
11.4 Determinants.

Let A ∈ Mn×n(R) have columns v1, . . . , vn.

Question. What is the ‘volume’ of the n-dimensional parallelepiped spanned by
v1, . . . , vn,

{
n�

i=1

civi : ci ∈ [0, 1]}?

Idea. A volume D : Rn × · · · × Rn → R should have the following properties (R
a commutative ring with 1):

(D1) n-multilinear : ∀i ≤ n ∀v1, . . . , vi−1, vi+1, . . . , vn ∈ Rn

Rn → R, x �→ D(v1, . . . , vi−1, x, vi+1, . . . , vn),

is an R-module homomorphism.
(D2) alternating :

D(v1, . . . , vn) = 0 whenever vi = vj for 1 ≤ i < j ≤ n

(D3) normalized: D(e1, . . . , en) = 1.

Lemma. Let D : Rn×· · ·×Rn → R be multilinear and alternating, let v1, . . . , vn ∈
Rn and 1 ≤ i �= j ≤ n. Then

(1) D(. . . , vj, . . . , vi, . . . ) = −D(. . . , vi, . . . , vj, . . . ),

(2) D(vπ(1), . . . , vπ(n)) = �(π)D(v1, . . . , vn) for all π ∈ Sn with sign �(π),

(3) D(v1, . . . , vi−1, vi + cvj, vi+1, . . . , vn) = D(v1, . . . , vn) for all c ∈ R.

Proof.
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Lemma. Let D : Rn×· · ·×Rn → R be multilinear and alternating, let v1, . . . , vn, w1, . . . , wn ∈
Rn with aij ∈ R such that

vj =
n�

i=1

aijwi for all j ≤ n.

Then
D(v1, . . . , vn) =

�

π∈Sn

�(π) aπ(1)1 . . . aπ(n)n D(w1, . . . , wn).

Proof.

Theorem. The determinant

det : Mn×n(R) → R, (aij) �→
�

π∈Sn

�(π) aπ(1)1 . . . aπ(n)n,

is the unique function Mn×n(R) → R that is multilinear and alternating on the
columns and satisfies det(I) = 1.

Proof.
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Theorem (Cofactor expansion along row i). For A = (aij) ∈ Mn×n(R), let
Aij ∈ Mn−1×n−1(R) be obtained from A by deleting row i and column j. Then

detA =
n�

j=1

(−1)i+jaij detAij

for all i ≤ n.

Proof. �

Corollary (Adjugate). The adjugate of A ∈ Mn×n(R) is defined as n× n-matrix

adj(A) := ((−1)i+j detAij)
T

and satisfies
A · adj(A) = adj(A) · A = (detA)In.

Corollary. For A,B ∈ Mn×n(R)

(1) detAT = detA,
(2) detAB = detA · detB,
(3) A ∈ GLn(R) iff detA is a unit in R.

Proof.
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Note.

(1) Determinants of large n×n-matrices are best computed by row reduction,
matrix decomposition,. . .
Known algorithms run in time polynomial in n.

(2) Similar to the determinant, the permanent of a matrix A ∈ Mn×n(R) is
multilinear and symmetric in the columns,

permA :=
�

π∈Sn

aπ(1)1 . . . aπ(n)n.

perm A has applications in combinatorics, graph theory, . . .
(3) Computation of the permanent is �P-complete.

In particular, if there is a polynomial time algorithm for perm, then P=NP.


