
11.3 Dual spaces.

Example. V := {f : R → R : f differentiable } is a vector space over R

Definition. V ∗ := HomF (V, F ) is the dual space of the F -vector space V ; its
elements are linear functionals.
If B = {b1, . . . , bn} a basis of V , then B∗ := {b∗1, . . . , b∗n} defined by

b∗i (bj) := δij for i, j ∈ {1, . . . , n}
is the dual basis of B.

Theorem. Let B = {b1, . . . , bn} be a basis of V .

(1) dimV ∗ = n
(2) ME1

B (b∗i ) = (0 . . . 0 1 0 . . . 0)
(3) B∗ is a basis of V ∗.

Question. What is the dual of the standard basis En of F n?
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Fix φ ∈ HomF (V,W ).
For f ∈ HomF (W,F ), f ◦ φ ∈ HomF (V, F ). Define

φ∗ : W ∗ → V ∗, f 7→ f ◦ φ.
Theorem. Let V,W be finite dimensional with bases B,C, respectively. Let φ ∈
HomF (V,W ).

Then φ∗ ∈ HomF (W
∗, V ∗) and MB∗

C∗ (φ∗) = MC
B (φ)

T .

Proof.

Corollary. For any matrix A, the column rank of A is equal to the row rank of A.

Proof.

Note. If dimV < ∞, then V ∼= V ∗ ∼= (V ∗)∗.

While the isomorphism V → V ∗ depends on a choice of the basis,

V → (V ∗)∗, v 7→ Ev,

for the evaluation map Ev : V
∗ → F, f 7→ f(v), does not.


