13.2 Algebraic extensions.

Question. Which finite extensions K/F are of the form Flz]/(p(x))?
Definition. « € K is algebraic over F'if 3 p(z) € Flz] \ {0}: p(a) = 0;
else a is transcendental over F.

Example. 7, e are transcendental over Q. ( lLavd aMnL? (e ?uoo%s D)

Proposition. Let a € K be algebraic over F'. Then
(1) 3 unique monic irreducible m, p(z) € Fx] with m, (o) = 0;
(2) p(z) € Flz] has root « iff m, p(z) | p(2).

Definition. m, r(z) above is the minimal polynomial for o over F.
degmg () is the degree of a.

Example. m 5 o(z) = «2- 2
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Corollary. Let FF C K C L and o € L algebraic over F'.
Then « is algebraic over K and ma x(x) | map(x).

Corollary. Let a be algebraic over F'. Then
F(a) = Flal/ma,p(x),
[F(a) : F] =degma,r(x).
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Proposition. « is algebraic over F'iff F'(«)/F is finite.
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Definition. K/F is algebraic if every a € K is algebraic over F.
Example. R/Q ¢ wok lgelotie .

Corollary. If K/F is finite, then K/F is algebraic.
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Question. Is the converse true? Mo «a Vce(x Lbeloo .

Lagrange’s Theorem for field extensions.
Theorem. For fields F C K C L
[L:F|=[L:K]-[K:F]
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Finitely generated algebraic extensions.
Definition. K/F is Mw@if Jag, ..., a, € K such tht
K =F(a,...,ap).
Lemma. F(a, ) = (F(a))(B)
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Theorem. [K : F| < oo iff there exist algebraic oy, ..., € K such that K =
Flag,...,ap).
Proof. = Aswew L. T1=n.
LS bey— ., Y2 abase a_& W ove. & .
As i doae” lomy ir— %, Qo2 Agl,,oic ova b .
VRN SRR
E b W= Tl ) (ov e, ko algbovlic,

'-\?Dv -{-/'L'-—-r‘t(lx')—(lﬁl\ - —:-\_‘(x;\

T—_ = TU Q‘Tl L& - < (‘:—\M = '<

Co TW-T1= [W:Fu ]l LEAE\?] - G‘"f—:} \afLoi,g,gqu._
< < &g < &9 D

MD&U ‘EI.‘: ti—‘ ‘1 = AQg \AAN_”__F_ e 4 ak&& W\D‘_”.F (%) .

[

Consequences.

Corollary. If a, 8 are algebraic over F, then also o+ 8,a8,a™! (for a #0) are
algebraic.
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Corollary. Let K/F. The elements in K that are algebraic over F' form a subfield
of K.
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Example. Q := {& € C | «a is algebraic over Q} is called the field of algebraic
numbers.
numoer:
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Corollary. If L is algebraic over K and K is algebraic over F', then L is algebraic
over F'.

Definition. The composite field KK, of subfields Ky, Ky of L is the smallest
subfield of L containing K7, K.

Example. Q(v2)Q(V2) = @ (91, 2) hos dageee b ove @

Proposition. Let K7, K5 be finite extensions of F'. Then
[KlKQ . F] S [Kl . F] . [K2 . F]
with equality iff an F-basis for one field is linearly independent over the other field.
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Corollary. If ged([K; : F), [Ky: F]) =1, then
[KlKQ . F] = [Kl : F] . [Kg . F]
Proof. Hw O



