14.1 Galois Theory.

Goal. Study K/F via the group
Aut (K/F) :={p: K — K : ¢ is an isomorphism, p|r = idr}.

Lemma. Let G = Aut (K/F), f(z) € Flz]\F and Z ={a € K : f(a) =0} #0.
Then

(1) G acts on Z.
(2) If K = F(Z), then G embeds into Sy. ( gro~q "g("""‘“"‘&a(’ﬂ-—é"-« 25 le. adh 9““"‘”%“’%"0
(3) If K is the splitting field of f(x), which is irreducible, then G is transitive

on Z.

Recall. If f(z) is also separable in (3), then |G| = [K : F].
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Subfields and subgroups.

Definition.

Fix: {H < Aut (K/F)} — {L: FSL<LK}
H —{ae K : gla)=aVpec H}

Fix(H) is a subfield of K, the fized field of H.
Dually

Aut(K/): {L: F<L<K}— {H<Aut(K/F)}
L —  Aut(K/L)

Aut (K/L) is a subgroup of Aut (K/F), the stabilizer of L in Aut (K).
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Fix and Aut (K/.) are order reversing.
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Fix Aut (K/.) and Aut (K/Fix(.)) are closure operators.
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Lemma. Let G = Aut (K/F), Then
(1) Fix(Aut (K/Fix(H))) = Fix(H) for all H < G.
(2) Aut (K/Fix(Aut (K/L))) = Aut (K/L) for all F < L < K.
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Galois extensions.

Definition. An algebraic extension K/F is Galois if
F = Fix(Aut (K/F))

i.e., F'is closed under FixAut (K/.).
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Definition. An algebraic extension K/F is normal if every irreducible f(z) € F|[z]
with some root in K splits in K[z].

Theorem. For K/F of finite degree TFAE:
(1) K/F is Galois.
(2) K/F is normal and separable.
(3) K is the splitting field of some separable f(x) € F|[z].
(4) |Aut (K/F)| = [K : F].
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Corollary. Splitting fields of separable polynomials are separable.

Proof ?Qv-gn O,& 33 = 2\ v& Tl Qkyo"&- O]
. I.(?
Corollary. If K/F is Galois, then K/FE is Galois for all F < E < K. (dch [' C(
P?"OOf- [o7bc—\}g3 o&T(—uw aC-Dv-c |:| l l F
Example.
(]
(> F(L\\L[_Z’) z Calols Z
@ (S\ 5 V\,,(, Celos (l,\.psh uowimal 9 wab C«e‘LLB’Lug QML$ \
{

o S Cdois,

D R(%B) ke obig ok €0 23), e Lot
¢’ C Al ((’2 (‘5,};} [Qw o L«M:?ML/ O(LLLL@,,\LWOL[,Y
t((.ji‘)=5:)_2 f(ﬁ):isa QF(S)”:Q_LOOQQR

{(ML,QCK\\: )
LLE () -2, < (®».x

TR T (%) =-~J3
T At (R (2,2)/@Y - {G T>F 7«2,
Qu&:;%u‘Oqu\ _Ctrep( ._g:}(.clb
e R (2, =)
e \\ 7 RN
&&D &> TS @(xsa @(&) @(5-3
~N N s '
&

<K7T>



