MATH 2400
Final Exam Review Solutions

1. Find an equation for the collection of points that are equidistant to A(—1, 5, 3) and B(6, 2, —2).

2 2
47| =57
(x+1)%4+(y =524+ (2=3) = (z —6)%(y — 2)* + (2 +2)°
424+ 14+9y° =10y +25+22—62+9=2"—120+364+9° —dy+ 4+ 2>+ 42+ 4
14z — 6y — 10z = 9.

Alternatively, this is the plane with normal vector 1@ through the midpoint of A and B.

2. Using a computer, graph a contour plot of f(z,y) = 2%y —2® and some flow lines of the vector
field F' = <1, 3 — 2§> . What appears to be true? Prove your conjecture.
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Note that it appears that every flow line lies on a level curve. That is, for any flow line C,
given by 7(t), we have that f(7(t)) = k for some constant k. Note that on C

=Vf F
::<2xy-—3x%a?>-<1,3-29>
x
=0.
Thus, f is constant on any flow line. Therefore, every flow line lies on a level curve. However,

note that x = 0 is a level cure of f, but the vector field is not defined on the entire line. So,
not every level curve is a flow line.



Alternatively, we can solve the differential equation

dy 4 3-2¢

dat _

dv % 1
dy 2
=2, =3
dx * xy
d
22 4 opy = 342
dx
d
e (x2y) = 327

iy =2 +k
flx,y) =a?y —a® =k
2 )7 and <0717_%>

9 _3
2
If we compute the vector between successive points, we get 7 = (=3, =2, —2), Uy = (1, —1,1).
Then

Y

3. Find an equation of the plane through the points (2,4, —1), (-1,

N
’171 X ’(72 =| -3 -2 -2 |= <—4, 1, 5>
1 -1 1

3
So, one form of the plane would be —4z + (y — 1) +5 (z + 5) = 0.

4. For each of the following limits, calculate the limit if it exits, otherwise show the limit does
not exist.

. z?sin’y
(2,y)—(0,0) 2 + 212

(a)

x?sin?y , sin?y , x%q? , r* cos? 0 sin® 0
0< lim ——== im - lim ———=1-lim —5
(2y)—=(0,0) 2+ 2y?  (29)—=(0,0) Y>  (zy)—(0,0) 22 + 22 r—=0 12 cos2 0 + 2r2 sin® 0
2@ sin? 0 1-sin%4
= limrzw < lirnrzs;‘n2 <limr?-1=0.
r—0 1+ sin“f r—0 1 -+4sin“f — r—0
2 win2
Thus, lim Ty 0.
(z,y)—(0,0) 2 + 212
3
(2,y9)—=(0,0) % + Yy
3 03 0
y=0: lim = lim = lim— = lim0=0
(z,y)—=(0,0) 22+ y®  (2,0)—=00) 22+ 06 22022  2—0
3 3.,3 6 1 1
=y lim #ﬁz lim %:limy—(),:lim—:—;éo.
@y)=00 22 + 5 Py—=00 (¥¥)> +y°  v=02y°5 402 2
3
Thus, lim 5 5 does not exist.
(z,y)—(0,0) T= + Y
(c) lim Ty

(z,9,2)—(0,0,0) m

Yz p? cos @ sin 0 sin® ¢ cos ¢

<limp=20

= lim
p2 p—0

0< li _ Ty:
- (x,y,z)lgéo,o,()) x2 + 92 + 22
Thus, hm L — O
(2,y,2)—(0,0,0) T2 + Y2 + 22




5. Two tugs are pulling a boat, one pulling in the direction 60° North of East and is half as
strong as the other tug. In what direction should the stronger tug pull in order for the boat
to move due East? If the weaker tug is moving at a speed of 10 mph, at what speed is the
boat traveling?

If unattached, the weaker tug would be moving at a speed of 10sin(60°) = 5v/3 mph North.
If the stronger tug is pulling at an angle # South of East, its unattached vertical speed would
be 20sin 6 mph. Since we need the boat to travel due East, we have 20sin6 = 5v/3, and so,

6 = sin~! (?) ~ 25.66°. Then, the horizontal speed of the boat, which is the combined

3 1
horizontal speed of the tugs, would be 10cos(60°) + 20 cos (Sin1 (%)) =10 (5) +

13
20 (%) = 5(v/13 + 1) ~ 23.0277 mph.

