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General tensor product. For defining the generators of H and defining an S-
module above we needed

e S is aright R-module and N is a left R-module,
e S is a left S-module with s(s'r) = (ss')r for all 5,8 € S;r € R.

We generalize these from S to M:

Definition. For rings R, S an (S, R)-bimodule M is a left S-module and a right
R-module satisfying

s(mr) = (sm)r Vse S,re€ R,me M.

Example.
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Definition. Let M be an (S, R)-bimodule, N an R-module. The tensor product
M ®gr N of M and N over R is the quotient of the free Z-module over M x N by
the Z-submodule H generated by

(my +ma,n) — (mq,n) — (Mg, n)
(m,ny +ng) — (m,ny) — (M, n2)
(mr,n) — (m,rn)

for m, my,ms € M ;n,ny,ny € N,r € R.
Elements in M ®p N are called tensors and can be written (non-uniquely) as
finite sums of ‘simple’ tensors m ® n := (m,n) + H for m € M,n € N.

Lemma. M ®gr N is an S-module under

S(Z m; @n;) = Z(sml) ® n.
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M ®gr N for S = R commutative.
Recall: for R commutative any R-module M is an (R, R)-bimodule.

Hence for any R-module N, M ®z N is a left R-module with

T(MAN)= T @zt Pu=mQ7rn

forre R,me M,n € N.

t: M x N — M®grN, (m,n) — m® n, is additive in both components and
satisfies

ru(m,n) = t(rm,n) = v(m,rn),

(i.e. ¢ is R-bilinear).
Definition. Let R be commutative and M, N, L be R-modules. Then ¢: M xN —
L is R-bilinear if it is R-linear in both components.
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Theorem. Let R be commutative and M, N, L be R-modules. Then there is a
bijection
{ R — bilinear maps } . { R — module homomorphisms }
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Example.
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In the following all modules are over a commutative ring R.

Theorem (Tensor product of homomorphisms).
Let ¢ € Homg(M, M"),v» € Homg(N, N'). Then there exists a unique R-module
homomorphism ¢ @ Y: M @r N — M’ @ N’ such that

(p@Y)(m®n)=¢(m)@p(n) VYme M,ne N.

Theorem.

(1) M@rN=N®rM
(2)  M®rN)®@rL=M®r(N®gL)

B) MM )Rr N~ (M®rN)& (M @ N)
(4) R* @ R' = R

(5) If R< S, then S ®p R™ = S™ as S-modules.

&
Corollary. There is bijection between

R — multilinear maps R — module homomorphisms
p: My x---x M, — L ¢: My ®pr---®r M,, » L
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