/ (12 —1)3/2 dz

First, draw a triangle. This time x is the hypotenuse:

Notice, tan(f) = \/;771 and csc(f) = .

This means dz = — csc(6) cot(6)d0.
Substituting in:

/ ﬁdm - / tan®(9)(— esc(6) cot (6))do
_ sin?(f) 1
a /6052(9) sin(6) 40
_ [ i)
B /cosz(H)de

Let u = cos(0), du = —sin(0)d0 :

= /u_2du

=—ul+C
-1
~ cos(f) +C
= —sec(f)+C
x

+C

V2 —1
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7.1.3.1 Extra Example:

Evaluate [ 7”;?16(1% Begin using a triangle:

16 +

Now plug into the integral:

/ m / 4 sec( 92) 4sec?(0)do

44 tan*(

_ 1 sec3(6)
~ 16/ tan*(6)
1 1 cos*(f)
~ 16 ) cos3(0) sin*(0)
_ 1 [ cos(d)
~ 16 ) sin(9)
Let u = sin(f), then du = cos(6):

1 —4
=1/ ¢ du

1u3
"53¢

-1 1
=—————+C

48 sin®(0)

—1 1
=——-+4C
48 z 5t
(=)

— (V1 2)3
_ (V16 + 22) Lo

4823
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