
12.3 Jordan canonical form.

Assume the characteristic polynomial of A ∈ Mn×n(F ) splits in linear factors over
F .

Then each invariant factor a(x) of A splits into prime powers (elementary divisors)

a(x) = (x− λ1)
α1 . . . (x− λl)

αl ,

and
VA

∼= F [x]/(x− λ1)
α1 ⊕ · · ·⊕ F [x]/(x− λm)

αm .

Jordan blocks.
Consider a single summand F [x]/(x− λ)α.
Let B = ((x− λ)α−1, . . . , x− λ, 1).
Modulo (x− λ)α we have

x(x− λ)i =

With respect to B we have the α× α Jordan block with eigenvalue λ,

Jα(λ) :=




λ 1 0 · · · 0

0 λ
. . . . . .

...
...

. . . . . . . . . 0
...

. . . . . . 1
0 · · · · · · 0 λ




.

A Jordan canonical form of A ∈ Mn×n(F ) is a block diagonal matrix



Jα1(λ1) 0
Jα2(λ2)

. . .
0 Jαm(λm)




for the multiset {(x− λi)
αi : i ≤ m} of elementary divisors of V.

Theorem. Assume the characteristic polynomial of A ∈ Mn×n(F ) splits in linear
factors over F .

Then A has a Jordan canonical form (which is unique up to permutation of
Jordan blocks).
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Example. Recall

A =




1 2 −4 4
2 −1 4 −8
1 0 1 −2
0 1 −2 3




has invariant factors a1(x) = a2(x) = (x− 1)2.

Note. A Jordan canonical form for a linear map ϕ on a finite dimensional vector
space V is a matrix representing ϕ in Jordan canonical form.

Theorem. For ϕ ∈ EndF (V ) TFAE:

(1) There exists a basis B of V such that MB
B (ϕ) is diagonal.

(2) A Jordan canonical form of ϕ is diagonal.
(3) The minimal polynomial mϕ(x) splits in distinct linear factors over F .

Question. When is the rational canonical form of ϕ diagonal?


