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Notation
B" The n-ball {x € R"| ||x]| <1}
B" The open n-ball {x € R"| ||x|| < 1}
S The n-sphere {x € R"| [|x|| = 1}
I The unit interval [0, 1]
Lo, The set of integers modulo n

I

Isomorphic groups or homeomorphic spaces

1 Introduction

A fundamental problem in topology is to determine whether two topological spaces are
homeomorphic. To show that two spaces are homeomorphic, we need only demonstrate a
homeomorphism between them. To show that two spaces are not homeomorphic is generally
much harder or infeasible, as it requires verifying that no function between the two spaces is a
homeomorphism. Thus, we rely on topological invariants, which are properties preserved by
homeomorphisms. If two spaces are not homeomorphic, then they will differ in a topological
invariant [1].

In this paper, we are concerned with studying a particular set of topological invariants
called homology groups, which in some sense measure the number of holes in a given topo-
logical space. At a high level, we associate a topological space with a sequence of homology
groups, where the nth homology group H,, measures the number of (n+ 1)-dimensional holes
in that space.

As homology groups are algebraic objects, we will begin our study with an overview of
topics in algebra that we will need in order to have a rigorous understanding of the structure
of a homology group. We will then explore two methods for computing homology: simplicial
homology, which requires us to cover simplicial complexes and triangulations, and cellular
homology. After developing our understanding of the theory of homology, we will introduce a
class of topological spaces called Filenberg-MacLane spaces, and present the authors research
on these spaces.

We assume that the reader has a working familiarity with abstract algebra (including

both group and ring theory) and topology as covered at an undergraduate level.
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2 Algebra

As a homology group will be defined as a quotient group, we choose to include the general
construction of a quotient group for the reader to reference. We also choose to state the
First Isomorphism Theorem, as it is integral to interpreting the quotient groups that will
arise in our study of homology. Toward the end of the section, we introduce the idea of a
module and a free abelian group, which we do not anticipate the reader to be familiar with.
For fundamental topics in abstract algebra omitted here, we refer the reader to [6].

To define a quotient group, we first need to define what a coset is.

Definition 2.1. Let H be a subgroup of a group G. The left coset of H with represen-
tative g € G is the set gH = {gh|h € H}. Similarly, the right coset is Hg = {hg|h € H}

[6].
If G is abelian then gH = Hg for all g and H, and so we will denote the cosets of H as gH.

Definition 2.2. A subgroup H of a group G is a normal subgroup if gH = Hg for all
g € G 6]

Notice that we immediately get that every subgroup of an abelian group is normal. In our

study of homology we will exclusively work with abelian groups.

Definition 2.3. Given a normal subgroup N of a group G, the quotient group of G and
N is G/N = {gN | g € G} with the operation (aN)(bN) = abN [6].

Example 2.4. Consider the normal subgroup 2Z of the group Z. Then
2]27 = {0+ 2Z,1 + 27} = Zs.

We can see that these two groups are in fact isomorphic since ¢ : Z/27Z — Z, defined by

¢(a+ 27Z) = a is clearly a group isomorphism.

As stated earlier, the following theorem will be integral to systematically interpreting the

quotient structure of a homology group.

Theorem 2.5 (The First Isomorphism Theorem). If v : G — H is a group homomor-
phism, then ker v is a normal subgroup of G. Then G/kerv = im1) [6].

The First Isomorphism Theorem is also very powerful for representing strange or com-

plicated quotient structures more succinctly. We illustrate this with an example.
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Example 2.6. Consider the group Z x Z and subgroup 2Z x {0}. Since Z x Z is abelian,
27 x {0} is normal.

First we will interpret the quotient group of Z x Z and 27Z x {0} using only the def-
inition. The set of cosets of 2Z x {0} in Z x Z is {(a,b) +2Z x {0} | (a,b) € Z x Z}.
Since we add elements of a direct product componentwise, we may also write this set as
{{(a+2n,b)|n € Z} |a,b € Z}. However, as we have established, Z/27 = Z,, and so we
may write this set of cosets as {{(0 + 2n,b) |n € Z} |b € Z}U{{(1 +2n,b) |n € Z} |b € Z}.
We may again rewrite this as {(0+ 2Z) x {b} |b€ Z}U{(1 +2Z) x {b} |b € Z}. We claim

that this is isomorphic to Zy x Z. Consider the homomorphism

7 X7

L CXE gk
O omxqoy

defined by ¢ ((a + 2Z) x {b}) = (a,b). It follows that ¢ is an isomorphism, since Z/2Z = Z,

and the identity homomorphism is an isomorphism. Thus

7 X 7.

LXE g v
oL x {0} 2

Now we will use the First Isomorphism Theorem to reach the same conclusion without

so much dirty work. We construct the homomorphism v : Z X Z — Zo X Z where

(0,b) if a is even,

(1,b) if ais odd.

¢(a> b) =

Now, kervy = {(a,b) € Z x Z|(a,b) = (0,0)} = {(2n,0) |n € Z} = 2Z x {0} and im¢) =
Zo X Z.. By the First Isomorphism Theorem, we may conclude that

7 X 7

RNy /NS A
2L x {0} 2~

The second method was far simpler and more elegant.

2.1 Modules and Free Abelian Groups

A vector space is defined as an additive abelian group with a scalar product that is dis-
tributive, associative, and respects the multiplicative identity, where the scalars come from
a field [6]. If instead we allow our scalars to come from an arbitrary ring, our construction
is called a module. In general, we may use a ring that is not commutative, in which case we

differentiate between left and right modules, or a ring that does not have a multiplicative
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identity. However, we will only concern ourselves with commutative rings with unity. For a

thorough discussion of module theory, we refer the reader to [5].

Definition 2.7. Let R be a commutative ring with unity and M be an additive abelian
group. We say that M is an R-module if there is a notion of scalar multiplication such that
for all 1,79 € R and my, ms € M the following are satisfied:
(i) r(my +ma) = rmy + rmo;
(i) (r1+r2)my = rim + romy;
(iil) (rire)my = ri(ramq);
)

(iv) 1my = my, where 1 is the multiplicative identity in R [5].

As with vector spaces, we will refer to the elements of R as scalars. The reader may
also find it useful to think of the elements of M as vectors. A submodule is defined as

expected: a subset of a module that is a module in its own right.

Example 2.8. If GG is an additive abelian group, then G admits a scalar multiplication such
that if n € Z and g € G then ng denotes Y, g. It is clear that the necessary conditions

for G to be a Z-module are satisfied. Thus every additive abelian group is a Z-module.

Example 2.9. Let R be a commutative ring with unity. Then R" is an R-module with vector
addition defined as component-wise addition of elements in R™ and scalar multiplication

defined as multiplying each component by the scalar.

Since modules are a generalization of vector spaces, we have a natural generalization of

the idea of a basis to modules.

Definition 2.10. Let M be an R-module and let S = {my, ms,...,m,} be a subset of M.
The submodule of M generated by S is the set of all linear combinations of vectors in

S with coefficients from R, and will be denoted
<S> = <m1am27"-7mn> = {rlml + romg + - - - +Tnmn|7“z‘ € R}

If S = 0, then (S) = {0}. We say that S is linearly independent if the equation
rymq + romsg + - -+ + r,m,, = 0 has only the trivial solution, r; = 0 for all ;. We say that S

spans M if (S) = M. We say that S is a basis for M if it is linearly independent and spans
M [5].

Definition 2.11. We say that an R-module M is free if it has a basis [5].

Definition 2.12. Let G be an additive abelian group with a basis when viewed as a Z-

module. Then we call G a free abelian group [5].

6
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We will see many examples of free abelian groups in the coming sections, so we omit

examples of them for the time being and instead give an interesting nonexample.

Example 2.13. Not every additive abelian group is free. Let G be a finite abelian group
of order n. Then for g € G, ng = 0 and so {g} is a linearly dependent set. Thus G has no

basis.

The distinction between free module and free abelian group may seem unnecessary. In-
deed, one may use the terms free abelian group and free Z-module interchangeably. We
have chosen to include this distinction as “free abelian group” is most commonly used in the
literature on homology and, as such, we will use the terminology to match the literature. We
have also made this choice to emphasize that free abelian groups behave like vector spaces
over Z, and so we may use the theory of linear algebra in computations in a free abelian

group, taking care that we do not have multiplicative inverses for our scalars.

