Solutions for assignment 5

Prove that (L6) is universally valid, in the proof of Theorem 3.1.

Assume that 4 = (6 = 7)[a] and 4 = (p = o)[a]. Then o (a) = 74(a) and p? (a) = o (a),
s0 pA(a) = 74(a), hence 4 |= (p = 7)[a].
m Prove that (L8) is universally valid, in the proof of Theorem 3.1.

Assume that 4 = (0 = 7)[a]. Then 6% (a) = 7%(a). Assume that
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hence (L8) is universally valid.

Indicate which occurrences of the variables are bound and which ones free for the
following formulas.

Fvg(vg < v1) AVoy(ve = v1).
Vg4 + V2 = Vg /\va(vo = Ul).
31)2(1)4 + Vo = Uo).

First formula: the first and second occurrences of vy are bound, and the third one is free.
The first occurrence of vy is free, and the other two are bound.

Second formula: the occurrence of vz is bound. All other occurrences of variables are free.

Third formula: the two occurrences of v, are bound. The other occurrences of variables
are free.

Finish the proof of Proposition 3.13.

Suppose that ¢ is an atomic non-equality formula; so there is a relation symbol R and
terms oy, ...0,—1 such that ¢ is (R)"o5 -+ 0,-1. Hence i > 0, and it is inside some
term o;. By Proposition 3.12 there is a term which is a segment of o; beginning at 7; it is
also a segment of ¢, and it is unique by Proposition 2.2(iii).

Suppose inductively that ¢ is =, i.e., it is (0) . Then ¢ > 0, so that it is inside .
Hence the inductive hypothesis gives the desired result.

Suppose inductively that ¢ is ¢ — x, i.e., it is (1)t " x. Then i > 0 and ¢ is inside
1) or x; the inductive hypothesis gives the desired result.

Suppose inductively that ¢ is Yog), i.e., it is (4,5(k+ 1)) 1. Soi > 0. If i = 1, then
w; is 5(k + 1), so that (5(k+ 1)) is a term which is a segment of ¢, unique by Proposition
2.2(iii). If ¢ > 1, then it is inside 1, and the inductive hypothesis gives the desired result.

Indicate all free and bound occurrences of terms in the formula vg = v + v —
HUQ(UO + vy = Ul).



vp is free in both of its occcurrences.
v is free in all three of its occurrences.
vy is bound in both of its occurrences.
v1 + v is free in its occurrence.

vo + v2 is bound in its occurrence.



