
14.2 The Fundamental Theorem of Galois Theory.

Definition. A (linear) character of a group G over a field F is a homomorphism

χ : G → F ∗.

Example.

Definition. Characters χ1, . . . ,χn of G are linearly independent over F if

∀a1, . . . , an ∈ F :
n�

i=1

aiχi = 0 ⇒ a1 = · · · = an = 0,

(linearly independent in the space of functions FG).

Theorem (Dirichlet). Any set χ1, . . . ,χn of distinct characters of G over F is
linearly independent.

Proof.

Corollary. Distinct automorphisms of a field K are linearly independent (in KK).

Proof. �
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Theorem. Let H be a finite subgroup of Aut (K) and F := Fix(H). Then

[K : F ] = |H|.
Proof.

Corollary. Let K/F be a finite extension. Then

|Aut (K/F )| divides [K : F ]

with equality iff K/F is Galois

Proof.

Corollary. Let H be a finite subgroup of Aut (K) and F = Fix(H). Then
Aut (K/F ) = H

Proof.
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Definition. If K/F is Galois, then

Gal(K/F ) := Aut (K/F )

is the Galois group of K/F .
If f(x) ∈ F [x] is separable with splitting field K, then Gal(K/F ) is the Galois

group of f(x).

The Fundamental Theorem of Galois Theory.
Let K/F be a finite Galois extension with G := Gal(K/F ). Then

(1) Fix : {H ≤ G} → {E : F ≤ E ≤ K} is a bijection with inverse Aut (K/.).
(2) For H1, H2 ≤ G with E1 := Fix(H1), E2 := Fix(H2)

(a) H1 ≤ H2 iff E1 ≥ E2,
(b) E1 ∩ E2 = Fix(�H1 ∪H2�),
(c) E1E2 = Fix(H1 ∩H2).

(3) For H ≤ G with E := Fix(H)
(a) K/E is Galois with Gal(K/E) = H,
(b) [K : E] = |H|, [E : F ] = |G : H|,
(c) For σ ∈ G, Aut (K/σ(E)) = σHσ−1,
(d) E/F is Galois iff H is normal in G. In this case Gal(E/F ) ∼= G/H.

Proof.




