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For proving his incompleteness theorems, Godel introduced a
computational model based on functions on N = {0,1,2,...}.

Example
addition: x +0 := x 'pwg\lco(.l_oh
x+(y+1)=(x+y)+1 S'uCCP.sSQ.—-s& ¥ty

factorial: 0! :=1
(n+ 1) :=(n)-(n+1)



Definition
The class of primitive recursive functions is the least class of
finitary total functions on N that contains

1. constant 0
2. successor s: N—= N, x+— x+1

3.

projections p/': N = N, (x1,...,Xp) = X;
—_——

X

. compositions h: N” — N X — f(g1(x),...,gk(X))

for f: Nk = N, g1,...,8k: N” = N primitive recursive
- every function h: N"™1 — N defined by a primitive recursive
scheme
h(x,0) := f(x)

h(x,y +1) = g(x,y, h(X,y))
for f, g primitive recursive.



Most of the usual functions in number theory xy, x, ...
are primitive recursive.

Example

X — if x>
Monusx;y::{ y =Y

is primitive recursive.
0 else

[1,<, f(x.,y) is primitive recursive if f is. (H\u}



Predicates

Definition
A predicate (relation) on N is primitive recursive if its
characteristic function is.

Example
X<y g o [ (erVe [ xer ]
Co1 i x2yr0 e piihicrwcase
[a} (k‘ ) = ?
< Y 2 o .rl,u mw\
“x is prime”
Lemma

Primitive recursive predicates are closed under A, V, - and
bounded quantifiers.; elso = ':n-(w{.q.akzuz veciiaLve .

S
Proof.

Let P, @ be primitive recursive.
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Lemma (Definition by cases)
Let f1,f: NK — N and a k-ary predicate P on N be primitive

recursive. Then
' . fi(x) if P(x)
fl0 = {fg(x) else

is primitive recursive.

PI'OO'F. ‘QCY\ = '{\lf“"\' C'PC’A + (‘z (N - (['.' e?(‘z‘\)



The bounded search operator (minimization) p
Definition
For a (k + 1)-ary predicate P let

the least t < y such that P(x,t) if it exists,

y else.

p(t <y) P(x,t) == {

.er,.(_&'-Q“ X "/ .

Example

u(t < 10) [tis prime and t > 7] = |0
0 [{

Lemma

Let P be a primitive recursive predicate. Then
f(x,y) == u(t <y)P(x,1)

is primitive recursive.

Proof.
HW E]



Example

n+— p, (n-th prime number) is primitive recursive.

’Po:: J.
Tuat ¢ 7 sralsl pins > .
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