13.4 Splitting fields.

Recall. 22 — 2 has a root in Q(\Bﬁ) but does not split into linear factors.(oituu cooks ave ca\qucﬁ ‘
< O/ (<>2)

Definition. f(z) € F[z] splits over an extension K of F' if f(z) is a product of

linear factors in K[z].

The splitti ld of f(x) € Flx] is the unique (up to isomorphism) extension
K/F such that

(1) f splits over K and
(2) if F C L C K and f splits over L, then L = K.

(Uniqueness will be proved below)

Theorem. Every f(x) € Flz] has some splitting field K/F'.
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Corollary. A splitting field K of f(x) € F[x] with deg f = n has degree [K : F] <
n!
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Note. A field isomorphism ¢: F' — F” induces a ring isomorphism

¢: Flz] = F'[z], Z a;x’ Z o(a;)r".
Uniqueness of splitting fields follows from the next theorem for F' = F’ ¢ = idp.

Theorem. Let ¢: ' — F’' be a field isomorphism, let E be a splitting field for
f € Flx], let E' be a splitting field for o(f) € F'[z].
Then there exists an isomorphism ¢: E — E" with ¢|r = .
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Splitting field of ™ — 1 over Q: cyclotomic fields.

n—1
at=1= H(x - ek%) € C[z]
k=0
e . 2mi (n_l)m 2mi .
has splitting field Q(1,e™ ,... e w ) = Q(e™n ), the cyclotomic field of the
n-th roots of unity. —
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Question. What is [Q(e™ |: Q]?
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Algebraic closure.

Definition. A field F' is algebraically closed if every f € Flx] splits over F.

Fundamental Theorem of Algebra. C is algebraically closed.
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Lemma. F is algebraically closed iff every nonconstant f € Flx] has a root in F.
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Definition. F is an algebraic closure of F if F/F is algebraic and every f(z) €
F[z] splits over F'.

Proposition. Any algebraic closure F of F' is algebraically closed.
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Theorem. Any field F is contained in an algebraically closed field K.
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Theorem. FEvery field F' has an algebraic closure F', and this is unique (up to
isomorphism).
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Algebraic closure without Choice
e Existence is provable for Q and finite fields without AC.
e Uniqueness requires AC.
(Uncountable algebraic closure of Q is consistent with ZF.)



