13.3 Classical straightedge and compass constructions.
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Question. Using only a compass and a straightedge is it possible to

(1) construct a cube with twice the volume of a given cube?
(2) trisect any given angle?
(3) construct a square whose area is equal to that of a given circle?

Question. More generally, given a fixed point in R? and the unit length 1, which
points/lengths can be constructed with compass and straightedge?

The possible construction steps are:

Connect 2 points with a line.

Circle around a point through another point.
Intersect 2 lines.

Intersect a line and a circle.

Intersect 2 circles.

Lemma. Assume a,b € R are constructible. Then so are a+b,ab,ab™" (ifb#0).
The set of constructible lengths C' is a subfield of R.
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Lemma. Ifa € C, then \/a € C.
Proof.
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Constructible field extensions.

Question. What extensions of a subfield /' of R can be obtained by straightedge
and compass?

1 Intersection of lines.

axr +by=c
dr+ey=f

for coefficients in F'.
Solutions z,y are in F.

2 Intersection of line and circle

ar +by =c
(z—d)? + (y—e)® = f*

Solutions are roots for quadratic equations over F'.

3 Intersection of circles

(x—a)P+(y—b>=c
(x—d)?+(y—e)=f

Subtracting equations yields a linear equation in z,y. Hence this reduces to 2.

Lemma. If a € R is obtained from a subfield F' using only straightedge and com-
pass constructions, then [F(a) : F] = 2% for some k € N.
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Corollary. None of the classical Greek problems of doubling the cube, trisecting
any angle, and squaring the circle are solvable with straightedge and compass.

Proof. | \
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Note. Doubling the cube and trisecting any angle is possible with a ruler (having
marks for length 1) and compass.
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