3 Homology Primer

Homology theory assigns to a topological space X a sequence of abelian groups
Ho(X), Hy(X), Hy(X), ...

where the nth homology group in some sense measures the number of (n 4 1)-dimensional
holes in X. In general, a 1-dimensional hole corresponds to two vertices that cannot be
connected by a path in X. A cannonical example of a space with an (n + 1)-dimensional
hole is S™ for n > 1.

To build a bit of intuition for how we think of detecting (n + 1)-dimensional holes in a
space, let us consider how to detect 2-dimensional holes. We think of placing all possible
loops on our space and check whether those loops bound some 2-dimensional component of
our space. If a loop is not the boundary of some 2-dimensional component of our space, then

it bounds a 2-dimensional hole in our space.

4 Triangulations

For homology theory to be of much use to us, we need to be able to actually compute the
homology group for a given topological space. To compute the homology of a given space, our
general strategy will be to work with a topologically equivalent space that has some additional

structure that makes homology computations feasible. The first class of topological spaces
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we will work with are those that are triangulable, or admit a triangulation. To build up our

theory of triangulations, we will need to first define what a simplex is.

Definition 4.1. Let vy, vy, ..., v be points in R™. If v; — vy, v9 — vg, ..., v, — vy are linearly

independent, then we say that vy, vy, ..., v are in general position [3].

Definition 4.2. Let vg,v1,...,vx € R" be in general position. The set

k k
1=0 1=0

is called a k-simplex, and vy, v1,..., v, the vertices of the simplex. For simplices A and

B, if the set of vertices of B is a subset of the set of vertices of A, we say B is a face of A
3]-

Example 4.3. Consider the points (1,0,0),(0,1,0),(0,0,1) € R3 We have (0,1,0) —
(1,0,0) = (—1,1,0) and (0,0,1) — (1,0,0) = (—1,0,1), which are clearly linearly inde-
pendent. Thus our points are in general position and so we can build a 2-simplex with
vertices (1,0,0),(0,1,0),(0,0,1). This simplex is shown in Figure 1.

z

Figure 1

Example 4.4. In general, a O-simplex is a point, a 1-simplex is a line segment, a 2-simplex

is a solid triangle, and a 3-simplex is a solid tetrahedron, as illustrated in Figure 2.

0-simplex 1-simplex 2-simplex 3-simplex

Figure 2

Definition 4.5. Let K be a finite collection of simplices in R”. We say that K is a simplicial

complex if the following conditions are satisfied.

8
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(i) For every simplex in K, each of its faces is also a simplex in K.
(ii) Whenever two simplices in K intersect, their intersection is a single face of each of
them [9].

We may denote a collection of simplices with addition, so that if o and 7 are two simplices
in a simplicial complex, then ¢ + 7 denotes the simplicial complex consisting of ¢ and 7.

This addition is commutative.

Example 4.6. In Figure 3, the left collection of simplices is a simplicial complex since the
intersection of any two simplices is a face of both of them, while the right collection fails to

be a simplicial complex as it does not have this property.

A simplicial complex Not a simplicial complex

YO

Figure 3

Example 4.7. The tetrahedron is a simplicial complex, regardless of whether we think of
it as a surface or a solid. If we view the octahedron and icosahedron as surfaces, they are

also simplicial complexes.

Example 4.8. Note that the simplices in a simplicial complex need not intersect at all.

Figure 4 illustrates such a complex.
\ .

Figure 4

Definition 4.9. Let K be a simplicial complex in R™. If we give K the subspace topology

from R", we call the resulting topological space a polyhedron and denote it | K| [3].

Definition 4.10. A triangulation of a topological space X is a simplicial complex K
together with a homeomorphism h : |K| — X. If there is a triangulation of X, then we say
that X is triangulable [3].

Example 4.11. Since the tetrahedron, octahedron, and icosahedron as surfaces are home-
omorphic to S?, each gives a triangulation of the 2-sphere. The following figure shows a

triangulation of S? induced by the octahedron.
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Nw/

Figure 5: A triangulation of S2.

Example 4.12. If we wish to triangulate a space that can be constructed as a quotient
space of a regular n-gon, we will represent that triangulation with a triangulation of the

n-gon. Figure 6 depicts a triangulation of the torus.

Figure 6: A triangulation of the torus.

5 Simplicial Homology

Now that we have an understanding of what a simplicial complex is, we can develop our

homology theory for simplicial complexes.

Definition 5.1. Let vy, vy, ..., v, be the vertices of a k-simplex. We define an equivalence
relation ~ on the set of orderings of vy, vy, ..., v such that two orderings are equivalent if
they differ in an even permutation. We call an equivalence class of ~ an orientation of
the k-simplex. An oriented simplex, usually denoted o or 7, is a simplex together with a
choice of orientation. We specify the orientation of an oriented k-simplex ¢ by writing o as
a (k + 1)-tuple that is a representative for its orientation class. We use the symbol —o to

denote o with opposite orientation [9].

It follows that every k-simplex, for k£ > 0, has exactly two orientations, and a 0-simplex

has only one orientation since there is only one way to order one element.

Example 5.2. In Figure 7, we give cannonical examples for the orientations of a 0,1,2, and

3-simplex.

10
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U3
Vo
U2 ;
Vo
U.O Vo U1 U1 (%) U1
(Uo) (UO, U1) (on U1, Uz) (U07 V1, V2, U3)
U3
Vo
V2
Vo %
v v
0 1 V1 Vo U1
(v1,v0) (vo, va, V1) (vo, va, V1, v3)
Figure 7
Definition 5.3. The boundary of an oriented k-simplex o = (vg, vy, ..., vg) is
k
do = Z(—l)’(vo, ey Oy e, V),
i=0
where (vg,...,0;,...,v;) is the k-cycle obtained by deleting v; from (vg,v1,...,v;). The

boundary of a point is defined to be 0 [9].

Example 5.4. Let vy, v, v2,v3 be points in R* in general position. We will compute the
boundaries of the oriented simplices (vg, v1), (vo,v1,v2), and (vg, v1, V9, v3). We will use the
fact that, for an oriented simplex o, —o is ¢ with orientation reversed so that our boundaries

will have only positive coefficients. We have

6’(Uo, Ul) = V1 — Yy,
(o, v1,v2) = (v1,v2) — (Vo, v2) + (vo,v1) = (vo,v1) + (v1,v2) + (v2,00),
8(0077)17’02,”3) = (’01702,113) - (U07U2>U3) + (U0>U17U3) - (U07U1>U2)
(

Vo, U1, V3) + (Vo, V2, 1) + (o, V3, V2) + (v1, V2, U3).

Intuitively, we can think of the boundary of an oriented k-simplex as the sum of its
(k — 1) dimensional faces, each with orientation induced from the original simplex. Figure 8

illustrates this, and gives a geometric interpretation for our above calculations.

Now that we have an understanding of oriented simplices and their boundaries, we can use

11
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Vo 01 0 Vo 01
*——>—o [ o °
Vo Vo
(1 Uy 0 (51 Uy
_—
U3 U3
Vo V2
Vo Vo
Uy 0 vy
_—
Figure 8

these notions to associate a given simplicial complex with a sequence of algebraic structures.
Doing so loses some of the geometric interpretations that we have explored, but it also allows

us to analyze a triangulable space algebraically.

Definition 5.5. Let K be a simplicial complex. We call the free abelian group generated by
the oriented n-simplices of K, subject to the relation o + (—o) = 0, the nth chain group
of K and denote it C,,(K). We call an element of C,(K) an n-chain. If 0 € C,,(K) can be
written as a linear combination of oriented n-simplices of K with coefficients in {—1,0,1},

then we say that o is an elementary n-chain [3].

Definition 5.6. We extend the definition of the boundary of an oriented n-simplex linearly to
define the nth boundary homomorphism 0, : C,(K) — C,,_1(K). We defined C_;(K) =
{0}. We call ker 0, the group of n-cycles of K. Unsurprisingly, an element of kerd, is
called an n-cycle. We call im0,,;; the group of bounding n-cycles. An element of

im 0,,+1 is called a bounding n-cycle [3].
Note that in the literature it is common to denote ker 9, by Z,(K) and im 0,1 by B, (K).

Lemma 5.7. For a simplicial complex K, 0,_1 o 0, is the zero homomorphism.