6. Find the acute angle between two diagonals of a cube.

The four vectors along the diagonals are (1,1,1),(—1,1,1),(—1,—1,1),(1,—1,1) . Note that

the dot product between any two of these vectors would be +1, and the length of each vector

is v/3. So, the acute angle measurement is cos ™! <L> = cos~! (1) )

V5 3
$esin(x2y)
7. Let f(x,y) = W Compute f,(1,0). Hint: There is an easy way.
xe? 1 -2
Let — f(,0)= —— =~ . So, f,(1,0)=g(1) = —| =-2
o gle) = F(0.0) = "y = S0 £1L0) =g = 5|
8. Find the tangent plane to the following surfaces at the given point:
(a) z=e* "siny at (3m, 2, —1).
Vz=(—e* "siny, 2e(2y — wsiny + " cosy)
- 3
Vz (37r, ;) = e’ (—(=1),2+0) = (1,-2)

So, the tangent plane isz:l-(w—37r)—2(y—37”) —1l=x—-2y—1.
(b) 7(u,v) = (u?,u — v v?) at (z,y,2) = (1,-2,1).

A plane is defined by a normal vector and a point. Recall 7, and 7, are tangent to
the surface, and so, 7, X 7, is perpendicular to the surface. Note 7, = (2u,1,0), 7, =
(0, —2v,2v) = 2v (0, —1, 1), and so, 7, X7, = 2v (1, —2u, —2u) . Now, how does (z,y, z) =
(1,—2,1) correspond to (u,v)? z =2 =1 givesus u> =v* =1, and so u = +1,v = +1.
Also, —2 = y = u — v* = u — 1, which gives us u = —1. So, a normal vector is (1,2,2),
giving us a tangent plane (z — 1) +2(y+2)+2(z —1) =0, or v + 2y + 2z = —1.

9. Two legs of a right triangle are measured at 8cm and 15c¢m, each with a maximum error of
0.2cm. Estimate the maximum error in computing the area and the hypotenuse.



1

Azézz;y
1 1 de d
dA:—ydx+—xdy:A.(_x+_y>
2 2 x Y
Ax Ay |Az|  |Ay| 1 2 2 9
~ 2 <ca( 2 A o 2 T R
|AA] ‘A<x+y)‘_A(x + ; _2(8)(15) 8+15 2.3 cm
H = /2% + >
dH ’ ~ L edr+ydy)
= — xzdx
\/x2+y2 \/x2+y - H e
1 1 1 46
~|— < = — (8. .
|AH| ’H(xA:L‘—i—yAy)‘_H(x|A:}c|—|—y|Ay|) 17(8(2)+15(2)) T ~ .2706 cm.

10. Parameterize the line that is tangent to z = 22 + ¢? and 422 + y? + 22 = 9 at the point
(—1,1,2).
Recall that the 3D-gradient of a surface gives a vector perpendicular to the surface. If we
cross the two gradients, we will get a vector that is perpendicular to both gradients, and so,

tangent to both surfaces. The line starting at our point, pointing along the vector, will be the
line we want.

V(z?+ 9% —2) = 22,2y, —1) — (—2,2, —1)
V(4a? + % + 22— 9) = (8z, 2y, 22) > (—8,2,4) =2(4,—1,-2)
(22, 2y, 1) x (4, -1,-2) = (=5,-8,—6)
(ﬂ=<’L> t(5,8,6) .

11. Calculate % and % for
z y

(a) the surface defined by z? + zsin(zyz) = 0.

0=d(0) =d (2 + zsin (zyz)) = 2z dx + sin(zyz) dz + cos(zyz) (yz dv + xz dy + vy dz)
(—sin(xyz) — zy cos(zyz)) dz = (2x + yz cos(zxyz)) dx + vz cos(zyz) dy

ds — 0z dr + 0z dy = —— 22 + yz cos(zyz) do— ™2 cos(zyz) )
oz dy sin(xyz) + zy cos(zyz) sin(zyz) + xy cos(xyz)
xy? )
(b) z = / e’ dt
0
0z (e2)* | 2 0z (e?)?
e e Y 9y e 2xy
12. A function f(z,y) is called homogeneous of degree n if for every ¢ > 0, f(tz,ty) = t" f(x,y).
Show that if f(z,y) is homogeneous of degree n, then x? + ygf nf.
" f(x,y) = f(tz,ty)
d d
T s = & (e
nt"t f(x, ) = fx(tx ty) z+ fy(tz,ty) -y



