13.5 Separable extensions.

Outlook towards Galois Theory. Study K/F via the group
Aut (K/F):={0: K — K | o is a field automorphism and o|r = idg}.

Lemma. Let p: F — F’ be an isomorphism, K the splitting field of f(z) € Flz],
K' the splitting field of o(f)(x) € F'[x]. Then

Ho: K — K' | o is an isomorphism,c|p = p}| < [K : F|
with equality iff f has no multiple roots in K.
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Corollary. Let K be a splitting field of f(x) € Flz|. Then
|Aut (K/F)| < [K : F|
with equality iff f has no multiple roots in K.
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Separable polynomials.

Definition. f € F[z] is separable if f has no multiple roots in any splitting field
K (By the uniqueness of splitting fields, the choice of K does not matter).

Definition. The derivative
D,: Flz] — Flx], Zaixi — Ziaixi’l,
i=0 i=1

is an F-vector space homomorphism (not a ring homomorphism).
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Lemma. f € Flx] is separable iff ged(f, D.(f)) = 1.
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Irreducible vs separable.

Theorem. Assume ch(F') = 0. Then f(x) € Flx| is separable iff f(x) is the
product of distinct irreducibles in F[x].
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Finite fields.

Let F' be a finite field. Then

e chF' = p is prime,

e F is an extension of its prime subfield F},, hence |F| = plf":%].

Theorem. For any prime power q, there exists a unique (up to isomorphism) field
F, of order q.
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Theorem. F is cyclic.
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Frobenius endomorphism.

)

Definition. Let F' be a field of characteristic p > 0. Then
p: F— F, x> 2P,

is the Frobenius endomorphism of F.

(1) Homomorphism property and injectivity is straightforward.
(2) If F is finite, then ¢ is an automorphism.
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Perfect fields.

Definition. A field F' of characteristic p > 0 is perfect if
F={«" : z€F}

(i.e. the Frobenius endomorphism is surjective).
Fields of characteristic 0 are also perfect.

Theorem. Every irreducible polynomial over a perfect field is separable.
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Theorem. Let F' be of characteristic p and f(x) € F[z| irreducible.
Then 3 unique k > 0 and unique irreducible, separable g(x) € F[x] such that

f(x) =),
k is then called the separable degree of f(x).
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Example. Let K := F,(t) be the field of fractions for F,[t].
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Definition. An algebraic extension K/F' is separable if m, p(z) is separable for
all o € K.

Example. Every algebraic extension of a perfect field is separable.



