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Uniqueness of expression.
For M1, . . . ,Mn ≤ M ,

M1 + · · ·+Mn = {m1 + · · ·+mn : mi ∈ Mi for 1 ≤ i ≤ n}
is a submodule of M .

Question. When do elements in M1 + · · ·+Mn have a unique decomposition?

Definition. M1 × · · · × Mn with + and R acting componentwise is the direct
product of R-modules M1, . . . ,Mn.

Lemma. For M1, . . . ,Mn ≤ M TFAE:

(1) φ : M1 × · · · ×Mn → M1 + · · ·+Mn, (m1, . . . ,mn) 7→ m1 + · · ·+mn is an
R-module isomorphism.

(2) Mi ∩ (M1 + · · ·+Mi−1 +Mi+1 + . . .Mn) = {0} for all 1 ≤ i ≤ n.
(3) For every m ∈ M1 + · · · +Mn there exist unique m1 ∈ M1, . . . ,mn ∈ Mn

such that m = m1 + · · ·+mn.

Proof.

Definition. IfM = M1+· · ·+Mn satisfies the equivalent conditions of the Lemma
above, then M is the (internal) direct sum of M1, . . . ,Mn, denoted

M = M1 ⊕ · · ·⊕Mn.

Example.
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Freeness.

Definition. An R-module M is free over A ⊆ M if ∀m ∈ M \ {0} ∃!n ∈ N
∃!r1, . . . , rn ∈ R \ {0} ∃!a1, . . . , an ∈ A : m = r1a1 + · · ·+ rnan.

Then we call A free generators (a basis) for M .

Example.

Universal property of modules.

Theorem. For each set A there is a free R-module F (A) on A.
F (A) satisfies the universal property: for any R-module M and any φ : A → M
there exists a unique Φ ∈ HomR(F (A),M) such that Φ|A = φ.
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Note.

(1) For A = {a1, . . . , an} finite,

F (A) =

(2) The free Z-module over A is

Corollary. Any free R-module over A is isomorphic to F (A).

Proof. Exercise. □


