Solutions for review questions for the final
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The implication on the far left is inconsistently assigned, so the formula is a tautology.

A formula built up from — and sentential variables must have the form —-..=S; for
some 4. Such a formula is either equivalent to S; (for an even number of —’s), or to —.5;
(for an odd number). Suppose that Sy — Sy is equivalent to —-- - .S;.

Case 1. An even number of —’s before S;. Assigning 0 to all S;’s gives the value 1 to
So — Sp and 0 to —-- -5, contradiction.

Case 2. An odd number of —’s before S;. Assigning 1 to all S;’s gives the value 1 to
So — So and 0 to —---~S;, contradiction.

We need several lemmas.

Lemma 1. For any formula ¢, - —~—p — ¢.

Proof.
{—=p} F =g — g using axiom (1)
{=p} F —p — g using axiom (3)
{=p}F—p = using axiom (3)
{7ty
F-—p = U

Lemma 2. For any formula p, - ¢ — ——p.

Proof.
{o, 7} =g using Lemma 1
{27 — e
{etFe— e using axiom (3)
{o} e
Fo— o

Lemma 3. For any formulas p,9, b (¢ — =) — (¢ — —p).

{o— P} == — @ using Lemma 1
{o = P} —=p — using 1.14
{o— v — ¢ using axiom (3)

{o =, ¥} -
{p—WiEY — -
F(p— ) = (¥ — —p)
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Lemma 4. For any formulas p,v, = ¢ — (¥ — (@ AY)).
Proof.

{o, 0,0 = W} Eo
{o, 0,0 = 0} =0

{0, 0,0 — b} = =(p — ) using 1.13
{o, 0} = (o — ) — =(p — @)
{o, 0} E (0= 9) = =(p — ) using Lemma 3
{9} F =l — =) using 1.11

Fo— (= (e AY))
Now the exercise follows from Lemmas 1, 2, and 4.

~So V 81 V (=S5 A =S5) V (S2 A S3)

Suppose that the given expression is a term. Then by Proposition 2.2(ii)(c) there are
terms o, 7 such that

—~

<+7/U07+7/U07U17/U2> - <+> g T
Hence
<007 +, vo, v1, U2> =0 T.

Now vg is a term, and it is a segment of o. So by Proposition 2.2(iii) we have vy = 0.
Hence

<+7 Vo, V1, U2> =T
But then the term (+,vp,v1) is a proper initial segment of 7, contradicting Proposition
2.2(iii).
@ Suppose that the given expression is a formula. Then by Proposition 2.6(ii)(e) there is
a formula ¢ such that

(¥, v9, =, v1, 0, v2,v3) = (¥, v0) ).
It follows that
(=, v1,v0,v2,V3) = Q.
But (=, v1, vp) is a formula which is a proper initial segment of ¢, contradicting Proposition
2.6(iii).

@ Below each variable we write f for free occurrence and b for bound occurrence.

—(vg = 0) A =(vg = S0) A Vo [Fua(vy - v2 = vg) — v1 = SO0V vy = v

YVugl0 < vg — Fug(vy - v1 = vp)]

Vvo(UQ—FUl:UQ\/HUl(U1—|—U0=U2/\VU2(U3=

b b f f b b b f b f



VogIvugFvgfvg > 0 — (v = v3 — v = v1)]

It suffices to find a model of the indicated set. Let M = ({0, 1}, f), where f(0) = 1
and f(1) =0.

By 3.37 we have F Jv1Vusp — Vugdvip. Hence by generalization on vy and axiom
(L2) we get - Yog3v, Vuap — YogVue vy p.

In the language for (w, S, 0,4+, -) let ¢ be the formula Vvo(—(Svy = v1)). Then Subfg'¢
is Yug(—(Svg = 0)). and P F Subfj'e. But P I ¢. In fact, let @ : w — w be such that
a; = 1. Then not((w, S,0,+, ) = ¢|al]), hence not(P = ¢), hence not(P F ¢).
We assume that z is vy and vy is v;. Let M be any Z-structure, and assume that
M = FvgFvg AVuoVui [Fug A Fuy — vy = v;]. This means that there is a u € M such that
FM — {4} _

Now suppose that a : w — M is any assignment. First suppose that M = Jvg[Fuvg A
Guovi][a]. This means that (u,a;) € GM. Now take any w € M. If M = Fuo[al)], then

w = u and so (w,a;) € RM™, and consequently M | Gugvi[al]. Thus M = (Fvg —
Guovr)[a?]. Since w is arbitrary, this proves that M = Vg (Fvg — Guguy ).

Second suppose that M = VYvo(Fvg — Guovy)[a]. By definition of modeling of V it
follows that M = (Fvg — Guovy)[al]. Since FM = {u}, it follows that M = Gugv;[al].

So M = (Fvg A Guguy)[al], so M = Jug(Fug A Gugoy ).
We go through the proofs of 4.20-4.24 for this formula.

