
14.4 Composite and simple extensions.

Theorem. Let K/F be Galois, L/F arbitrary.
Then KL/L is Galois and Gal(KL/L) ∼= Gal(K/K ∩ L).

Proof.

Corollary. If K/F is Galois and L/F is finite, then

[KL : F ] =
[K : F ][L : F ]

[K ∩ L : F ]
.

Theorem. Let K/F and L/F be Galois. Then

(1) K ∩ L/F is Galois.
(2) KL/F is Galois with

Gal(KL/F ) ∼= {(σ, τ) ∈ Gal(K/F )×Gal(L/F ) : σ|K∩L = τ |K∩L}
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Proof.

Corollary. Let E/F be Galois. Then

Gal(KL/F ) ∼= M ×N

iff there exist Galois extensions K/F,L/F with KL = E,K ∩L = F . In this case
M ∼= Gal(K/F ), N ∼= Gal(L/F ).

Proof.

Example.

Corollary. Let E/F be finite, separable. Then there exists a minimal K/E such
that K/F is Galois (and L/F is not Galois for any E ≤ L < K).
Then K is the Galois closure of E/F (unique up to isomorphism).

Application. Degree computations are easier in Galois closures.

Proof.
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The Primitive Element Theorem.

Question. When is a finite extensionK/F simple, i.e.,K = F (α) for some α ∈ K?

Example. Q(
√
2,
√
3)

Recall. For K finite, K∗ = �α� and K = F (α).

Artin’s Theorem. Let K/F be finite. Then K = F (α) for some α ∈ K iff
{L : F ≤ L ≤ K} is finite.

Proof.

Primitive Element Theorem. Every finite separable extensions K/F is simple.

Proof. �

Corollary. Every finite Galois extension is simple

Example.




