Taylmﬂ polynomials

The best constant approximation to a function f(x) near x = a is the constant function

The best linear approximation to f near x = a is the tangent line approximation

Ti(x) = f(a) + f'(a)(z — a)

which uses the value of f at a and the value of the first derivative of f at a.

The nth degree Taylor polynomial of f centered at x = a is the best nth degree polynomial
approximation to f near x = a
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assuming f is n times differentiable at = a. [The notation f (") means the nth derivative of
f, and f© means the zeroth derivative, i.e. the function itself.] The Taylor polynomial T}, is
determined by the numbers

f(a), f'(@), ..oy fT(a).

The Taylor polynomial T}, is the unique nth degree polynomial whose derivatives of order < n
at x = a agree with the derivatives of f at x = a:

Tu(a) = f(a), Th(a) = f'(a), T"(a) = f"(a),..., T{"(a) = f")(a).

By “best” approximation, we mean
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In fact we have
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for some z between x and a. [The first of these follows from integration by parts, and the
second is a version of the mean value theorem. Proofs can be found here!]

Find the fifth degree Taylor polynomials centered at a = 0 for the following functions. Try
to establish a pattern for the coefficients and express T),(z) in summation notation.

'Brook Taylor, (1685-1731)


http://stewartcalculus.com/data/CALCULUS%20Concepts%20and%20Contexts/upfiles/3c3-TaylorSeries_Stu.pdf
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f(x) = arctanx
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