14.7 Solvable and radical extensions.

Question. When can zeros of a polynomial be given by a formula using +, —, -, /, /-7

Definition. Let o be algebraic over F'. Then o be expressed by radicals if

there is a sequence
F=Ky<K < <Kp=K
such that
(1) Kiy1 = K;(%/a;) for some a; € K;,n; € N for all ¢ < m (then K;i is a
simple radical extension of K; and K is a root extension of F');
(2) v € K.
f(z) € F[z] is solvable by radicals if all its roots can be expressed by radicals.

Question. Which polynomials are solvable?

Insolvability of quintics.

Assume chF = 0 (or chF > deg f(x)) in the following.

Theorem (Galois). A separable f(x) € F[z] is solvable by radicals iff its Galois
group s solvable.

Note. There are polynomials of degree n with Galois group S,, (not solvable for

n>5),eg 2°—6r+3€Q]. ( (al)

Recall. A finite group G is solvable iff there exists a subnormal series
1=Go<dG19---4G, =G

with G;.1/G; cyclic.

For the proof of Galois’ Theorem we need

(1) Kummer’s Theorem on simple radical extensions
(2) root extensions
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Simple radical extensions.

Definition. Galois K/F is cyclic iff Gal(K/F) is cyclic.
Theorem (Kummer). Assume chF { n and F contains all n-th roots of unity.
Then K/F is cyclic and [K : F] | n iff K = F(«a) for some a with o™ € F'.
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Root extensions.

Recall. K/F is a root extension if ' = Ky < K; < --- < K,;, = K with
KZ+1:KZ("\z/a_l) fOI‘(IZ’GKZ‘\ w oo e bo .

Lemma.

(1) If K/F and L/F are root extensions, then KL/F is a root extension.
(2) Ewvery root extension K/F' is contained in a Galois root extension L/F with
F=Ly<Li<---<L,=Land all Liy1/L; cyclic.
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Lemma. Let f(z) € Q[x] have prime degree p and splitting field K .
If f(x) has p — 2 real roots and 2 non-real roots, then Gal(K/Q) = S,.

Example. f(z) =2’ — 6z + 3 Credun clda Gy Eice sbei
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