8:1:'2’83/2’& 0xdy’

13. Let z = f(2* +Iny). Calculate

zp =2z f" (2° + Iny) Zae = 2" (2® + Iny) 4+ 42° f" (2* + Iny)
_l 1 (.2 ___1 12 i "o, 2
zy—yf (x —|—1ny) Zyy = ny (:U +lny)+y2f (ac +lny)

Zyw = Zay = %f” (z* + Iny)

14. Compute the Taylor series centered at (0,0) of f(x,y) = 5- What is the radius of

1
l—22—y
convergence, and on what set does the series converge?

[e.e]

1 B 1 B
1—x2—y2—1—(1’2—|—y2)_

(;1:2 + y2)n
n=0
The series will converge where ’xz + y2‘ = 2% +9* < 1. This is the open disk of radius 1,

centered at the origin. Note: You should now be more comfortable with the terminology
"radius of convergence.”

0 if (z,y)=(0,0)

Note that away from the origin, f is a quotient of functions that are differentiable, hence, f
is differentiable except possibly at (0,0).

—£_ if (x,y) # (0,0
15. Let f(x,y) = { Vatty® (@,9) # (0,0 . Is f continuous? Differentiable?

r2 cos 0 sin

lim f(:z;,y)‘ = lim = limr |cosfsinf| < limr =0 = f(0,0).
r—0 r—0

(z,y)—(0,0) r—0 r
So, f is continuous at (0,0).
F(h,0) — £(0,0) el — 0 0
f2(0,0) = lim ¥ = lim Y — Jim — = lim 0 = 0.
h—0 h h—0 h h—0h  h—0

Similarly, f,(0,0) = 0. So, the best linear approximation to f at (0,0) is L(z,y) = 0(z — 0) +

E 2cosfsind 1
lim M: im = i C T i cos Bsin = cosfsing = - #0.
@y)—00) /22 + 2 (@y)—00) 2 +y? 10 r? r—0 o=7 2

Thus, f is not differentiable at (0,0).

4
16. Find and classify all critical points of f(x,y) = gx?’ —zy +y.

1
fo=d42"—y*=0 f,=-22y+1= <i§,i1)

fm: = 8x fggy = —2y fyy = -2z
D(z,y) = (87)(—2x) — (=2y)* = —162° — 4y* < 0 for (x,y) # (0,0)

So, (i%, ﬂ:l) are saddle points.



17. Find the absolute max/min of f(z,y) = 2° + 2y*> — x over the disk 2% + y? < 4.

Note that f is a continuous function, restricted to a compact set. So, we are guaranteed that
f will attain a global max and min on the closed disk. Furthermore, they must occur at either
critical points on the interior, or on the boundary.

Interior: )
fe=2x—-1=0 fy:4y:():>(§,0)
We shall apply the method of Lagrange multipliers to the boundary.

(22 — 1,4y) = A (22, 2y)
2z —1 \ 4y

2z _@
y=0=>x==2
20 — 1
y#0= v =2
2x
20 — 1 =4z
1 1\* V15
= o=y fd—(—2) =£¥2
rTTy T (2) 2
1 1 1 15 33
~0)=—=- 2,0) =2 ~9.0) = g S
F(30) =1 < 720 =2 < =20 6<f<2, g) -
2?2 P 2
18. (Challenging!) Consider the ellipsoid 5 + T + % = 1 with a point P on the surface in

the first octant (specifically, where each coordinate is greater than zero). Then the coordinate
planes and the tangent plane at P define a tetrahedron in the first octant. Find the point P
that will minimize the volume of the resulting tetrahedron.

First, an outline of the solution. We will find the tangent plane at an arbitrary point, and find
the volume of the resulting tetrahedron. This then defines a volume function, dependent on
the base point. From there, we will apply the method of Lagrange multipliers to the volume
function in order to find the minimum.

