14.2 The Fundamental Theorem of Galois Theory.

Definition. A (linear) character of a group G over a field F' is a homomorphism

x: G— F~.
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Theorem (Dirichlet). Any set x1,...,Xn of distinct characters of G over F' is
linearly independent.
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Corollary. Distinct automorphisms of a field K are linearly independent (in K¥).
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Theorem. Let H be a finite subgroup of Aut (K) and F := Fix(H). Then
K : F] = |H]|.
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Corollaryv? t K/F be a ﬁmte extension. Then
|Aut (K/F)| divides [K : F]
with equality iff K/F is Galois
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Corollary. Let H be a finite subgroup of Aut(K) and F '= Fix(H). Then
Aut (K/F) = H
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Definition. If K/F is Galois, then

Gal(K/F) .= Aut (K/F)

is the Galois group of K/F.

If f(x) €

group of f(x).

Fx] is separable with splitting field K, then Gal(K/F) is the Galois
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The Fundamental Theorem of Galois Theory.

Let K/F be a finite Galois extension with G := Gal(K/F'). Then
(1) Fix: {H <G} - {E : F < FE <K} is a bijection with inverse Aut (K/.).
(2) For Hl, H2 S G with El = FiX(Hl), E2 = FIX(HQ)
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For H < G with E := Fix(H) N 7 N 4
(a) K/E is Galois with Gal(K/E) = H Coe, LH oS>
(b) [K: E] = |H|, [E: F] = |G : H, K (
(c) For o€ G, Aut (K/cr( ))=cHo™ 1, | |
(d) E/F is Galois iff H is normal in G. In this case Gal(E/F) =2 G/H. P 1
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