14.6 Galois groups of polynomials.

Recall. For separable f(z) € F[z| with splitting field K and f(z) = (x — aq) ...
(x — ay) over K,
Gal(K/F) < S,.

Symmetric functions.

S, acts on the rational function field F(xq,...,z,) for indeterminates 1, ..., x, N
via Tx - Q._:ﬁ_wmhj
T(x;) = 2ruy forme S, 1<i<n. U e,

Definition. Fix(S,) := {a € F(xy,...,x,) : ©(a) = a for all 7 € S, } is the set

of all symmetric rational functions (invariant under permutations of x1, ..., x,).
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For 1 < k < n the k-th elementary symmetric function of x1,...,x, is
Sp 1= E Tiy ... x;, € Fix(S,).
1<i1 <ig < <ip<n
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Theorem. F(xy,...,x,)/F(s1,...,sy) is Galois with Galois group S,,, and F(s1,...,8,) =
Fix(S,)imsde F (a2 ) .
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Corollary (Fundamental Theorem of Symmetric Functions). Every symmetric
function in x,...,x, 1S a rational function in si,...,S,.
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Alternating groups.
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Recall. 0 € A, iff signo =1 iff

o [[ @i—z)= [ (@i—a).

1<i<j<n 1<i<j<n
Thus, if chF' # 2, then
F(si,...y80) # Flst,..osn, [ (i — 5)) = Fix(A,)
1<i<j<n
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Discriminant.

Definition. For f(z) € F[z] of degree n with roots oy,

field, the discriminant is
D(f) =[] (i = a;)*.
i<j
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Theorem. Let f(x) € F[x] be separable of degree n. Then the Galois group of
f(x) embeds into A, iff v* — D(f) splits over F.
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Galois groups by polynomial degree.
Degree 2. f(x) =2*+bx +c
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The Fundamental Theorem of Algebra.
Recall.

(1) If f(z) € R[z] has odd degree, then f(z) has a root in R (Intermediate
Value Theorem).

(2) If f(z) € C[z] has degree 2, then f(z) splits (Quadratic Formula).
Fundamental Theorem of Algebra. C is algebraically closed.
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