Solutions to assignment 7

Let £ be a language with just one non-logical constant, a binary relation symbol R.
Let T' consist of all sentences of the form Jv1Vvg[Rugvy < ¢| with ¢ a formula with only
vo free. Show that T" is inconsistent. Hint: take ¢ to be ~Rugyvy.

By Theorem 3.27 we have
(1) I' F Voo [Rvgvy < “Rugvg] — [Ruvr < —Rugvy].
Now [Rwvjv; «» =Rwjvi] — —(vg = vg) is a tautology, so from (1) we obtain
' - Yug[Rugvy <> ~Rugug] — —(vg = vp);
then generalization gives
I' = Yoy [Vog[Rugur <= =Rugug] — = (v = vp)].
Then by Proposition 3.39 we get
I F Ju; Voo [Rugvr <« =Ruwgvg] — —(vg = vp).

But the hypothesis here is a member of I', so we get I' = =(vg = vg). Hence by Lemma
4.1, I' is inconsistent.

Alternate proof (due to a couple of students). Suppose that I' is consistent. By
the completeness theorem let A be a model of I'. Taking ¢ to be ~Ruvgvg, we get A |=
Ju1 Vug[Rugv1 <= “Rugug]. Let a : w — A be any assignment. Then by Proposition 2.8(iv)
there is a b € A such that A & Vug[Rugvy <> =Ruwguo][ai]. By the definition of satisfaction

of V, it follows that for any ¢ € A we have A = [Ruvgvs < =Ruwgup][a? {]. Hence (¢, b) € RA
iff (c,b) ¢ R, contradiction.

Show that the first-order deduction theorem fails if the condition that ¢ is a sentence
is omitted. Hint: take T = (), let © be the formula vy = vy, and let 1 be the formula vy = vs.

{vo=v1}Fvg=n
{UO = Ul} H Vvl(vo = Ul)
{vo =v1} FYv1(vg =v1) = vg = v2 by Theorem 3.27

{UQ = Ul} H Vo = V2.

On the other hand, let A be the structure with universe w and define a = (0,0,1,1,...).
Clearly A P~ [vg = v1 — vg = v3][a]. Hence b vg = v1 — vg = vo by Theorem 3.2.

In the language for A def (w, S,0,4+,-), let T be the term vy + vy - v2 and v the
term vy + ve. Let a be the sequence (0,1,2,...). Let p be obtained from T by replacing the
occurrence of v by v.

(a) Describe p as a sequence of integers.
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(b) What is pg(a) ?
(c) What is v (a)?
(d) Describe the sequence a'

(e) Verify that p (a) = 74(q!

as a sequence of integers.

) (cf. Lemma 4.4.)

A()
vA(a)

(a) pis vg + (vg + v2) - vo; as a sequence of integers it is (7,5,9,7,5,15,15).
(b) pA(a) =0+ (0+2) -2 =4.
(c) vA(a) =0+2 =
(d) aiZKa):=<0,2,2,3,”.y
(e) p™(a) = 4, as above; Tz(aix(a)) =0+2-2=4.

In the language for A def (w,S,0,4,-), let ¢ be the formula Yvg(vg - v1 = v1), let v
be the formula vy + v1, and let a = (1,0,1,0,...).
(a) Describe Subf}}! ¢ as a sequence of integers
(b) What is v4 ( )?
(c) Describe a* )

(d) Determine whether A |= Subf)! ¢la] or not.
(e) Determine whether A |= gp[aix(a)] or not.

as a sequence of integers.

(a) Subf}!p is Vug(vg - (v1 +v1) = v1 + v1); as a sequence of integers it is

(4,5,3,9,5,7,10,10,7, 10, 10).

(b) vA(a) = (v 4+ v1)2((1,0,1,0,..)) =040 = 0.

(c) alll_( ) =(1,0,1,0,...).

(d) A = Subfitpla] iff A |= [Voo(vo- (v +v1) = v1 +01][(1,0,1,0,...)] iff for all a € w,
a-(0+0) =0+ 0; this is true.

(e) A plal-, ]iff A [Vug(vo - v1 = 11][(1,0,1,0,...)] iff for all @ € w, a -0 = 0;

vA(a)
this is true.

Let A be an &£-structure, with £ arbitrary. Define I = {¢ : ¢ is a sentence and
A = ¢la] for some a:w — A}. Prove that T is complete and consistent.

Note by Lemma 4.4 that A |= ¢[a] for some a : w — A iff A = p|a] for every a : w — A.
Let ¢ be any sentence. Take any a : w — A. If A |= ©la], then ¢ € T and hence T' I ¢.
Suppose that A [~ ¢[a]. Then A = —[a], hence —¢ € T', hence T' - —p.

This shows that I' is complete. Suppose that I' is not consistent. Then I' - = (vg = vp)
by Lemma 4.1. Then I' = —=(vg = vg) by Theorem 3.2. Since A is a model of T, it is also
a model of —(vg = vg), contradiction.



