Solutions, Test 2
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Suppose that I' is consistent, and by the completeness theorem let A be a model of
I'. Take any a € A, and by (4) applied twice, get b,c € A such that a < b and b < c.
Note that a < ¢ by (2). By (4) we have a = bor a = cor b = ¢. If a = b, then (1) is
contradicted. If b = ¢, again (1) is contradicted. If a = ¢, then again (1) is contradicted.

Add an individual constant to the (implicit) language ., obtaining a language .£”’.
Let IV consist of I' together with the following sentences for each n > 2:

HUO ce an,1 /\(UZ < C) A /\ [_‘(Ui = Uj)]
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We claim that every finite subset A of IV has a model. For, in A there are only finitely
many of the above sentences, say those associated with ng, ..., ni. Let m be the maximum
of ng,...,ng, and define the structure A to be (w, <) together with ¢4 = m + 1. Clearly
A is a model of A.

So by the compactness theorem I’ has a model B. Then for each positive integer

m there are at least m elements less than c¢?. The reduct of B to the language .% is as
desired.



