11.5 Tensor algebras, Symmetric and Exterior Algebras.
Let R be a commutative ring with 1 and M an R-module.

We extend M to obtain a ring with addition 4+ and multiplication ®.

Definition. For k£ € N, define the set of k-tensors,
TH(M) =M @r M ®p---@r M (k factors),

T°(M) := R,
T(M) = P T*0M).
k>0

M is a submodule of T'(M) by identifying M with T (M).

Theorem.

(1) (T'(M),+,®) is an R-algebra (called the tensor algebra of M ). _(u,u R-adlgira

(2) (Universal Property) For any R-algebra A and R-module homomorphism
w: M — A, there ezists a unique R-algebra homomorphism ®: T(M) — A

such that @[y = . “ y T

o

o8

Proof. (2) R-multilinear M* — A, (my,...,mp) = ©(my) - o(my), yields ®. O

Corollary. Let V' be a vector space over F with basis B = {vy,...,v,}. Then
Vi, @@, foriy,...,ig € {1,...,n}
form a vector space basis for T*(V'). In particular dim T*(V) =

Proof. 0

b

Note. T (V) can be regarded as the algebra of polynomials over F' in noncommut-

ing variables vy, ..., v,.

—

Example. Let R =7Z and M = Z/nZ.
MeoM= z/-x <%
THM)=2 T (ow k> O
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Symmetric Algebras.

Question. What is the maximal commutative quotient of T'(M)?

Definition. The symmetric algebra of an R-module M is
S(M) = T(M)/C(M)
for the ideal C'(M) of T(M) generated by m; ® mg —mo ® my for all my, my € M.

Theorem.

(1) S(R) is a commutative R-algebra.

(2) (Universal Property for maps to commutative R-algebras) For any commu-
tative R-algebra A and R-module homomorphism p: M — A, there exists
a unique R-algebra homomorphism ®: S(M) — A such that ®|y = .

(3) (Universal Property for symmetric mnltilinear maps) For any symmetric
k-multilinear map ¢: M* — N, there ewists a unique R-module homomor-
phism ®: S¥(M) — N such that ¢ = ® o 1 where

v: MR — SE(M), (my,...,mg) = mi @ @my + C(M).

Proof. As in the general case using that C*(M) is in the kernel of any symmetric
map T"(M) — N TN 0
' C(R) o T ()

Corollary. Let V be an n-dimensional F-vector space. Then S(V) = T E)‘ 0=t X 1



Exterior Algebras.

Question. How to characterize alternating multilinear maps?

Definition. The exterior algebra of an R-module M is
N(M) = T(M)/A(M)

for the ideal A(M) of T'(M) generated by m @ m for all m € M.
We write
miA--Amgi=m @ - Qmy + A(M)

and A for the product (called the wedge or exterior product) in \(M).
Note. Since m Am = 0 for all m € M,
(1) my Amg = —mgy A'my for all my, my € M and
(2) my A+ Amy, = 0 if m; = m; for some ¢ # j.
e ) U7 L] m () 2y o e e e
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Theorem. (Universal Property for alternating multilinear maps) For any alter-
nating k-multilinear map p: M* — N, there exists a unique R-module homomor-
phism ®: N*(M) — N such that ¢ = ® o . where

k
L: Mk—>/\(M), (ma,...,mg) —myg A« Amg.

Corollary. Let V' be a vector space over F with basis B = {vy,...,v,}. Then
vy Ao Ay, forl < <o <igp<n

foon A< ()

form a vector space basis for N*(V) [ L <

tL b > Lo NWN=O.
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Homomorphisms of Tensor Algebras.
¢ € Hompg(M, N) induces an R-module homomorphism on the k-th tensor power

Tk(go): Tk(M) —>Tk(N), my® - @my— o(my) @ -+ & @(myg).

‘ ¢
e Similar for S* and /\k Stre Ch(tﬂ , AT eue teovio bk emdae T (f\ .
e Further ¢ induces R-algebra homomorphisms on T'(M), S(M), A(M).

Example. Let V be an F-vector space with basis B = {vy,...,v,} and ¢ €
Endg(V).
Then vy A -+ A, is a basis of A"V and

/\n(Sﬁ)(Ul/\“'/\vn) =D(p)vyy A+ Aoy,

for some D(p) € F.
For A = (a;j) € Myyn(F) define ¢4: V — V such that M5 (p4) = A4, i.e.,

oa(vj) == Z a;jv;.
i=1

Show that D(A) := D(gp4) satisfies the defining properties of the determinant to
obtain the following.

Theorem. Let ¢ € Endp(V) and dimpV =n. Then
/\”(go)(x) = (det )z for all x € /\”(V)

Note. Hence det p is characterized as a natural linear map on \"(V') independent
of the choice of a basis B for ME(p).




