Math 4140 - Assignment 6

Due February 26, 2024

All representations are over C.

(1) [1, Exercise 9.3] Show for r,ny,...,n, € N that G := Z,, x
-+« X 2y, has a faithful representation of degree . Can G have
a faithful representation degree less than r?
(2) [1, Exercise 9.7] Which of the following have a faithful irre-
ducible representation?
(a) Zy,
(b) Z2 X ZQ
(C) D2n
(d) Zg X Dg
(e) Zg X Dg
Hint: Note that for the induced CG-module V', multiplication
by elements in Z(G) yields a CG-homomorphism.
(3) For Dg = (a,b : a®>=1,b>=1,b"Yab = a™ '), define

upi=1+a+a*+b+ab+a’h, wuy:=1+a+a®>—b—ab—a’b

in CDg. Show that
(a) Uy := span(uy) and U, := span(usy) are submodules of the
regular CDg-module;
(b) the representations 61, 65 afforded by Uy, U, are not equiv-
alent;
(c) there are only two homomorphisms Dg — GL(1,C). Hence
01, 65 are the only degree 1 representations of Dg and Uy, Us
are the only dimension 1 CDg-modules up to isomorphism.
(4) [1, Exercise 10.2] Write the regular CZ,-module as a direct sum
of irreducible CZ4-submodules. Give the bases for the submod-
ules explicitly.
(5) Determine the irreducible representations of Dg (up to equiva-
lence).
Hint: Follow the approach of [1, Example 10.8(2)].
(6) For CG-modules V, W let

Homcg(V, W) :={¢: V- W : ¢is a CG — homomorphism}.

(a) Show that Homeg(V,W) is a vector space over C with
pointwise addition and scalar multiplication of functions.

(b) Describe the elements in Endcg (V) := Homeg(V,V) ex-
plicitly for simple V.
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