(1) Fuwvg+wvy-vy =0« Jugfvg+v1-v1 =v2 A0 =1w9] (1) in proof of 4.24

(2) FO0=wy < Juglvg=vy A0 =1g] 4.20

(3) Fwp+ vy vy =v9 > JuzTvgTuslvg = v3 Avy - 01 = vg Avg = v5 Avs + vg = Us)
(*) in proof of 4.23 with n =3

(4) Fwp- vy =4 < FusFvgTvr[vy = v Avp = V6 Avg = U7 A vs - Vg = V7]
(%) in proof of 4.23 with n =5

(5) Fws-vg = w7 > JugIvyTvgfvg = v5 A1 = Vg A vy = U7 Avg - V1 = Vg
4.22

(6) F s+ vy =5 > JugIvyTvgfvg = v3 Avy = vg A vy = v5 Avg + V1 = U3
4.22

(7) Fuwuy+wvsg =50 Jugfvg +vs=v4 ANSO=10y] (1)in proof of 4.24

(8) F wy+ vg =14« FusTvgTvr|vg = v5 A v = vg A vy = v7 A Vs + Vg = V7]
(%) in proof of 4.23 with n =5

(9) F s+ vg =v7 > JugIvyTvg|vs = vg Avg = v1 A vy = v2 Avg + U1 = U3
4.22

(10) F SO0 = w4 <> FusTvg[0 = v5 A vy = vg A Svs = V]
(%) in proof of 4.23 with n =5



(11) F0=w5 < Juglvg =v5 A0 =wp] 4.20
(12) F Svs = vg < JvgTvr[vs = vog Avg = v1 A Svg = v1]] 4.22

It remains only to put these together using 3.20.

(13)

(14)

(15)

(16)

S0 = vy < JusTvg[0 = v5 A vy = vgA
JugFv[vs = vo Avg = v1 A Svg = v1]]  (10), (12)
S0 = vy <> JusFvg[Tvg[vg = v5 A O = o] A vy = VA
JugTvi[vs = vo Avg = v1 A Svg = v1]]  (11), (13)
F vg + vy = vy < JusFvgTvr[va = v5 A vg = Vg A Vg = U7A
JvgFviFuafvs = vo Avg = v1 Avy =v2 Avg +v1 = v2]]  (8), (9)
Fvg + vz = S0 > Jug[FvsTvgTur[ve = v5 Avg = vg A vg = V7A
FvgTvy Fuafvs = vg A vg = v1 A vy = V2 Avg + V1 = V2]
A FvsFvg[Fug[ve = v5 A0 = vo] A vy = vgA
JvgTv[vs = v9 Avg = v1 A Svg = n1]]]  (7), (14), (15)
Fvg+ vy v =0« Jug
JugFvgTus[vg = v3 A vy - v = Vg Avg = V5 A U3 + vy = V5|
Juglvg =v2 A0 =1v0] (1), (2), (3)
F g+ vy v =0« Jug
FuvgFvgTus[vg = v3 A FusTugTur[vy = vs A vy = V6 A vy = V7 A Us - Vg = V7]
A vy = vs A FugFvy g [vg = v3 A v = V4 A Vg = U5 A vg + V1 = Va]]A
Juglvg =va A0 =wg] (17), (4), (6)]
Fvg+ vy v =0« Jug
JugFvgTus[vg = v3 A FusFugTur[vy = vs A vy = v A vy = V7A
FvgFvy Fuafvg = v5 A vy = v A v = V7 Avg - V] = V2]
A vg = v A JugTvy g [vg = v3 A v = Vg A vy = U5 A vg + v1 = V2]]A
Jug[vg = v2a A0 =1vp] (18), (5)]

Thus we get, finally, using (16) and (19)

F YooV [vg + v1 - v1 = 0 A vg + v3 = S0] > YoV |
Juy[FvsFvgTur[ve = v5 A vz = v A vy = V7A
FupTvy Fua[vs = vo A vg = v1 A vy = V2 Avg + V1 = V2]
A FvsFvg[Fug[vg = v5 A0 = vo] A vy = vgA
JupTvy [vs = v A vg = v1 A Svg = v1]]]A
Fug[FvgFvgTus[vg = v3 A FusFugTvr[vy = vs A vy = V6 A vy = U7A
FvpFviFuavg = v5 A vy = vg A vy = V7 AV - V1 = V3]
A vg = v A FugTvy Jvg[vg = v3 A v = Vg A Vg = U5 A vg + v1 = V2]]A

31)0[1)0 = vy A\ 0= U()”



Let T' consist of the following sentences:

Jug ... Fvp_1 /\ (= (vi =vy)) for each integer n > 1;

Vg (voEvg);
YugVur [vgEvy — vy Evgl;
VugVuYog [vg Evy A v1 Evg — vgEvs);

Vvg3vr [vgEvr A (—(vg = v1)) A Vg (vgEvy — v9 = vg V vy = v1)].

See Lemma 4 in the solution for exercise 3.

3@131)2[1)0 =1 V1 + V- UQ].

We take z to be vy and y to be v;. Let M be a structure and a : w — M be any
assignment. First suppose that M = JugGugvi[a]. Choose u € M so that M = Gugvy [al].
So (u,ay) € GM. Hence M = Guivo[ad b,] and so M = Jv1Guivplad ]; so M | (vg =
v1 A Ellevlvo)[agl]. So M = Jvp(ve = v1 A Jv1 Goyvg)|a).

Second, suppose that M = Jug(vg = v1 A v Gvivg)la]. Choose u € M so that
M E (vo = v1 A v Guyvg)[ad] Thus u = ay. Choose w € M so that M | Guivg[ad ', ].
Hence (w,ay) € GM, so M = Gugv1[al], hence M |= JvgGugvy [a).
Expand the language by adding an individual constant c. Let I consist of I" together
with all sentences

HUO . va_l /\ ﬁ(Ui = Uj) N /\ CRUi
1<g<m <m

Clearly every finite subset of I has a model, so I itself has a model (M, R, d). Clearly
(M, R) is as desired.



