11.1 Vector spaces.

Recall from Linear Algebra:
e Aring F'is a field if (F' — {0}, ) is a commutative group.
e An F-module V for a field F' is a vector space over F' (F-vector space).
e A C V is linearly independent in an F-vector space V if Vn € NV distinct
ai,....an € ANr,...,r, € ¥:
riay + ...rpa, = 0 implies r; =--- =17, = 0.
e ACV spans Vit FA=1V.
e Ais a basis of FA <V iff A is linearly independent.
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Question.

(1) Does every vector space V' have a basis?
(2) If V has bases A, B, how do they relate?

Theorem. Fvery finitely generated vector space has a basis.
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% Theorem. If A, B are bases of a vector space V and |A| is finite, then |A| = |B|.
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Replacement Theorem. Let {ay,...,a,} span V', let {by,..., by} CV linearly
independent. Then Im € S, Yk <m : {by,..., by, Ar(kt1)s - - - ,aﬂ(n)} spans V.
In particular, m < n.
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Dimension.

Definition. If a vector space V' is finitely generated, the dimension dim V' is the
size of a basis of V'; V is finite dimensional.
If V' is not finitely generated, then V' is infinite dimensional, dimV = oo.
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Corollary (Building-Up Lemma). Let V' be finite dimensional and A C'V linearly
independent. Then there exists a basis of V' containing A.
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Theorem. IfV is an F-vector space and dimV = n, then V = F™.
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Question. What is a basis of RN?
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Note. That every infinite dimensional vector space has a basis (= a maximal
linearly independent set) is equivalent to

Zorn’s Lemma. If every chain in a partially ordered set P has an upper bound
in P, then P contains a maximal element.
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Theorem. Let V' be a vector space over F with subspace W.
Then dimV = dim V/W + dim W (where if one side is infinite, then both are).
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Corollary. For ¢ € Homp(V, W),
dim V' = dimker ¢ + dim ¢(V).
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