12
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Proof. Let (vg,v1,...,v,) be an oriented n-simplex in K. From Definition 5.3, we have

i=0 =0
Y =DTY T (=1 oy B T V)
=0 j=i+1
n 1—1
= (( ]‘)H_J + <_1)Z+J_1) (Uo, 7U]a 72317 7Un>
=0 j7=0
=0.

Suppose that C,,(K) = (0¢,01,...,0k). Then for any element of C,(K), we have
k k k
Op—10 0y (Z aiai> = Zai((?n_l 0 0,0;) = Z a;-0=0,
i=0 i=0 i=0

where «; € Z for each ¢. Thus 0,_1 0 9, is the 0 homomorphism. O

Definition 5.8. By the previous lemma, im 0, is a subgroup of ker d,,, and so the quotient
group ker 0, /im0, is defined. Thus, we define the nth homology group of K to be
H,(K) =kerd,/imd,1 [3].

Definition 5.9. For zy, 25 € ker 0,,, we say that z; is homologous to z; if z; — 25 = 2 for

some z € im Jy,41 [3].

This gives us an equivalence relation on the n-cycles of a simplicial complex, and the set
of representatives for these equivalence classes generate the nth homology group.

We now state theorems that we will find relevant to our study of homology theory.

Theorem 5.10. If two triangulable spaces X andY are homeomorphic, then they have the

same sequence of homology groups.
Proof. For a proof of this theorem we refer the reader to Chapter 2 in [9]. [

Thus we may compute the homology groups for a triangulable space X by computing

the homology groups of a simplicial complex that is a triangulation of X.

13
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Theorem 5.11. If K is a simplicial complex with no n-simplices, then H,(K) = {0} and
Hn_l(K) = ker 8n_1.

Proof. Since K has no n-simplices, we have C,,(K) = {0}, and so ker 9,, = im9,, = {0}. By

Lemma 5.7, we have im 9,41 = {0}. Therefore

_ kero, {0}
HTL(K) - im@nH - {O} - {0}7
and kerpi  kerd
Hn_l(K) = I = & Int = ker@n_l.

im 9, {0}
O

Theorem 5.12. Let K be a simplicial complex. The rank of Ho(K) is the number of path

components in K.

Proof. We will first prove that K is path connected if and only if Hy(K) = Z.

(=) Suppose that K is path connected. Fix a vertex v in K. Then for any other vertex
w in K, there is a path from v to w in K. Since K is a simplicial complex, this path is
necessarily a sequence of edges in K of the form o = (v, v1) + (vi,v9) + - -+ + (v, w). Then
00 = w — v. By Definition 5.9, v and w are homologous vertices. Since this holds for
any vertex w of K, we have that all vertices in K are homologous and so there is only one
homology class for the vertices of K. Therefore Hy(K) = (v) = Z.

(<) Suppose that Hy(K) = Z. Then there is only one homology class on the vertices of
K by Definition 5.9. So, for any pair of vertices v, w of K, there is some o € C}(K) where
010 = w — v. Without loss, we may assume that o is an elementary 1-chain. Then o is a
path from v to w, and so K is path connected.

Suppose now that K has path components P;, where 1 < i < /. Since each path
component is path connected, it follows that Hy(FP;) = Z for each i. It follows from Definition
5.9 that Ho(P; U P;) = Z? for any 4, j where ¢ # j. Therefore, since K = Ule P;, we have
Hy(K) = 7" O

5.1 Computing the Homology of Simplicial Complexes

Now that we have developed the theory of simplicial homology, we may demonstrate how to
use simplicial homology to analyze topological spaces. We begin with a careful analysis of of
St to illustrated the mechanics of computing homology groups. We then analyze B? and use

our computations to conclude that S' and B? are not homeomorphic. Our third example

14
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illustrates Theorem 5.12, as well as the fact that two spaces with the same homology groups

need not be homeomorphic.

Example 5.13.

(%

Vo U1

Figure 9: A triangulation of S*.

Let K be the simplicial complex homeomorphic to S! given in Figure 9. The chain
groups for K are Cy(K) = (vg, v, v2), C1(K) = ((vo,v1), (v1,v2), (v2,v9)), and C,,(K) = {0}
for n > 2 since K has no simplices of dimension larger than 1. By definition, dyvg =
Oov1 = Ogvz = 0, and so ker dy = (vg, v1,v9) and im dy = {0}. Computing 0,C;(K), we have
O1(vo,v1) = v1 — vy, O1(v1,v2) = vy — vy, and Oy (va,vy) = vy — V. If we order the bases of

C1(K) and Cy(K) as they are listed above, we can represent 0; with the matrix

1 0 1 10 —1
A=11 -1 o| = [0 1 -1/,
0 1 -1 00 0

which we can see has rank 2 and nullity 1, which tells us that ker 9; & Z and im 0, = Z2. We
can see from the reduced row echelon form of A that ker & = ((vo,v1) + (v1,v2) + (v2,0))
and im 0; = (v; — vy, va — v1). Since C,(K) = {0} for n > 2, we have ker 9,, = im 9,, = {0}.

Now we may compute the homology groups of K. We have

B ker 80 . <’U0, U1, UQ)

Hy(K
0( ) 1m81 <Ul —00,02—7}1>’

which we can evaluate by first changing basis, so that (vg,v1,v2) = (vg,v1 — Vg, V2 — V7).
Now, consider the group homomorphism ¢ : (vg, v1 — vg, v2 — v1) — (V1 — Vg, V9 — v1) defined
by ¢(a(vg)+b(vy —vg)+c(va—wv1)) = a(vy), having ker ¢ = (v; — vg, v3 — v1) and im ¢ = (vg).
By the First Isomorphism Theorem we have (vg, v1 — vg, va — v1) / (V1 — vg, v — v1) = (vg).

Thus
<U0,U1 — Vo, V2 — U1>

<U1 — Vo, V2 — U1>

1%

Hy(K) = (vo) =2,

15
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which tells us that K is connected. By a similar argument, we have

_ ker 0, _ ((vo,v1) + (v1,v2) + (v2,00)) ~

H,(K) ((vo,v1) + (v1,v2) + (v2,00)) = Z,

which tells us that K has one 1-dimensional hole in it. Finally, H,(K) = {0} for n > 2, and

so K has no holes of dimension greater than 1.

Example 5.14.

V2

Vo U1

Figure 10: A triangulation of B2

Let K be the simplicial complex homeomorphic to B? in Figure 10. Since the zeroth
and first chain complexes are the same for this simplicial complex as the previous ex-
ample, we have kerdy = (v, vy, v2), imdy = {0}, kerd; = ((vo, v1) + (v1,v2) + (va, vp)),
and im0, = (v; —vg,ve —v1). The only difference here is that Cy(K) = ((vo,v1,v9)),
which gives us that 0(vg, v1,v2) = (vo,v1) + (v1,v2) + (v2,79), and so kerd, = {0} and
im 0y = ((vg, v1) + (v1,v2) + (ve,vp)). Thus, the homology groups for K are

Ho(K) = (vo) 2 Z
_kerdr  ((vo,v1) + (vi,v2) + (v2,00))
Hy(K) = imdy  {(vo,v1) + (v1,v2) + (va,v0))

H,(K)={0} forn>2.

= {0}

So we may conclude that B? is connected with no holes of dimension one or greater.

From the previous two examples we may conclude that S % B! since H;(S;) = Z while
Hi(B2) = {0}.
Example 5.15. Consider the following three spaces.
Vo U1 Ug (75} U9 Wo w1 Wo Wws
[ ce——e *—>—o

J e——e K :o——e °

For J, we have Cy(J) = (vo,v1) and Cy(J) = ((vy, v1)). Computing the boundary maps,

16
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we have Jyvg = Oyv; = 0 and 0y (vg,v1) = v — v9. Thus

_kerdy  (vo,v1)  (vo,v1 — W) ~ ~
Hy(J) = T R e Sy (vo) = 7Z
(1) = st = 8 — o).

