
Kernels and images.
How to check that a homomorphism is injective or surjective?

Definition. Let φ ∈ HomR(M,N). Then

kerφ := {m ∈ M : φ(m) = 0}
is the kernel of φ;

φ(M) := {φ(m) : m ∈ M}
is the image of φ.

Lemma. kerφ ≤ M , φ(M) ≤ N

Recall: Kernels are typically special substructures

• in groups
• in rings
• in vector spaces

Quotients.

Lemma. Let N be a submodule of an R-module M . Then the quotient group

M/N := {m+N : m ∈ M}
is an R-module under

r(m+N) := rm+N for r ∈ R,m ∈ M.

Proof.

Note. For N ≤ M
π : M → M/N, x 7→ x+N,

is an R-module homomorphism
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Example. For i ≤ n and the R-module Rn

πi : R
n → R,



x1
...
xn


 7→ xi,

is an R-module homomorphism;

Definition. For A,B ≤ M

A+ B := {a+ b : a ∈ A, b ∈ B}
is the sum of A and B.

A+ B is the smallest R-submodule containing A and B.

Isomorphism Theorems. Let M,N be R-modules.

(1) Let φ ∈ HomR(M,N). Then M/ kerφ ∼= φ(M).
(2) For A,N ≤ M

(N + A)/N ∼=
(3) For N ≤ A ≤ M

(M/N) / (A/N) ∼=
(4) For N ≤ M

{A ≤ M : N ≤ A} → {R− submodules of M/N},
A 7→ A/N,

is a bijection respecting the lattice structure of submodules (intersection,
sums).

Proof.
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10.3 Generation of modules.

Definition. Let 1 ∈ R, M an R-module. For A ⊆ M

RA := {r1a1 + · · ·+ rkak : k ∈ N, r1, . . . , rk ∈ R, a1, . . . , ak ∈ A}
is the smallest submodule containing A, called the submodule of M generated by
A.

Note.

• If A = ∅, then RA = {0}
• For A = {a1, . . . , an} finite, RA = Ra1 + · · ·+Ran.

Definition. N ≤ M is finitely generated if N = RA for some finite set A;
N is cyclic if |A| = 1.

Example.