2
LY 2 2 2
der th t P(a,b, th a, b, Y —+ = —T, —Y, —
Consider the point P(a,b,c) with a,b,c¢ > 0. Since (9 4+25) <9x,4y,25z>,we

have that the tangent plane to the surface at P is

2 2 2
0= §a(x —a)+ Zb(y - b)—50(z —c)
. N b L a? b N c?
I VLT 9 425
y oz
1= g + 7 + 55
a b c
Y abc
Recall: For a,b,c > 0, the volume in the first octant under the plane -+ = ) + - =1is 5
9.4.2 150
So, the volume of our tetrahedron is <—2—< = —~ Thus, for any point P(z,y, z) satisfying
abc
2yt 2P 150
—+ =+ — =1and z,y,z > 0, the volume of the resulting tetrahedron is V' (z,y, z) = —.

9 4 25 TYz



Notice that we are not working over a closed set, however, as , %/ or z approach 0, that volume
approaches infinity. So, if we restrict the value to say 3 + &+ 3 % =1 and z,y,z > .001
we are only removing points with a corresponding larger Volume and so, will not change
the minimum (should it exist). However, V' is continuous on our new set, which is compact.
So, we are guaranteed a minimum on that set. To find the minimum, we shall proceed by
Lagrange multipliers.

~ L (22 2 2
Vv =\ — 4+ =4+ —
111
(LI oz s
Ty z 9°4° 25
Voo oy 2R
220 9 4 2
Substituting into our constraint, we get
2 3 3 2 5
3-x—:1:>x:—:>P(x,y,z):(—,—,—).
9 V3 3'V3' V3

19. Evaluate the following integrals:

16 4
a)/ /e”C dx dy
0 Jvy
16 4 4 px? 4 4 64
1 -1
/ / e$3d$dy:// exgdyd:v:/ xQGdex:[—ex3] _C .
o Jyy o Jo 0 3 0 3

(b) / / ydA where R is the region in the first quadrant bounded by zy = 16, y = x and

R
- 2176

) ///z dV, where G is the solid in the first octant bounded by = +y = 2 and y? + 22 = 4.

G
3 2 2—rsinf 3 2
/ // rcos@-rdxdrcw:/ /r20039(2—7“sin9) dr df
o Jo Jo o Jo

:/2E0089 4sinfcosfdf = — 10
o 3 37

r =8.

(d) / w dA where R is the region bounded by y =0, y =z, and v +y = %
cos(x

rT=u-+v y=v—1u

Y =0 U = v 9
y = x ;=< u = 0 a(x’y):)_ll 1’:2
r+y = 7 v o= 7 (u,v)
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i 1
//Sln ~Y) A / / s1nu2dudU:2/4_1+ dv=2In(vV2+1) — .
cos(z + y) o COSV 0 cosv 2

R

Va—z2

Va—z2 V2
/ / \/x2+y2dyda:+/ Va2 +y?dyde.
1
vz

T

2 2 14
:/2/ vVrirdrdd = —r
= N 3
V2—z2 4— ac2—y
/ / / (22 +y* + 233 dz dy du.
2+y

;/01/02(p2)3p2sm¢dpd¢d9=(g—g) — cos ¢ Bpg]z_%iﬂ (2_ﬁ>‘

I
o

20. (Hard) Three identical cylinders with radii R intersect at the same point at right angles.

Find the volume of their intersection.

Consider the cylinders 2® + y* = R?, 2> + 2% = R?, y* + 2* = R*. Using symmetry, we can
restrict out attention to z > 0, x > y > 0, giving us

T R
VEZZ22dA — 16/4 / rVEZ — 12 cos2 0 dr df
0 0

0<y<z<R
x2+y2<R?

I 1 3 R
=16 — R* —r?cos’0)?| db
/0 [ 300526( 1 cosf) }

0

i 1 R®
=16 | — R’sin® 0 do
/0 3cos2f L 0 * 3cos? 0

16 ., (1 s 1—cos?f .
= gR /O\ <SeC —m sin 0 do

16 T 9 sin 0 .
= ?R /0 (sec 0 — Py —l—sm@) do

IS

1 1
= —6R3 {tan@ — — COS 9}
3 Cos 0
1
:36 (1—\/5——\/_—0+1+1>

:%633(3_2\/5) =R (2-V2).