For K, we have Cy(K) = (ug, us,us) and Cy(K) = ((ug,u1)). Computing the boundary
maps, we have dyug = dou; = douz = 0 and 0y (ug, u1) = u3 — ug. Thus
Ho(F) = ker 0y B (U, uq, us) _ (ug, up — ug, uz)
imd;  (u; — ug) (u1 — up)
ker O 0
_ ‘er 1 { } {0}
imd, {0}

I

<U0, U2> = Z2

For L, we have Cy(L) = (wp, wy, ws,ws) and Cy(L) = ((wo,wy), (we, ws)). Computing
the boundary maps, we have dywy = dyw; = Jows = dywz = 0, J1(wp, w1) = wy — wp, and

01 (wg, w3) = w3 — we. Since w; — wy and w3 — we are linearly independent, we have

I (L) ker 0y _ (wo,wl,wg,w;:,) _ (wo,w1 — W, W2, W3 —w2> ~ (w w > &~ 72
0 im 0, (w1 Wo, W3 — w2> <w1 — Wo, W3 — w2> B o
ker 81 {O}
(L) = imd, {0} =10

So we have illustrated Theorem 5.12, as Rank Hy(K') = 1 and Rank Hy(K') = Rank Hy(L) =
2 and we can see that J has a single path component while K and L each have two. We
may use that Ho(J) 2 Ho(K) to conclude that J 2 K, and similarly that J 2 L. However,
we cannot use homology to conclude whether or not K and L are homeomorphic since their

sequence of homology groups is the same.

6 Cellular Homology

In the previous section we provided fairly minimal examples for computing the homology of
simplicial complex. Our primary motivation for this is that simplicial homology computa-
tions quickly become unwieldy for spaces that are even slightly more complicated than those
seen in the previous section, such as the 2-sphere or the torus. Thus, we introduce a new
class of topological spaces whose structure allows us to more easily compute the homology
groups. These topological spaces are called cellular complexes or CW complexes.

While it is generally easier to compute the homology of a space when viewed as a cellular

17
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complex rather than simplicial complex, it requires more algebraic topology than we have
covered thus far to build a general cellular homology theory. Thus, we will state the general
definition of a CW complex, as well as give a definition for the chain groups of CW complex,
but we will refer the reader to [8] or [9] for a careful explanation of the boundary maps

between chain groups.

6.1 CW Complexes

Definition 6.1. For a Hausdorff space X, an (open) n-cell e" is an open set in X that is

homeomorphic to B™ [8)].

Definition 6.2. Let X be a closed subset of a Hausdorff space X* such that X*~\ X contains
an n-cell e”. We say a continuous map f : B — Cl(e") is a characteristic map if f maps
B" homeomorphically onto e” and f(S"1) C X [8].

Definition 6.3. Let X be a closed subset of a Hausdorff space X* such that X* ~ X is the
disjoint union of n-cells ey, for A in some index set A where there is a characteristic map fy
for each n-cell. We say that X* has the weak topology induced by the maps f) and the
inclusion map X — X* provided that a subset A of X* is closed if and only if AN X and
[y '(A) are closed for each A € A. We may also think of X* as being constructed from X by

“pasting on” n-cells such that the characteristic map f) describes how each €Y is pasted on

).

Definition 6.4. A CW complex is a Hausdorff space X together with a structure pre-

scribed by an ascending sequence of closed subspaces
Xogxlg)(?g...

satisfying:
(i) X° has the discrete topology.
(ii) For n > 0, X™ is constructed from X"~! by adjoining a collection of n-cells e} such
that the characteristic map f) describes how each e} is adjoined to X".
(i) X =, X"
(iv) X and each X' has the weak topology; that is, a subset A is closed if and only if
ANCl(e™) is closed for all n-cells e", n=0,1,2,....
We call each subset X" the n-skeleton of X. Elements of X are called vertices or 0-
cells. A CW complex is called finite if it contains finitely many cells, and infinite otherwise.
If X = X" for some integer n, we say that the CW complex is finite dimensional, and the

least such n is its dimension [8§].

18



6. CELLULAR HOMOLOGY R. Chaiser — Senior Thesis

Definition 6.5. For cells €™ and e”, we say that €™ is a face of €™ if €™ C Cl(e") and write

e™ < e If e™ # ", then we say e™ is a proper face of e" [§].

Intuitively, to give a topological space X a CW complex structure is to think of building

it out of (spaces homeomorphic to) open n-balls.

Example 6.6 (n-Sphere). The n-sphere can be given a CW complex structure such that
there are two cells: a vertex and an n-cell. In this case, X* for 0 < k < n consists of some
point x € S™ and X" = S™. The characteristic map adjoining the n-cell e” to x is, naturally,
f: B" — Cl(e”) where f(5"1) =x and f(B") is the n-cell.

For n = 2, we may select our 0-cell to be x = (0,0, 1) and then our 2-cell is S? \ {x}.
Thus X° = X! = {x} and X? = S?. The characteristic map f : B?> — S? adjoining our
2-cell 5%~ {x} to our 1-cell x is defined naturally by f(S!) = x and f(B2) = 52 < {x}.

Example 6.7 (Triangulable Spaces). To triangulate a space is to give it a CW complex

structure in which the (open) n-simplices are the n-cells.

We will see several more examples of giving familiar spaces a CW complex structure in

the following section.

6.2 The Homology of CW Complexes

Let X be a topological space with a CW complex structure. Similar to simplicial homology,
we can form a free abelian group generated by the n-cells of X. We denote this group C,,(X)
and call it the nth chain group of X. There is a boundary map 0, : C,(X) — C,_1(X)
by which we can define the nth homology group of X to be H,(X) = kerd,/imd,. This
boundary map is dependent upon our choice of characteristic maps used to construct our
space. As stated previously, defining the boundary map in general is outside of the scope of
this paper. Instead, we choose to provide examples illustrating how to compute the homology
of a cellular complex and the boundary maps will be clear from context. Note that we still

have that 0y is the zero map.
Theorem 6.8. If X is a CW complex with no n-cells, then H,(X) = {0} [8].

Example 6.9 (Cylinder). We will build the cylinder as a quotient space from I x I, and
give it a CW complex structure as in Figure 11. Call this space X. The orientations of the
edges A, B, and C imply their characteristic maps and boundaries.

Since there are two distinct vertices, we have Co(X) = (v,w) = Z?. By definition,
dyv = Jow = 0, and so ker 9y = (v, w) = Z?. Since there are three distinct edges, we have
C1(X) = (A,B,C). Then A =v —w and ;B = 0,C = 0. Thus im0, = (v — w) and
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A F A

w0 w

Figure 11: The cylinder with a CW complex structure.

ker 9, = (B,C). As with our simplicial homology computations, we will change our basis

and use the First Isomorphism Theorem to find that

Ho(X) = l'ierao _ (v, w) _ (v —w,w)
imd; (v—w) (v —w)
which indicates that the cylinder is connected. Now Cy(X) = (F), since the cylinder has
one 2-cell. To compute the boundary of F', we think of traversing the edges of X clockwise
(though counter-clockwise works just as well). From this we obtain a sum of the edges of
X, where an edge is positive in the sum if we traverse the edge with its orientation, and
negative if we traverse the edge against its orientation. This gives us 0o F = A+ B—A+C =
A—A+4+B+C=B+C. Thus im0, = (B + C) and ker 0, = {0}. Thus, similarly to above
we have kerd,  (B,C) (B+C,C)
hWX) =30, = wra ~ Broy = O
indicating that there is a one-dimensional hole in the cylinder. Finally, since ker 9y = {0}
and since the cylinder has no n-cells for n > 2, H,(X) = {0} for all n > 2.

Example 6.10 (Projective Plane). We construct the real projective plane as a quotient

space from [ x I, give it a CW complex structure as in Figure 12, and call the resulting

space X.
v B w
A F A
w B v

Figure 12: The real projective plane with a CW complex structure.

Our chain groups here are Cyp(X) = (v, w), C1(X) = (A, B), C2(X) = (F), and C,,(X) =
{0} for n > 2. By definition kerdy = (v, w). We have A = v —w = —0,B, so im0, =

20



6. CELLULAR HOMOLOGY R. Chaiser — Senior Thesis

(v —w). Since the rank of C(X) is two and the rank of im 0, is one, we know that the kernel
of 0 must have rank one, and so we must do some extra work to determine what elements
are in ker ;. To do this, we will suppose that an element of C;(X) has no boundary and

determine what properties it must have. Suppose that
0=01(xA+yB) =20A+yoiB=2(v—w)+ylw—o)=(z—y)(w—wv).

Then it must be that + = y. Thus, kerdy = {z(A+ B)|x € Z} = (A+ B). Finally,
OF =B+A+B+A=2(A+ B), and so imd, = (2(A + B)). Since the rank of Cy(X) and
im J, are the same, we must conclude that ker , = {0}. Thus, the homology groups for the

projective plane are

Hi() = 2 ) =2,
_ (A+B) _
Hy(X) = RALB) La,

H,(X)={0} forn>2.

