
Math 4140 - Assignment 7

Due March 4, 2024

All representations are over C.
(1) Let U be a simple CG-module. Show that every submodule W

of U × U with W ∼= U is of the form

0× U or {(x, λx) : x ∈ U}

for some λ ∈ C.
(2) (Bonus: Uniqueness of direct decomposition) Let U1, . . . , Um,

W1, . . . ,Wn be simple CG-modules such that

U1 ⊕ · · · ⊕ Um
∼= W1 ⊕ · · · ⊕Wn.

Show that m = n and there exists π ∈ Sn such that for all
i ≤ n:

Uiπ
∼= Wi.

Hint: Use induction on n.
(3) For n ≥ 3 odd, show that the dihedral group D2n = ⟨a, b :

an = 1, b = 1, b−1ab = a−1⟩ has up to equivalence exactly
• 2 irreducible degree 1 representations, the trivial one and
σ with aσ = 1, bσ = −1,

• n−1
2

irreducible degree 2 representations θωk for ω = e2πi/n

and k ∈ {1, . . . , n−1
2
} as given in HW 5.3.

Hint: We already know that the representations above are irre-
ducible and pairwise inequivalent. Explain why they are all up
to equivalence.

(4) Determine all irreducible representations of D2n for even n ≥ 3
up to equivalence.

Hint: Recall D2n/⟨a2⟩ ∼= Z2 × Z2 and the irreducible represen-
tations of the latter. Then argue as for the previous problem.

(5) Given a group G of order 12, what are the possible lists of
degrees of its irreducible representations (up to equivalence)?

(6) (a) The alternating group A4 has a normal subgroup V4 with
A4/V4

∼= Z3.
Use this to show that A4 has exactly 3 irreducible degree
1 representations and 1 irreducible degree 3 representation
ρ (up to equivalence).
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(b) By HW 5.4 the CA4-permutation module with basis b1, . . . , b4
is a direct sum of a 1-dimensional submodule U induced by
the trivial representation and a 3-dimensional submodule
W . Explain why W is induced by ρ.

(c) The group of rotations of a regular tetrahedron is isomor-
phic to the alternating group A4.
This yields a representation θ of A4 by 3× 3 rotation ma-
trices. Explain why θ is equivalent to ρ.

Hint: No computation of actual representations is needed.