21. Find the surface area of the portion of the cylinder 2? +y? = 9 above the zy-plane, and below

T +y+ 3z =20.



70, z) = (3cosf,3sinb, z)
7 = (—3sinf,3cos60,0) 7, =(0,0,1)

|79 % 7| = ||(3cosf, 3sinb,0)|| = \/9COS2€+98111 0+0=3

27 (20—3 cos §—3sinH)
//dS / / 3. db

:/ 20 — 3cosf — 3sinfdo
0

= 407.

For the following problems, all closed curves are oriented counterclockwise when viewed from
above, and surfaces are oriented outward /upward unless other wise stated.

22. /:cha:+xydy+z2dz, C: 7(t) = (sint,cost,t*), 0 < ¢t < 7.
c

/xde—i-xydy—i-zzdz—/ sinzt-cost—i—sintcost(—sint)+(t2)2(2t)dt—/ 26° dt = —
c 0 0

23. / 22z cos(x22) dr+ 2 dy + ($2 cos(z?z) + y) dz, where C is the intersection of z = 322 4+y>+5
c

and y = 2% -3 fromz =0toz = 1.

/2:1:2 cos(zz) dx + zdy + (2” cos(2?z) + y) dz
c

(1,-20) _
= / V (yz + sin(2?2)) - dF
(0,—3,—22)

= (—2)(0) +sin(0) — (—3)(—22) — sin(0) = —66.

24. ]{(x +y*)dz + (1 + 2%) dy where C is the boundary of the region enclosed by y = 22 and
c

y = 3.

1 x?
/(:v+y2)dx+(1+:v2)dy(}:’// (22 — 2y) dy dx
c reen’s [ 23

1

3
= 203 — gt — 2t L 28 de = =
/O:U x 2" +atde =

1
25. ]{ <x v, Sx xy> - d7 where C is the intersection of z = y? — 2% and 2% + y? = 1.
c

Let S be the surface z = y? — 22 over 22 + y? < 1, which will have boundary curve C.



1 1 -
2 1.3 = 2 1 3 ,
?{C<x Y37 ,xy> dr e //curl <x Y3t ,xy> ds
S

_ // (z,—y,0) - (2z, —2y,1) dA

z24+92<1
2T 1
:/ / 2r2 - rdrdf = .
o Jo

26. f (xy,yz, zzx) - di where C' is the triangle (1,0,0), (0,1,0), (0,0,1).
c

Let S be the flat interior of C, given by z+y+2=1,0<y <1 -2 < 1.

]{ (zy,yz, zx) - di = //Curl (zy,yz, zx) - dS
C Stokes’
s
= // (—y,—z,—x)-(1,1,1) dA
R
z//—(x+y+z) dA
R
_ 1. // dA— L
2
R

27. ]4 <x, y, 1 + y2> -di" where C is the boundary of the portion of the paraboloid z = 1 — 2% — /2
c
in the first octant.

Let S be the portion of z = 1 — 2% — 32 inside C.

j{<x,y;x2+y2>.df'st:k ’//Curl<x’y’x2+y2>‘d§
C okes

S
— [[ v 2000 (20.20.1)
R

:/R/OdA:O

28. // curl <x sin? z, 3z, 2 + tan’l(xy)> - dS where S is the portion of z = /9 — 2% — y? inside
s
2% 42 = 4.
By either applying Stokes’ twice or divergence theorem, any surface with same orientation

and boundary as S will have the same surface integral. Let S’ be the disk z = /5 with
4+ y* <4



—

// curl <x sin® z, 3z, 2 + tan_l(xy)> -dS = // curl <x sin® z, 3z, z + tan " *( xy)> -dS
s

Dlvergence

y
— 3Y.(0.0.1) dA
// <1+xy2,1+xy2, > (0,0,1)

z2+y?2<4

=3 // dA = 12m.

x249y2<4

29. // curl <$2€yz, yre, 226’”?’> - dS where S is the top half of the sphere 22 4 y? + 2% = @
S

Note that S, the disk z = 0 with 22 + y? < a2, has the same boundary curve as S.

Curl <x ev* y“e™” 2emy> ds = curl <x2eyz,y26m7z26w> -dS
Divergence ’

= // CU.1"1<£U2€yZ e, xy> (0,0,1)

224y2<a?
= z (er“ — x2eyz) dA

z24y2<a?

