14.3 Finite fields.

For any prime p and n € N, the extension F,»/F), is Galois.

Hence
(1) n=[Fpn : F,] = |Gal(Fpn)]
(2) Since Fj. = (a) is cyclic, also Fyn = Fy,(a) and there exists an irreducible
Ma,r, () € F,[z] of degree n.

Proposition. Gal(F,»/F,) = (o,) for the Frobenius automorphism o,: F,n —
Fon,x = aP.
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Corollary. F,a < Fyn iff din.
<5 !
Corollary. 27" — x|zP — z iff d|n. &

Corollary. zF" —x is the product of all monic irreducible polynomials f(x) € F,[z]
with deg f|n.
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Example. For Fg/F; consider
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Corollary. The algebraic closure of F), is
Fp — U Fpn.
neN
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The number of irreducible polynomials of degree n over F,.
Number Theory: For n € N, the Mobius function is

(n) (—=1)" if n is the product of r distinct primes,
n):=
a 0 if n has a squared factor.

For f: N — R and
g(n) == f(d) for all n € N,

d|n
the Mobius inversion formula states:
Mobuus

f(n) = Z,u(d)g(%) for all n € N.

din

Let ¥(n) := |{q(z) € F,[z] : ¢(z) monic, irreducible, deg¢(z) = n}.
By the Corollary above
ph = di(d).

din

By the Mobius inversion formula

np(n) =Y p(d)p"*

dln
Example. For p=2n =14
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