Our calculation for the first homology group of the real projective plane is interesting, as
this is the first time we have seen a homology group that is not either {0} or some number
of copies of Z. We may interpret H;(X) = Zy as meaning that there is a loop bounding a

2-dimensional hole in the real projective plane that vanishes if we traverse it twice.

Example 6.11 (Torus).

v B v
A F A
v B v

Figure 13: The torus with a CW complex structure.

We will use T to denote the torus constructed as a quotient space from I x I and
given the CW complex structure in Figure 13. Our chain groups for 7" are Cy(T) = (v),
Ci(T) = (A, B), Cy(T) = (F), and C,(T) = {0} for all n > 2. Computing the boundary
maps, we have Jyv = 0, 1A = 0B =v—v =0,and ObF = B—A—B+A=B—B+A—A=0.
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Thus, the homology groups for the torus are

Hy(T) = lfzgf - % — ) ~7,
H\(T) = 11{2321 _ </{1,01}9> — (A, B) =72,
Hal) = gt = (O = (P 2

H,(T)={0} forn>2.

Example 6.12 (Klein bottle).

v B v
A F A
v B v

Figure 14: The Klein bottle with a CW complex structure.

Let K denote the Klein bottle as depicted in Figure 14. Its chain groups are Cy(K) = (v),
Ci1(K) = (A, B), C3(K) = (F), and C,,(K) = {0} for n > 2. Computing the boundary maps,
we have v =0, WA =0B=v—v=0,and bF =B —- A+ B+ A = 2B. Thus, the
homology groups for the Klein bottle are

Ho(K) = lfzgf - % — ) ~7,
Hy(K) = lffrfg; — <é’£> ~ 7, x T,
Ha(K) = o = 1 = (0},

H,(K)={0} forn>2.

The first homology group for the Klein bottle is interesting. We may interpret it as meaning

that the Klein bottle has two 2-dimensional holes, but one of them behaves like the 2-
dimensional hole in the real projective plane.

Let us compare the sequence of homology groups for the examples from this section.
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Cylinder: Z,Z,{0},{0},{0},...
Real projective plane: Z,Zs,{0},{0},{0},...
Torus: 7,72 7Z,{0},{0},...
Klein bottle: Z,Z x Z,,{0},{0},{0},...
Since no pair of these sequences is equal, we may conclude that none of these spaces are

homeomorphic to each other.

7 Homology with Arbitrary Coefficients

In our study of homology theory thus far, we made a specific choice to define chain groups
as Z-modules. In fact, we can generalize homology theory so that our chain groups have
coefficients from an arbitrary abelian group G. The generalization is natural, and we will
state the generalization for CW complexes with the understanding that this also gives us a

generalization for simplicial complexes.

Definition 7.1. Let X be a CW complex and G an abelian group. The nth chain group
of X with coefficients in G, denoted C,,(X;G), is the set of all linear combinations of
n-cells in X with coefficients from G. If X has k n-cells, then C,, (X, G) = G* [9].

Definition 7.2. We define the boundary map 9, : C(X;G) — C,_1(X; G) by the linear

extension of the boundary of an n-cell; that is, for an n-cell o and for g € G

On(go) = 9(9,0).

The nth homology group of X with coefficients in G is thus defined as

ker 0,
im o, ’

Hn(X§ G) =

and is isomorphic to a k-fold direct product of G with itself [9].

Example 7.3. Let T denote the torus and K denote the Klein bottle. To compute the
homology of T" with Z, coefficients is the same process as in Example 6.11, but our homology

groups become

Hy(T; Zs) = Zs,

H(T Zy) = Ty % Z,

Hy(T; Zy) = Za,

H,(T;Zy) = {0} forn>2
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Computing the homology of K with Z, coefficients is nearly the same as in Example 6.12,
except that we have 0, F = 2B =0 (mod 2). So our homology groups become

Hy(K;Zy) = Zs,

kerd, (A, B

H\(K;Zs) = ire;a; _ <{0}> > 7y X Lo,
ker O F

Hy (K3 2a) = o = % = (F) = Z,

H,(K;Zy) = {0} forn > 2.

Interestingly, homology with Z, coefficients does not allow us to distinguish the torus from

the Klein bottle whereas we saw that homology with Z coefficients does.

8 The Construction BG

We now introduce a new set of spaces.

Definition 8.1. Let G be an abelian group. We define

BG= | (A"xG")/~,

TLGZZ()

where A™ = {(t1,t9,...,t,) ER*"|0 <t <ty <---<t, <1}. We define the equivalence

relation ~ by

(1) If g; = e, the identity in G, or if ¢; = t;, 1, then we delete ¢; and combine g; and g;;1 via
G’s operation. Thus

(tl,---7tn791,---,gn)N(tl,---,fz‘,---7tn791,---,§i,gz‘ng‘+1,---,gn)-

(2) If t; = 0 then t; and g; are deleted.
(3) If t,, = 1 then t,, and g, are deleted [2].

The construction BG is an infinite cellular complex, where the cells are of the form
A" x (G~ A{e})", for some n € Z>y. We can denote a cell by only its group elements using
what we will call bar notation: [g1]g2| - - - |gs]. We can picture a cell as n symbols on the unit
interval, where each element in G \ {e} has its own symbol and the location of the symbol
corresponding to g; is the point ¢; on the unit interval. We will call this representation the

particle model.
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Before we give examples of the construction BG, we need to solidify what we mean by
dimension. There are two different dimensions we can define for a cell in BG, and we take

the sum of those dimensions to be the actual dimension of the cell.

Definition 8.2. For [¢1] - |gm] € BG, we define the tensor dimension of [g;|- - |gm]| by

dilgi] - |gm] = d(g1) + -+ + d(gm),

where d(g;) is the dimension of g; in G. We define the simplicial dimension of [g;] - - |g.]
by

Finally, we define the total dimension of [g;]- - |g] to be

dglgi| -~ |gm] = dilg1| - - - |gm] + ds[gn] - - - |gm]
[4].

Note that for groups such as Z or Z,, the dimension of an element is always taken
to be 0. So for BZ,, an n-cell is what we might expect: n group elements, each with a
corresponding time element. We will not need to worry about tensor dimension until Section

8.3. Throughout, we will use “n-cell” to refer to an element of BG with total dimension n.

Example 8.3. Let G = Z,. Since there is only one nonzero element in Zs,, each n-cell in
BZs is of the form (t,ts,...,t,,1,1,...,1). The following table illustrates how we may use

bar notation and the particle model to represent cells.

Total dimension | Bar notation | Particle model
0[]
1| [1] —
2| [11] e
3| [111] e
4 [111)1] e

Example 8.4. Let G = Z3. Since there are two nonzero elements in Zsz, we have more

variety in the form of our n-cells, which we can see in the following table.

Dimension | Cells

1] 1], [2]

2 | 1], [1]2], [2[1], [2/2]

3 [LIL[a], [Tjaf2], [2)2(1], [202]1], [1]2]2], [2[1]2], [2]2(1], [2]2/2]
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The previous two examples suggest a theorem for the number of n-cells in BZ,,.
Theorem 8.5. The number of n-cells in BZ, is (p — 1)™.

Proof. Since we think of two n-cells g, h € BZ,, where g = [g1] - - - |gn] and h = [hy|- - - |hy], as
equal if g; = h; for each 4, the number of n-cells in BZ, is also the cardinality of (Z, \ {0})".
Since (Z, ~ {0})™ is the set of all n-tuples where there are p — 1 choices for each entry, it
follows that there are (p — 1)" n-cells in BZ,,. O

There is an addition that we can define on BG, which we will denote with x.

Definition 8.6. We define an addition * : BG x BG — BG such that for two cells
(t1, -ty Gy - -5 9e,) and (S1,...,5¢,0s,5- -5 9s,) in BG

(t17"'7tpagt17"'7gtp) * (817"'781179817""98(1) = (Ah‘"7)‘p+q7g)\17"'ag>\p+q)7

where the \; are the ¢; and s; arranged in increasing order [2].

Example 8.7. Let G = Z3. We have (55, 1,5,1,1,1)%(3,3,2,2) = (&, 3, 5,5,3,1,2,1,1,2).

