
13.2 Algebraic extensions.

Question. Which finite extensions K/F are of the form F [x]/(p(x))?

Definition. α ∈ K is algebraic over F if ∃ p(x) ∈ F [x] \ {0}: p(α) = 0;
else α is transcendental over F .

Example. π, e are transcendental over Q.

Proposition. Let α ∈ K be algebraic over F . Then

(1) ∃ unique monic irreducible mα,F (x) ∈ F [x] with mα,F (α) = 0;
(2) p(x) ∈ F [x] has root α iff mα,F (x) | p(x).

Definition. mα,F (x) above is the minimal polynomial for α over F .
degmα,F (x) is the degree of α.

Example. m√
2,Q(x) =

Proof.

Corollary. Let F ⊆ K ⊆ L and α ∈ L algebraic over F .
Then α is algebraic over K and mα,K(x) |mα,F (x).

Corollary. Let α be algebraic over F . Then
F (α) ∼= F [x]/mα,F (x),
[F (α) : F ] = degmα,F (x).
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Proposition. α is algebraic over F iff F (α)/F is finite.

Proof.

Definition. K/F is algebraic if every α ∈ K is algebraic over F .

Example. R/Q

Corollary. If K/F is finite, then K/F is algebraic.

Proof. □
Question. Is the converse true?

Lagrange’s Theorem for field extensions.

Theorem. For fields F ⊆ K ⊆ L

[L : F ] = [L : K] · [K : F ].

Proof.

Example.
√
2 ∈ Q( 3

√
2)
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Finitely generated algebraic extensions.

Definition. K/F is finitely generated if ∃α1, . . . ,αn ∈ K such tht

K = F (α1, . . . ,αn).

Lemma. F (α, β) = (F (α))(β)

Proof. □

Theorem. [K : F ] < ∞ iff there exist algebraic α1, . . . ,αn ∈ K such that K =
F (α1, . . . ,αn).

Proof.

Consequences.

Corollary. If α, β are algebraic over F , then also α ± β,αβ,α−1 (for α ̸= 0) are
algebraic.

Proof. □

Corollary. Let K/F . The elements in K that are algebraic over F form a subfield
of K.
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Example. Q := {x ∈ C | α is algebraic over Q} is called the field of algebraic
numbers.

Corollary. If L is algebraic over K and K is algebraic over F , then L is algebraic
over F .

Definition. The composite field K1K2 of subfields K1, K2 of L is the smallest
subfield of L containing K1, K2.

Example. Q(
√
2)Q( 3

√
2)

Proposition. Let K1, K2 be finite extensions of F . Then

[K1K2 : F ] ≤ [K1 : F ] · [K2 : F ]

with equality iff an F -basis for one field is linearly independent over the other field.

Proof.

Corollary. If gcd([K1 : F ], [K2 : F ]) = 1, then

[K1K2 : F ] = [K1 : F ] · [K2 : F ].

Proof. □


