
Review - Algebra 2.

10. Modules.

Convention: All rings have 1; all modules are unital left modules.

Definition. For a subset A of an R-module M ,

RA := {r1a1 + . . . rkak : k ∈ N, r1, . . . , rk ∈ R, a1, . . . , ak ∈ A}
is the submodule of M generated by A.

Definition. An R-module M is free over A ⊆ M if ∀m ∈ M \ {0} ∃!n ∈ N
∃!r1, . . . , rn ∈ R \ {0} ∃!a1, . . . , an ∈ A : m = r1a1 + · · ·+ rnan.

Then we call A free generators (a basis) for M .

Theorem. For each set A there exists a free R-module F (A) on A.
F (A) satisfies the following universal mapping property: for any R-module M
and any ϕ : A → M there exists a unique Φ ∈ HomR(F (A),M) such that Φ|A = ϕ.

11. Vector spaces.

Definition. V ∗ := HomF (V, F ) is the dual space of the F -vector space V ; its ele-
ments are linear functionals.

If B = {b1, . . . , bn} is a basis of V , then B∗ := {b∗1, . . . , b∗n} defined by

b∗i (bj) := δij for i, j ∈ {1, . . . , n}
is the dual basis of B.

Theorem. Let V,W be finite dimensional with bases B,C, respectively. Let ϕ ∈
HomF (V,W ), define

ϕ∗ : W ∗ → V ∗, f �→ f ◦ ϕ.
Then ϕ∗ ∈ HomF (W

∗, V ∗) and MB∗
C∗ (ϕ∗) = MC

B (ϕ)
T .

Theorem. For B a basis of V over F , we have V = F (B) (direct sum) but V ∗ = FB

(direct product).

Theorem. The determinant det : Mn(R) → R is the unique function that is multi-
linear, alternating on the columns and satisfies det(In) = 1.
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12. Modules over PIDs.

Definition. An R-module is Noetherian if it satisfies the ascending chain condition
(ACC) on submodules.
A ring R is (left) Noetherian if it satisfies the ACC on left ideals.

Theorem. PIDs are Noetherian.

Structure Theorem (Invariant Factor Form). Let M be a finitely generated
R-module for a PID R. Then

M ∼= R/(a1)⊕ · · ·⊕R/(ak)⊕Rr

where k, r ≥ 0, a1, . . . , ak ∈ R are neither 0 nor a unit and a1|a2| . . . |ak.
a1, . . . , ak are the invariant factors of M .
r is the free rank of M .

Proof. Since R is Noetherian, M is finitely presented. Since R is a PID, this finite
presentation can be diagonalized which yields the invariant factors. �

Structure Theorem (Elementary Divisor Form). Let M be a finitely generated
R-module for a PID R. Then

M ∼= R/(pα1
1 )⊕ · · ·⊕R/(pαn

n )⊕Rr

where p1, . . . , pn ∈ R are (not necessarily distinct) primes, α1, . . . ,αn, r ∈ N.
pα1
1 , . . . , pαn

n are the elementary divisors of M .

Proof. Decompose R/(a) from the invariant factor form into its primary components
a = pα1

1 . . . pαn
n for distinct primes p1, . . . , pn ∈ R and α1, . . . ,αn ∈ N. �

Application: canonical forms for A ∈ Mn(F ).

Let V be a finite dimensional vector space over a field F and ϕ ∈ EndF (V ).
Then V is an F [x]-module Vϕ by

xv := ϕ(v) for v ∈ V.

Theorem. VA
∼= VB iff matrices A,B are similar.
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Rational canonical form.

Vϕ
∼= F [x]/(a1(x))⊕ · · ·⊕ F [x]/(ak(x))

where a1(x) | a2(x) | . . . | ak(x) are monic.
Note AnnF [x](Vϕ) = (ak(x)).

For a(x) = b0 + b1x+ · · ·+ bd−1x
d−1 + xd, the companion matrix Ca(x) of a(x) is

Ca(x) :=




0 · · · · · · 0 −b0

1
. . .

...
...

0
. . .

. . .
...

...
...

. . .
. . . 0 −bd−2

0 · · · 0 1 −bd−1




The rational canonical form of ϕ ∈ EndF (V ) is the block diagonal matrix


Ca1(x) 0
Ca2(x)

. . .

0 Cak(x)




for the invariant factors a1(x) | a2(x) | . . . | ak(x) of Vϕ.

Theorem. Every ϕ ∈ EndF (V ) has a unique rational canonical form which deter-
mines ϕ up to similarity.

