10 INTRODUCTION TO MODULE THEORY

10.1 Definitions and examples.

Definition. A semigroup (S,-) is a nonempty set S with an associative binary
operation -
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Definition. A ring (R, +,-) is a nonempty set R with binary operations +, - such
that

(1) (R,+) is an abelian group,

(2) (R,-) is a semigroup,

(3) For all a,b,c € R

a(b+c)=ab+ac, (a+b)c=ac+ bec (ﬂ&\ grkg&u& é«b&s\ckbmk v
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Definition. A ring (R, +,-) is commutative if - is commutative.
(R,+,-) is a ring with 1 if 31 € RVa € R

lra=a-1=a



Matrices act on vectors by multiplication. We formalize this idea:

Definition. Let R be aring. A left R-module M is an abelian group (M, +) with
a map
Rx M — M, (r,m)— rm
such that Vr,s € R,m,n € M
(1) (r+ s)m =rm+ sm,

(2) r(sm) = (r- s)m. ol gromg adie

(3) r(m+n) =rm+rn. = esls L&_\ge.‘,.g e T
If R has a 1, then also

(4) 1-m=m.
Remark.

e Modules over fields are called vechou C_r\>Q >

Right modules are defined similarly.

Modules satisfying (4) are called unital or unitary.
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’ Convention. All our rings have 1. All modules are left, unital modules.‘

Example. Let R be a ring.
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