Kernels and images.
How to check that a homomorphism is injective or surjective?

Definition. Let ¢ € Hompg(M, N). Then
kerp:={me M : p(m)=0}
is the kernel of y;
p(M) = {p(m) : me M}
is the image of .
Lemma. kerp < M, p(M) < N

Recall: Kernels are typically special substructures

e in groups Nova sw(og,owq;

e in rings Ldeals

e in vector spaces oo '\S\Vq\_? QULG'QG.L,LS
Quotients.

Lemma. Let N be a submodule of an R-module M. Then the quotient group
M/N:={m+N : me M}
1s an R-module under
Wforr € R,me M.
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Note. For N < M dleQuoleckion (éﬁw&u.l.\i —ag )
7: M — M/N, x+— z+ N,

is an R-module homomorphism |
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Example. For ¢ < n and the R-module R"
T

mi: R — R, — T,

Tn

is an R-module homomorphlsm
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Definition. For A, B < M

A+B:={a+b: ac Abe B} <§v/%>

A+ B is the smallest, R—submodul? containing A and B.
o[t

is the sum of A and B.

Isomorphism Theorems. Let M, N be R-modules.
(1) Let ¢ € Hompg(M, N). Then M/ ker ¢ = o(M).

(2) For AN <M
(N+A)/N= AR
(3) Fr N< A<M
(M/N)/(A/N)= T/ A
(4) For N < M
{A<M: N <A} - {R—submodules of M/N},
A A/N,

is a leeCthn respecting the lattice structure of submodules (intersection,

sums)
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10.3 Generation of modules.

Definition. Let 1 € R, M an R-module. For A C M . .
- ,()..QCS& 'D- L._v—d&v
RA::{r1a1+~-+rkak: kEN,rl,...,rkER,al,...,akEA} coc Lo akione

is the smallest submodule containing A, called the submodule of M generated by

A.

-—

Note.
o If A=), then RA = {0} doictal eusSwodals
e For A={a,...,a,} finite, RA = Ray + - - - + Ra,.

Definition. N < M is finitely generated if N = RA for some finite set A;
N is cyclic if |A| = 1.

Example.
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