
10.4 Tensor products.

Extending scalars. Let R be a subring of S (with the same 1).

• Each S-module is also an R-module.
• Conversely, can each R-module N be made an S-module?

We’d need a map S×N → N, (s, n) 7→ sn, that is additive in both components
and satisfies (sr)n = s(rn) for all s ∈ S, r ∈ R, n ∈ N to make the actions of R
and S on N compatible.
Consider the free Z-module (abelian group) over S ×N

F := {
kX

i=1

ai(si, ni) : k ∈ N, ai ∈ Z, si ∈ S, ni ∈ N}.

To obtain the properties of an S-module take the quotient of F by the subgroup
H generated by all elements

(s1 + s2, n)− (s1, n)− (s2, n)

(s, n1 + n2)− (s, n1)− (s, n2)

(sr, n)− (s, rn)

for s, s1, s2 ∈ S, n, n1, n2 ∈ N, r ∈ R.
Then (s1 + s2, n) ≡ (s1, n) + (s2, n) modulo H, etc.

Definition. F/H =: S ⊗R N is the tensor product of S and N over R.
Elements in S ⊗R N are called tensors and can be written (non-uniquely) as

finite sums of ‘simple’ tensors s⊗ n := (s, n) +H for s ∈ S, n ∈ N .

Lemma. S ⊗R N is an S-module under

s(
X

si ⊗ ni) :=
X

(ssi)⊗ ni,

called the S-module obtained by extension of scalars from the R-module N .

Proof.
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ι : N → S ⊗R N, n 7→ 1 ⊗ n, is an R-module homomorphism (not necessarily
injective).
S ⊗R N is the ‘best possible’ S-module as codomain of an R-module homomor-

phism by the following universal property :

Theorem. Let L be an S-module and φ ∈ HomR(N,L). Then there exists a
unique Φ ∈ HomS(S ⊗R N,L) such that φ = Φ ◦ ι.

Proof.

Corollary. N/ ker ι is the unique largest quotient of N that embeds into an S-
module.
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Example.


