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Definition. Let R be a commutative ring with 1. An R-algebra A is a ring with
1 which is also an R-module such that Vr € R, Va,b € A

r(ab) = (ra)b = a(rb).
Example.
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Substructures.
For any algebraic structure A, (2.¢. Rrowg R, vecXOVs—e.a\cg,, b la )
a substructure B is a nonempty subset that is closed under all operations f,.. of A.

Definition. N is an R-submodule of an R-module M -(denoted N < M)if N is
nonempty and closed under the operations of M, i.e.,
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Homomorphisms.
For any algebraic structures A, B with the same type of operations f, ...,
a homomorphism from A to B is a function ¢: A — B that preserves all operations,
ie.

® (fA(azl, cnxn)) = [P e(@),. . () forall ...z, € A
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Definition. Let M, N be R-modules for a ring R.
¢: M — N is an R-module homomorphism if

(1) ¢z +y) = o) + ¢(y) for all z,y € M,
(2) p(ra) =re(z) for allr € R,z € M.
Definition. In general
e Bijective homomorphisms from A to B are called isomorphisms.
A and B are isomorphic (denoted A = B) if there exists an isomorphism
A— B.
e Isomorphisms from A to A are called @« Luwo D KAR.QMQ o& A
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e Homomorphisms from A to A are called Cdo WD l,’QL_'LSu_\ <.
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Outlook: Analyzing linear maps.

Example. Let V be an F-module (vector space) and 7': V' — V an F-module
homomorphism (linear map).
Then V is an F[x]-module under

Flz] xV =V, (p(z),v) = p(T)(v).
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Definition. For R-modules M, N, let
Homp(M,N) :={¢: M — N : ¢ is an R — module homomorphism}.
Then Hompg (M, N) is an abelian group under
(e +9)(x) =
Question. Is Homg(M, N) an R-module?

For an R-module M, the set of endomorphisms Endg(M) := Hompg(M, M)
forms a ring under 4+ and composition, called the endomorphism ring of M.

Question. Is Endg(M, N) an R-algebra?

Example. Let V = F™ be an F-module for a commutative ring F'.