- // 0. (P — 22c?) dA

x2 +y2 SaQ

~ [[ vaa-o

22 4y2<a?

30. Find the flux of F through the surface S.

(a) F = (xze¥, —xzeY z), S is the portion of x + y + z = 1 in the first octant, oriented
downward.

1 11—z 1 11—z
// ﬁ-dgz/ / (xze¥, —xze?, 2)-(—1,—1,—1) dy dx :/ / —xzeV+xze!—zdydx
S 0o Jo 0o Jo

1 11—z 1 1 1
:/ / —1+$~|—ydyd;1::/ —(1—2)P?+-(1—z)dr=—-.
o Jo 0 2 6

(b) F = (z,y,2), S is the upper half of the sphere 22 + 32 + 22 = a.

//F q5 = // st //SHFHdS://SadS:a-%-47ra2227ra3.

) F= 3z,x2,2%), S is the boundary of the solid bounded by z = 4 — 22 — ¢? and z = 0.
() y y y



— — 4_12_y2 —
//F-dS = // / divF dz dA
S Divergence 0

x24y2<4

2 p2 pd—r?
= / / / (3+22)rdzdrdf
o Jo Jo

= 277/0 r(3(4 -1+ (4—1%)?) dr

136
= ——T.

3

(x* +sin(yz),y — ze %, 2%), S is the boundary of the solid bounded by 22 + y? =
+z=2and z=0.

2—x
//ﬁ-d§ = // / 27 +1+2zdzdA
S Divergence 0

(d) F =
4 x

x249y2<4
_ // (20 +1)(2— ) + (2 — 2)° dA
x24y2<4
= // — 2> —x+6dA
x2+y2<4

27 2
:/ / —r3cos? 0 — r? cosO + 6r drdo
0

2
8
:/ —4cos® 0 — 5C089+12d9
0

= 207.

(e) F =(2,5,3), S is the portion of the cone z = y/22 + y? inside 22 + y% = 1. What if S
were instead the portion of z = 22 + 9?2 inside 2% + y? = 17
Notice that the cone and the paraboloid can both be continuously deformed to the disk,,
S':iz=1,22+y?><1and divF = 0, so the flux through all three surfaces will be equal.

J[Feas= [] ess-wonaa=s [[ aa-sm

x24+y2<1 z24+9y2<1

31. For each of the following, determine if the statement is true or false. If true, make sure you
can prove it or explain why. if false, give a counterexample.

(a) For every pair of differentiable functions of one variable, f and g, the line integral
/ f(z)dzx + g(y) dy is path independent.
c
Since f and g are differentiable, they have antiderivatives, F, G. Since V (F(x)+G(y)) =
(f(z),9(y)), then / f(x)dx + g(y) dy is path independent.
c

(b) F = (zy?, 2°x) is an example of a vector field.

F = <$y2,x22> has three inputs, but only two outputs, and so, F cannot be a vector

field.



(c) / Y dr— % dy is path independent.
c Y

$2+y2 $2+
x — —2x 2 -
cur1< 5 3 y2,0>:<0,07 y2_ i 2>7«'§0.
Yyt Tty (@ +92)"  (2® +¢?)
T -y . . z Y .
So is not conservative. Thus dr — dy is not path
’<x2+y2’w2+y2> o ’/cx2+y2 2y VP

independent.
(d) If ]{ F - di = 0 for a simple closed curve C, then F is conservative.
c

Consider F = (0,0,1 — 22 — 4?). Then curlF = (—2y,2z,0) # 0, so F is not conserva-
tive. However, for C': 7(t) = (cosd,sin#,0), 0 <t < 2w, a simple closed curve,

]{Cﬁ-df:/o%ﬁ(f(t))-ﬁ(t)dt:/o%ﬁ-ﬁ(t)dt:o.

(e) fV?f=V-Vf=0then [, f,dx — f,dy is path independent.

Let C' be a simple closed curve.
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(f) There is a vector field F such that curlF = (22, 3yz, —x22).

Recall that for any vector field F, diveurlF’ = 0. Since div (2, 3yz, —x2?) = 243z+x # 0,
then (2z,3yz, —xz?) is not the curl of any vector field.