If we add two cells with a matching time component, we need to be a bit more careful.
Adding (%, %,1,2) and (%, %,2,1) produces (%, %, %,%,2,1,1,2). But by Definition 8.1, we
have (1,1,1,2,2,1,1,2) = (11,2 2.2.9).

8.1 The Homology of BG

We define the nth chain group of BG, C,(BG;G) to be the free abelian group generated by
the n-cells of BG with coefficients in G. There are two boundary maps that we can define
for cells in BG, and the map we use for computing homology is the sum of those two maps.
Similarly with dimension, however, we will only be concerned with one of these until Section
8.3.

Definition 8.8. Let [g1| - - - |gm] € BG be an n-cell. The simplicial boundary of [g;| - - - |gnm]
is the map 0 : C,,(BG; G) — C,_1(BG; G) defined by

Aslgrl - -+ [gm] = [g2] - - - |gm]

3

+

(_1)dB[gl||gl][gl| . |gz o gl+1| e |gm]
1

+(=1)"[g1l -+ lgm-],
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where by [g1] - |gi © git1| - - |gm] We mean the element obtained by making ¢; = t; + 1. The
residual boundary of [¢g1] - |gn] is the map 0, : C,,(BG; G) — C,_1(BG; G) defined by

m

Olgil- - |gm] = Z(_l)ds{gll---\gHHl[gl| - 10gi| - - - |gm],

=1

where dg; is the boundary of g; in G. Finally, we define the total boundary of [g1]- - |gm]
to be the map 0, : C,,(BG; G) — C,,_1(BG; G) defined by

Op = 05 + Oy

14].

Note that for groups such as Z,, elements have no boundary and so elements of BZ,
have no residual boundary. Thus, the total boundary of an element in BZ, is its simplicial
boundary. It also is important to be mindful that the boundary maps are computed with
coefficients in G.

The simplicial boundary map has a nice geometric interpretation. Consider a cell
(t1, - ytms Gy, gm) in BG. The term [go] - - |gm] corresponds to ¢; being sent to 0, the
term [g1| - |gm_1] corresponds to t,, being sent to 1, and the term [g1] - |g; © git1| - |gm]
corresponds to t; being sent to ¢;,;.

Now we define the nth homology group of BG by H,(BG;G) = ker 0,/ im 0,4 1.

8.2 The Homology of BZ,

There are some nice properties of the homology groups for BZ, where p is prime. We will
state them without proof for an arbitrary prime and explore them more in depth in the cases

where p = 2 and p = 3.
Theorem 8.9. For a prime p, H,(BZ,;Z,) = Z, [10].

Thus, there is a unique generator of H, (BZ,;Z,) for any prime p. We will denote this
generator by b,,. With this, we can define a nice addition on the collection of homology groups
for BZ, that is induced by the addition on Z,. One may think of adding two generators as
“shuffling” them together.

Definition 8.10. We define an addition on the collection of all homology groups of BZ,

x: H;(BZy,;Z,) x Hj(BZy;Z,) = H;+;(BZ,; Z,)
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such that o
i
[4].
It is clear from the definition that b; x b; = 0 only when (ZJ;]) =0 (mod p).

Theorem 8.11. The generator b, of H,(BZ,;Z,) can be expressed as sum of the generators
byi of Hyi(BZy; Zy), which are determined by the base-p representation of n [10].

8.2.1 The Homology of BZ,

Let us begin by computing the homology groups for BZ,. As noted in Section 8.1, the
residual boundary map of elements in BZs, is trivial, and so 9,, = 0, for each n. By Theorem
8.5, Cy(BZa; Zs) = Zs for each n. Let [g1]|ga| - - - |gn], where g; = 1 for each i, be the nontrivial
n-cell in C,,(BZs; Zs). Computing it’s boundary, we find

Onlg1lgal - - - 1gn] = Oslg1lg2| - - - |gn]

n—1
g + Y lgrl - 1gs + giral -+ 1gal + (<) g lge] -+ [gaos].
=1

For each i, g; + gix1 =1+ 1 =10 (mod 2). So [g1| |9 + git1]| - |gn] is an (n — 2)-cell in
BZ4 by Definition 8.1 and thus is trivial in the boundary map as it is not in the codomain

of 0,. Since each g; = 1, we have

(92| -+ gn] + (=1)"[g1]g2| - - - |gn=1] = [g2] - - |gn] + (—1)"[g2] - - - |gn]
= [92| T |gn] - [92| T |gn]
=0 (mod 2).

Thus 0, is the zero map, and so we have

ki BZ+: 7
H, (BZy: Z) = - eraﬁn _ Cn( {0;, 2) ~7,
Im On41

for each n > 0. We will use b,, to refer to the generator of H, (BZs;Zs). Here b, is also a
generator for C,,(BZa; Zs).
In following example, we illustrate Theorem 8.11 to motivate our proof of the theorem

for p = 2.
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Example 8.12. We shall attempt by trial and error to find generators that can be expressed
in terms of other generators to illustrate the pattern.
Certainly there is only one way to express by, and that is b; = [1]. We then ask ourselves

if there is another way to express by = [1]|1]. The only candidate is [1] x [1], but since

)= ("7 = (=0 ooz

we may conclude that the only way to express by is by = [1|1].
Perhaps bs = [1]1|1] will be more interesting. Since our addition is commutative, we have
two candidates: [1] % [1] * [1] and [1] * [1|1]. We have

metlsn= (3 Y= () (3)unm=o o),

1] % [1]1] = @ A = 111 (mod 2).

while

Thus, we may write bs = [1] * [1|1] = by * bo.

As we proceed, notice that if we ever attempt to express b, as a sum containing [1] * [1],
we will produce (?) and so such an expression will never be a suitable replacement for b,,.
The following table contains our above work as well as a few more attempts to express b,
as a sum of other generators so that the reader may find a pattern. For readability, we will

write b; in place of the bar notation.

n | Candidates Conclusion
1| b by = by
2 | byxby = ("T)bo = ()b =0 (mod 2) by = by
3 | by xby = (3)bs = b3 (mod 2) by = by * by
4 | byxby = (3)bs =6by =0 (mod 2) by = by
5 | by * by * by = (1’272)1)5 = (i’) (;1) bs =0 (mod 2)

b * by = (3)bs = bs (mod 2) by = by * by
6 | by * by * by = (123)836: (?)(g)b650 (mod 2)

by * by = (5)bs = 15b6 = b (mod 2) bg = by * by
7 | by by = ({)by = 35b; = by (mod 2) by = by x by

byx by x by = (15 )b = (1) (5)br = by by = by * by * by
8 | by % by * by = ( 7273)1)8 =0 (mod 2)

b4*b4—(4)b850 mod 2) b8:b8

It appears that we can express each b, as a sum of generators of the form byi, where the
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sum is determined by the base-2 representation of n. This is in fact the case, as we will

show. First, however, we need to introduce Kummer’s Theorem.

Theorem 8.13 (Kummer’s Theorem). For a prime number p, the largest power of p that

divides (Z) is the number of carries when adding k and n — k in base-p [7].

Theorem 8.14. The generator b, of H,(BZs;Zs) can be expressed as sum of the generators
byi of Hoi(BZso;Zs), which are determined by the base-2 representation of n.

Proof. Tt is well known that every nonnegative integer has a unique base-2 representation,
20427
21

Theorem, (2i;2j) = 0 (mod 2) if and only if there is at least one carry when adding 2 and 27

in base-2, which occurs if and only if i = j, since we are adding powers of two. Thus if 7 # 7,

and so we will not prove it here. Consider the binomial coefficient ( ) By Kummer’s

then we may write byi 9; = bgi * byy, and if ¢ = 7, then we keep the original representation
b2i+1.
We will now extend our argument to any finite sum of powers of 2. Suppose that n =

Zf:o ¢;2°, where ¢; is either 1 or 0 for each i. We would like to express b, as

Zk: b — n o™ Zle c; 2 Cp_12F 1 4 ¢, 2F b
£ T 20,0021, a2k )T \ 20 2! Cp_12k-1 "

where we abuse the symbol > and use it to refer to both addition on the homology groups

of BZy and addition in R. To know if this is a valid representation of b,,, we need to verify

Zf:z ¢;2'
6526

for each ¢, 0 < ¢ < k, such that ¢, # 0. Certainly this is true, as we are adding 2° and

Zf:“l ¢;2" in base-2. Since the base-2 representation of Z?:é-i—l ;2" has a zero in its (th

that two does not divide

position and the base-2 representation of 2¢ has a one only in its ¢th position, we produce

no carries when adding these numbers in base 2. Thus, we may write
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8.2.2 The Homology of BZj3

Theorem 8.15. The generator b, of H,(BZs;Z3) can be expressed as sum of the generators
bsi of Hsi(BZs;Z3), which are determined by the base-3 representation of n.

