
13.6 Cyclotomic polynomials and extensions.

Recall. For ζn := e
2πi
n ,

xn − 1 =
n−1Y

k=0

(x− ζkn) ∈ C[x]

has the splitting field Q(ζn), the cyclotomic field of the n-th roots of unity.
The n-th roots of unity 1, ζn, ζ

2
n, . . . , ζ

n−1
n form a cyclic multiplicative group ⟨ζn⟩.

Generators of ⟨ζn⟩ are called the primitive n-th roots of unity.

Question. What is [Q(ζn) : Q]?

Note.

xn − 1 =
n−1Y

k=0

(x− ek
2πi
n )

=
Y

d|n

Y

1≤k≤d,gcd(k,d)=1

(x− ek
2πi
d )

Φd(x) :=
Y

ζ primitive d-th root of unity

(x−ζ) is the d-th cyclotomic polynomial

degΦd(x) =

Example. Φ1(x) =



2

Theorem. Φn(x) ∈ Z[x] is monic of degree φ(n), irreducible over Q[x].

Proof.

Corollary. [Q(ζn) : Q] = φ(n)

Proof. □

Note. For p prime and q = pn, Fq is the splitting field of

xq − x = x(xq−1 − 1) = x
Y

d|q−1

Φ̄d(x) ∈ Fp[x].

If F ∗
q = ⟨α⟩, then mα,Fp(x) divides Φ̄q−1(x)


