
14.3 Finite fields.

For any prime p and n ∈ N, the extension Fpn/Fp is Galois.

Hence

(1) n = [Fpn : Fp] = |Gal(Fpn)|
(2) Since F ∗

pn = ⟨α⟩ is cyclic, also Fpn = Fp(α) and there exists an irreducible
mα,Fp(x) ∈ Fp[x] of degree n.

Proposition. Gal(Fpn/Fp) = ⟨σp⟩ for the Frobenius automorphism σp : Fpn →
Fpn , x 7→ xp.

Proof. □

Example. n = 12

Corollary. Fpd ≤ Fpn iff d|n.

Corollary. xpd − x|xpn − x iff d|n.

Corollary. xpn−x is the product of all monic irreducible polynomials f(x) ∈ Fp[x]
with deg f |n.

Proof.

Example. For F8/F2 consider
x8 − x =



2

Corollary. The algebraic closure of Fp is

F̄p =
[

n∈N
Fpn .

Proof. □

The number of irreducible polynomials of degree n over Fp.

Number Theory: For n ∈ N, the Möbius function is

µ(n) :=

(
(−1)r if n is the product of r distinct primes,

0 if n has a squared factor.

For f : N → R and

g(n) :=
X

d|n
f(d) for all n ∈ N,

the Möbius inversion formula states:

f(n) =
X

d|n
µ(d)g(

n

d
) for all n ∈ N.

Let ψ(n) := |{q(x) ∈ Fp[x] : q(x) monic, irreducible, deg q(x) = n}.
By the Corollary above

pn =
X

d|n
dψ(d).

By the Möbius inversion formula

nψ(n) =
X

d|n
µ(d)pn/d

Example. For p = 2, n = 4