Jordan canonical form.
Assume the characteristic pol. of A ∈ Mn×n(F ) splits in linear factors in F .
Then each invariant factor a(x) of A splits into prime powers (elementary divisors)

a(x) = (x− λ1)
α1 . . . (x− λl)

αl ,

and
VA

∼= F [x]/(x− λ1)
α1 ⊕ · · ·⊕ F [x]/(x− λm)

αm .
The α× α Jordan block with eigenvalue λ is defined as

Jα(λ) :=




λ 1 0 · · · 0

0 λ
. . .

. . .
...

...
. . .

. . .
. . . 0

...
. . .

. . . 1
0 · · · · · · 0 λ




.

A Jordan canonical form of A ∈ Mn×n(F ) is a block diagonal matrix


Jα1(λ1) 0
Jα2(λ2)

. . .

0 Jαm
(λm)




for the multiset {(x− λi)
αi : i ≤ m} of elementary divisors of VA.

Theorem. If the characteristic polynomial of A ∈ Mn×n(F ) splits in linear factors
over F , then A has a Jordan canonical form (unique up to permutation of Jordan
blocks), which determines A up to similarity.
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13. Field theory.

Theorem. For p(x) ∈ F [x] irreducible and p(α) = 0,

F (α) ∼= F [x]/(p(x))

Theorem. For every f(x) ∈ F [x] there exists a unique (up to isomorphism) minimal
extension K/F such that f splits into linear factors over K (the splitting field of
F [x]).

Theorem. Every field F has a (unique up to isomorphism) algebraic closure F (i.e.
F/F is algebraic and every f(x) ∈ F [x] splits over F̄ ).

14. Galois theory.

Definition. K/F algebraic is

• separable if mα,F (x) is separable (has no multiple roots) for all α ∈ K;
• normal if every irreducible f(x) ∈ F [x] with some root in K splits in K[x].

Aut (K/F ) := {σ ∈ Aut (K) : σ|F = idF}.
For H ≤ Aut (K), Fix(H) := {a ∈ K : σ(a) = a for all σ ∈ H}.

Theorem. For K/F of finite degree TFAE:

(1) K/F is Galois.
(2) K/F is normal and separable.
(3) K is the splitting field of some separable f(x) ∈ F [x].
(4) |Aut (K/F )| = [K : F ].

The Fundamental Theorem of Galois Theory.
Let K/F be a finite Galois extension with G := Gal(K/F ). Then

(1) Fix : {H ≤ G} → {E : F ≤ E ≤ K} is a bijection with inverse Aut (K/.).
(2) For H1, H2 ≤ G with E1 := Fix(H1), E2 := Fix(H2)

(a) H1 ≤ H2 iff E1 ≥ E2,
(b) E1 ∩ E2 = Fix(�H1 ∪H2�),
(c) E1E2 = Fix(H1 ∩H2).

(3) For H ≤ G with E := Fix(H)
(a) K/E is Galois with Gal(K/E) = H,
(b) [K : E] = |H|, [E : F ] = |G : H|,
(c) For σ ∈ G, Aut (K/σ(E)) = σHσ−1,
(d) E/F is Galois iff H is normal in G. In this case Gal(E/F ) ∼= G/H.
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Theorem. Every finite, separable E/F has a unique (up to isomorphism) Galois
closure K (i.e. K/E is minimal such that K/F is Galois).

Primitive Element Theorem. If K/F is finite separable, then K = F (α) for
some α ∈ K.

Finite fields.

Let p prime, n ∈ N. Then
(1) There exists a (unique up to isomorphism) field Fpn of order pn (the splitting

field of xpn − x over Fp).
(2) F ∗

pn is cyclic.
(3) Fpn/Fp is Galois with Gal(Fpn/Fp) ∼= Zn generated by the Frobenius auto-

morphism a �→ ap.
(4) Fpd ≤ Fpn iff d|n.

Cyclotomic fields.

Let ζ := e2πi/n be a primitive n-th root of unity. Then

(1) Q(ζ) is the cyclotomic field of n-th roots of unity (the splitting field of xn−1).
(2) Q(ζ)/Q is Galois with Gal(Q(ζ)/Q) ∼= Z∗

n abelian.

Galois groups of polynomials.

Let f(x) ∈ F [x] separable of degree n.

(1) The Galois group G of f(x) is the Galois group of the splitting field of f(x)
over F .

(2) G acts on the roots of f(x) and embeds into Sn.
(3) If f(x) ∈ Z[x] and f̄(x) := f(x) mod p is separable in Fp, then the Galois

group of f̄(x) over Fp is permutation group isomorphic to a subgroup of the
Galois group of f(x) over Q.



6

6 problems to expect on the prelim exam.

(1) group theory
(2) group theory
(3) ring theory
(4) modules over PIDs (canonical forms)
(5) field theory
(6) Galois theory