Proof. For each n > 0, H,(BZs;Z3) = Zs. Any generator of C,(BZs;Z3) is a suitable
generator for H, (BZs;Zs), so fix a generator b,, of C,,(BZs;Z3) and let H,(BZs;Z3) = (by).
First, observe that since Zs is a field, we have H,(BZs;Z3) = (b,) = (2b,).

Now, consider bsi *bsi xbsi = (3i+§z+3i)b3i+l for some ¢ > 0. We will show that this is trivial
using Kummer’s Theorem. The base-3 representation of 3¢ has a 1 in its ith position, and the
base-3 representation of 3° + 3° has a 2 in its 7th position. So when we add 3¢ and 3% + 3¢ in
base-3, we produce a carry. Thus, by Kummer’s Theorem, bsi * bsi % b3i = (3¢+§+3i) bgiv1 =0
(mod 3). From this we may conclude that, for each i, Hsi(BZs3) = (bsi); that is, the only
way to express bsi as a sum of generators of the form bs; is to express it as bsi.

Consider bsi * by; = (32‘;3j)b3i+3j. To evaluate (3i;3j) (mod 3), we will use Kummer’s
Theorem. The base-3 representations of 3' and 37 are a 1 in the ith position and jth
position, respectively, with zeros elsewhere. Adding 3¢ and 37 in their base-3 representations
produces an 1 in the ¢th and jth position if ¢ # j, or a 2 in the ith position if i = j, with
zeros elsewhere. Neither of these additions produce a carry in base-3, and so (3i;’§3j) =0
(mod 3). Thus bsi * bg; is a suitable replacement for bgi, 3;.

Suppose n = Zf:o ¢;3', where ¢; € {0,1,2}. Then, for all 0 < m <k, (37,;) # 0 (mod 3),
since the base-3 representation of n has at most a 2 in its mth position, and so n — 3™ has a
most a 1 in its mth position. Thus there are no carries when adding 3™ and n—3™ in base-3.
Thus, if we take 2b; to mean b; * b; and use Y to mean the addition on the generators of

H;(BZs;7Z3), we have that Zf:o ¢;bsi is nontrivial, and so we may let b, = Zf:o cibsi ]

8.3 Iterating

In Definition 8.1 the only restriction on G is that it is additive abelian. Our addition defined
on BG in Definition 8.6 is commutative, and so BG is an additive abelian group. Thus we

may iterate this construction so that

B(BG) = B’G = | J (A" x (BG)")/ ~,

nEZzo

where ~ is defined as in Definition 8.1. The bar construction extends naturally to B%G,
and the particle model for elements of B2 is elements from BG in the unit square. The

dimension of an element in B?@ is its simplicial dimension plus the simplicial dimension of
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each of its group elements, as specified in Definition 8.2. In general, an element in B?G
is of the form (si,...,8m,,G1,...,Gpy), where each G,, is of the form (t1,...,tx, g1, .-, gk)-
Though we will not explore it here, it is possible to iterate this construction n times so that
B(B"'G) = B"G.

Theorem 8.16. There are no 1-cells in B*G.

Proof. We will argue this by contradiction. Suppose that we have a 1-cell. Such a cell would
necessarily be of the form [g], where the total dimension of ¢ in BG is 0, as this would give
us simplicial dimension 1 and tensor dimension 0, and so our cell would have total dimension
1. However, the only element in BG that has total dimension 0 is [], which is the identity
in BG. By Definition 8.1, our cell is equivalent to a O-cell in B?G. Thus, we have our

contradiction, and so there are no 1-cells in B2G. O

Example 8.17 (Cells in B?Z,). In the following table, we give the particle model represen-
tation for all n-cells in B?Z,, for 0 < n < 6.

[ |
IR ;
6 % i H H +H 5

From the previous example, it appears that the number of n-cells in B%Z, is a Fibonacci

number. This is in fact the case, as we prove in the following theorem.

Theorem 8.18. The number of n-cells in B*Zy is F,_,, where F, is the nth Fibonacci
number, with Fy =0 and F; = 1.

Proof. Let f, be the number of n-cells in B?Z,. Given a particular n-cell, look at the
rightmost element in the particle model representation of the cell. If the rightmost element

is a line with two or more dashes, removing a dash produces an (n—1)-cell in B?Z,, of which
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there are f,,_1. If the rightmost element is a line with only one dash, however, removing
that dash also requires us to remove the line. This is because an empty line represents the
identity element in BZs,, and, by Definition 8.1, if any group element is the identity we delete
that element. Thus, if the rightmost element is a line with a single dash, removing that dash
produces an (n — 2)-cell in B?Z,, of which there are f,_». Summing over all possibilities, we
find that f,, = f._1 + fn_2. Our initial terms are f; = 0 and fo = 1, and so our indices are
shifted from the traditional Fibonacci numbers. With an index shift, we have our desired

result: the number of n-cells in B%*Z, is f, = F,,_1. O

A common combinatorial interpretation of the Fibonacci numbers is that Fj, . is the
number of tilings of a 1 x n board with squares and dominoes. In our proof of the previous
theorem, we may think of a line with a single dash as a “domino” and any additional dashes
after the first as “squares”.

There is a natural extension of our proof for the previous theorem to counting the number

of n-cells in B?Z, for any prime p.

Theorem 8.19. Let p be prime. Let S,, be the number of n-cells in B*Z,. Then S,, is given
by the recursion (p — 1)Sn_1 + (p — 1)S,_2 with initial conditions S; =0 and Sy = p — 1.

Proof. Let S,, denote the number of n-cells in B?Z,. Given a particular n-cell, look at
the rightmost element in the particle model representation of that cell. If the rightmost
element in the cell is a line with 2 or more symbols, removing one produces an (n — 1)-
cell in B?*Z,, of which there are S,_;. However, there are p — 1 different symbols that we
could have removed, one for each of the p — 1 nonzero elements in Z,. Thus, there are
(p — 1)S,—1 n-cells in B*Z, whose rightmost element is a line with two or more symbols.
If instead the rightmost element in the n-cell is a line with one symbol, there are p — 1
possible symbols it could be and removing produces an (n — 2)-cell in B?Z,, of which there
are S,_o. Thus, there are (p — 1)S,,_» n-cells in B*Z, whose rightmost element is a line with
a single symbol. Summing over all possibilities, we find that the number of n-cells in B?*Z,
is S, = (p—1)S,—1 + (p — 1)S,—2. By Theorem 8.16, S; = 0. By Definition 8.1, a 2-cell in
B?7, necessarily has simplicial dimension 1. By Definition 8.2, a 2-cell in B?Z, must then
have tensor dimension 1. Thus, all 2-cells in B?Z,, are of the form [g] where ¢ is a 1-cell in
BZ,. By Theorem 8.5, there are p — 1 1-cells in BZ,. Thus, S, =p — 1. O

8.4 The Homology of B*Z,

Now that we know how many n-cells there are in B?Z,, we may ask about the homology

of B?Z,, which are computed with Z, coefficients. Let us begin by analyzing the boundary
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maps for B?*Z,. Let [g1]---|gm] be an n-cell in B?Z,. From Definition 8.8, the simplicial

boundary map is

as[gl| T |gm] = [g2| e |gm]

