
14.1 Galois Theory.

Goal. Study K/F via the group

Aut (K/F ) := {φ : K → K : φ is an isomorphism,φ|F = idF}.

Lemma. Let G = Aut (K/F ), f(x) ∈ F [x]\F and Z = {α ∈ K : f(α) = 0} ̸= ∅.
Then

(1) G acts on Z.
(2) If K = F (Z), then G embeds into SZ.
(3) If K is the splitting field of f(x), which is irreducible, then G is transitive

on Z.

Recall. If f(x) is also separable in (3), then |G| = [K : F ].

Proof.

Example. (1) τ ∈ Aut (Q(
√
2)/Q)
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Subfields and subgroups.

Definition.

Fix: {H ≤ Aut (K/F )} → {L : F ≤ L ≤ K}
H 7→ {α ∈ K : φ(α) = α ∀φ ∈ H}

Fix(H) is a subfield of K, the fixed field of H.
Dually

Aut (K/.) : {L : F ≤ L ≤ K} → {H ≤ Aut (K/F )}
L 7→ Aut (K/L)

Aut (K/L) is a subgroup of Aut (K/F ), the stabilizer of L in Aut (K).

Fix and Aut (K/.) are order reversing.

FixAut (K/.) and Aut (K/Fix(.)) are closure operators.

Lemma. Let G = Aut (K/F ), Then

(1) Fix(Aut (K/Fix(H))) = Fix(H) for all H ≤ G.
(2) Aut (K/Fix(Aut (K/L))) = Aut (K/L) for all F ≤ L ≤ K.

Proof.
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Galois extensions.

Definition. An algebraic extension K/F is Galois if

F = Fix(Aut (K/F ))

i.e., F is closed under FixAut (K/.).

Example.
Q(

√
2)/Q

Q( 3
√
2)/Q

Definition. An algebraic extensionK/F is normal if every irreducible f(x) ∈ F [x]
with some root in K splits in K[x].

Theorem. For K/F of finite degree TFAE:

(1) K/F is Galois.
(2) K/F is normal and separable.
(3) K is the splitting field of some separable f(x) ∈ F [x].
(4) |Aut (K/F )| = [K : F ].

Proof.
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Corollary. Splitting fields of separable polynomials are separable.

Proof. □

Corollary. If K/F is Galois, then K/E is Galois for all F ≤ E ≤ K.

Proof. □

Example.


