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Godel numbering of DTM

To show that computable functions on N are recursive we first
encode DTMs and their configurations as natural numbers.

> Let 2 =py < p1 < p2 < ... the enumeration of all primes.
» Vx € N\ {0} 3 unique xp, x1,--- € N, almost all 0:

x:pr"

ieN
The exponent (x); of p; in x is primitive recursive.

» Recall i — p; is primitive recursive,
> (x); = u(t < x) [pf™ does not divide x] is primitive recursive.

» Encode a tuple (ap,...,an) € N* as
5= pgo+1 ptl e N

Then n and a; for all i/ < n are primitive recursive from a.



Definition
Let M =(Q,{0,1},T,s,t,r,d) be a DTM with
» nstates Q ={1,...,n},
» tape alphabet = {v0 =71 =1,7%=0,74,...,Ym}
We define
ap := 21913IM5s 711"
and encode the i-th transition §(q,v«) = (p, e, d) for
1<i<(n—2)mas
aj := 293k5P7¢111+,

Then the prime power encoding of M is

(n—2)m
sy = [ "
i=0



Definition
A configuration (g, «, k) of the DTM M is encoded as

4,0, k) = 293P 5

Note

» The encoding (M) essentially IS (the transition function of)
M.

» All constituents of §(M) and of the encoding of a
configuration are primitive recursive.



Computable functions are recursive

Recall our encoding of tuples of natural numbers as strings:

» ne Nisrepresented as 1...1

——
n+1

» (m,n) as 1m+1o1n+1
Definition
Let the partial function cpgk): Nk —p N be computed by the DTM
M with §(M) = e.

Normal Form Theorem (Kleene)

For every k € N\ {0} there exists a primitive recursive predicate
T(K) (e, x,y) and a primitive recursive function u such that

o (%) = u(uy T® (e, %,y)).



Proof sketch for k = 1.
Claim 1:

succ(c) := f(successor of the configuration with encoding c¢)

is primitive recursive.

Let ¢ be the encoding of a configuration. Then

» g :=(c)o is its state,

» k :=(c)2 is the position of the head,

» i:=((c)1)k is the index of the cell content ;.
Then

2p3(c)1,p;i+15max(k+d,0) if 5(q7 ’71) — (p’ o d),
c if ge {t,r}.

succ(e, ¢) 1= {

Note that p,j, d are primitive recursive from e, q,i. Claim 1 is
proved.



Claim 2:
config(e, x, n) := f#(configuration of M, on input x at step n)

is primitive recursive by the recursion scheme:

config(e, x,0) := 2531 li<ix P’ 50
config(e, x, n 4+ 1) := succ(config(e, x, n))

Claim 3:
Assume M, has computed p.(x) iff it is in the accept state t.
Then

halt(e, x) := un ((config(e, x, n))o = t)

is recursive and yields the number of steps for M, to write @e(x)
on the tape and halt.

Then @e(x) is primitive recursive from config(e, x, halt(e, x)).

O



Consequences of the Normal Form Theorem

» A partial function on N is computable (by a DTM) iff it is
recursive (supporting the Church-Turing thesis again).

» Kleene's T-predicate and the function v in the Normal Form
Theorem are universal, i.e., independent of the function .

» Recursive functions can be defined with at most one
application of unbounded search .



Corollary (Enumeration Theorem)
(e, X) := pe(X) is recursive.

Proof.

Immediate from the Normal Form Theorem.

Question
Why does the diagonalization argument not yield a computable
function d(x) := ¢x(x) + 1 that is not recursive?



Dually to the Enumeration Theorem we have:

S;-Theorem

For all m, n > 1 there exists a primitive recursive function S;” such
that Vx e Ny e N" z e N™:

905,’,"()(,)7)(2) = QOX(}_/’ 2)

Proof.
> Let M be the DTM that on input Z simulates the DTM M,
on input (¥, z).
» Then #(M) =: S[7(x, y) is primitive recursive from x, y.