3

+

(—1)rlollod[g |- g; 0 gial <+ | gim)
1

+ (=1)"[g] - [gm—1]-

However, the maximum total dimension of [ga] - - - |gs] is n — 1 — d(gys). Since the minimum
dimension of g; is 1, the maximum total dimension of [ga| - - - |gm] is n—2. Thus [ga| - - - |gm] is
trivial in the boundary map as it is not of the correct dimension. There is a similar argument

for [g1| -+ |gm—1]. Thus, the simplicial boundary map for B*Z,, becomes

m—1

Oulgrl -+ lgm) = Y (=1)*= 1 g [ -] g; 0 gia] -+ [ gm)-

i=1

From Definition 8.8, the residual boundary map is

lgil - |gm] = Z(_l)ds[m|~-\gi_ﬂ+1[gl| - |0gi| -+ - |gm)-
i=1
In general, this does not drop out, and so we take the total boundary of [g1] - |gm] to be
m—1
Onlar] -+ lgm] = Z(—l)dB[gll""gi] [g1] -+ 1gi © gisl - -+ |gum]
i=1
+ Z(_l)dB[gl\"'|gi—1]+1[gll o 0gi| - |G-
i=1
Let us now restrict our attention to B?Z,. Let [g1] - |gm] be an n-cell in B*Z,. Our

first observation is that the residual boundary map is trivial. In Section 8.2.1, we found that
the boundary map 0 : Cy(BZs;Zs) — Ci_1(BZsy;Zs) was trivial for all £ > 0. Thus, in
the residual boundary map, the term [g1]---|0g;| - - |gm] becomes [g1|---|[]| - - - |gm], Which
becomes [g1|---|di| - |gm] by Definition 8.1. By a similar argument as above, the total
dimension of [g1]---|di| - - - |gm] must be less than n — 1. Since this holds for all 4, 1 < i <m,
we have that the residual boundary map 0, : C,,(BZy; Zs) — C,_1(BZs; Zs) is the zero map.
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Thus, the total boundary map in B?Z, is

m—1
Onlgr] -+ lgml = D o1l -+~ |gi © gial - - [gm),
i=1
since 1 = —1 (mod 2).
Now, from Theorem 8.18, we can think of an n-cell [g1]- - |g] in B*Z, as constructed

from either an (n — 1)-cell or an (n — 2)-cell. Explicitly, if g,, = [1], then [g1]- - |gm] Was
obtained from an (n — 2)-cell [¢1]- - - |gm—1] by appending [1]. If ds(g,) > 2, then [g1] - - - |gim]
was obtained from an (n — 1)-cell [g1| - |hp], where h,, has ds(h,) = ds(gm) — 1. We can
use this recursive construction of n-cells to explore the homology of B?Z,.

Let g = [g1] - - - |gm] be an n-cell in B*Z,. If g is constructed from an (n — 1)-cell, we will
use ¢ to refer to that (n — 1)-cell. If g is constructed from an (n — 2)-cell, we will use § to
refer to that (n—2)-cell. We will use predecessor to refer to ¢ or g, according to the cell that
g is constructed from. We will use ¢g; to refer to the ith element of ¢ and g; to refer to the
ith element of §. For simplicity, we will use b, to refer to the generator of H,(BZs;Z,); that
is, the cell whose bar notation consists of n 1’s. From our above discussion we have that the

boundary of g is

m—1 m—1
gz + d gz 1)
an'g - Z[gl| T |gZ * gi+1| |gm = Z ( " ) [gll e |bd(9i)+d(gi+1)| e |gm]

=1 =1 )

We will break this into cases depending on the predecessor of g.

If ¢ is constructed from an (n — 2)-cell, notice that d;§ = m — 1. Thus

m—2 . .
d(Gi) + d(Git1) \ ;.. .
o= zzl ( d(gz) i [gl| T |bd(§i)+d(§i+1)| T |gm—1|b1]

A(Grm—1) + 1\ ,.. o
+(( 11> )L%!“'\gm2!bd(§m1>+1]‘

That is, the first m —2 terms of d,,¢ are precisely the same as for 0,,_»§, but with b; appended
to the end of each term. If d(§,,_1) is odd, then (d(gmf)ﬂ) =0 (mod 2), and so

m—2 .. ..
d(Gi) + d(Gir1) \ ;.. .
a”g - ; ( d(gz) " [91| T |bd(§i)+d(§i+1)| T |gm—1|b1]-
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If d(gim-1) is even, then (d(gmf)ﬂ) =1 (mod 2), and so

m—2 . .
d(g;) + d(gi . . . .
Ohg = Z ( ( )d(g) +1)> [gl| T |bd(§i)+d(§i+1)| te |gm—1|b1] + [gl| T |gm—2|bd(ém—1)+1]'
i=1 v

Suppose now that g is constructed from an (n — 1)-cell. Notice that dsg = dsg = m. We

have

m—2 . .
d(gi) + d(giv1) . .
ang - ; ( d(gz) ' [91‘ o ’bd(gi)er(Qiﬂ)l T |gm—1’gm]

Agmt) +dlg) + 1\ ||
v (" 1] il <ty
(gm—1>

That is, the boundary of g is the first m — 2 terms of the boundary of g, where the dimension
of g,, is increased by one, plus the final term of the boundary of ¢ where the top number
in the binomial coefficient has been increased by 1 and the dimension of the last entry has
been increased by 1.

Since only the final binomial coefficient changes from 0, 19, we need only compute
whether (d(gm ;Egﬁ(lg)’")ﬂ) is even or odd. This problem is equivalent to determining a pattern
for the parity of the entries in a given column of Pascal’s triangle — a problem left unsolved
at the conclusion of this project.

We leave the reader with a conjecture.

Conjecture. If n is equal to 3k — 1, 3k, or 3k + 1 for some k € Z., then
H,(BZy;Zy) = 75.

In the appendix we provide work to support this conjecture and show that it holds for
2<n<8.

36



R. Chaiser — Senior Thesis

8. THE CONSTRUCTION BG

2= ‘ ‘ . |
R Z, | , .
o 1z
~, ,uvovﬁ
AL .:QL,
NELQ ‘ (5 010 & ;
> . . 1619 z0 15 (o
E E 2 132135 252 F (

U =0 [H]> (M [H-0

E @% B OB B0

Q DLQ @L QEQ E!ﬁ v =0 @i VDQ W) (7 @;@EQ

7 B0 Bl (-8 | 8680 B0 @88 t%gm?% RF-ED [ OB

w” wa - é@ 0 B[ \um F (80 BB (-0 |7 R R TR TR @@.@@@
CH-E-o| ﬁgi JB- )0 | B~ - B - (OB (o @iNE Diw i -0

; D“@ - \QD m@i -8 @é@ @@ga - FLDD-BBE SRS (@0 Y
B-CIOD LD T (B R0 | @) (16 @Q@m -

(- @@[ﬁw,v B0 o ] T i VO x "
. B0B G- g \@g@w%\%_& BB -5 o B 517

:N mmN?Nw \ - x_mmaw 7,

<
>

zmm@»ww\w\w == Z
10 Aﬂx QNMN\WNU I\M!wm =2
.{_bc &
.m WyB2.) - k= \WNw
E e
Q T@m@N&N\qu@ W\Nwm
p _/\So\va
)

37



REFERENCES R. Chaiser — Senior Thesis

References

[1] C. Adams and R. Franzosa, Introduction to Topology: Pure and Applied, Pearson,
2008.

[2] A. Adem and R. J. Milgram, Cohomology of Finite Groups, Springer-Verlag, Berlin,
1994.

[3] M. A. Armstrong, Basic Topology, Springer-Verlag, New York, 1983.

[4] S. Eilenberg and S. MacLane, “On the Groups H(II,n), I”, Ann. Math., 58(1), pp.
55-106, 1953.

[5] F. M. Goodman, Algebra: Abstract and Concrete, SemiSimple Press, 2014, available at

http://www.math.uiowa.edu/~goodman

[6] T. Judson, Abstract Algebra: Theory and Applications, 2017, available at
http://abstract.pugetsound.edu/.

7] E. Kummer, “Uber die Erginzungssitze zu den allgemeinen Reciprocititsgesetzen”,
Journal fir die reine und angewandte Mathematik, 44, pp. 93-146, 1852.

[8] W. S. Massey, A Basic Course in Algebraic Topology, Springer-Verlag, New York, 1991.

[9] J. R. Munkres, Elements of Algebraic Topology, Addison-Wesley Publishing Company,
1984.

[10] W. S. Wilson, “Hopf Rings in Algebraic Topology”, Ezpositiones Mathematicae, 18,
pp. 369-388, 2000.

38


http://www.math.uiowa.edu/~goodman
http://abstract.pugetsound.edu/

	Introduction
	Algebra
	Modules and Free Abelian Groups

	Homology Primer
	Triangulations
	Simplicial Homology
	Computing the Homology of Simplicial Complexes

	Cellular Homology
	CW Complexes
	The Homology of CW Complexes

	Homology with Arbitrary Coefficients
	The Construction BG
	The Homology of BG
	The Homology of BZp
	The Homology of BZ2
	The Homology of BZ3

	Iterating
	The Homology of B2Zp


